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ORDINARY DIFFERENTIAL EQUATIONS OF FIRST 

ORDER AND FIRST DEGREE 

 

 

Differential equations have wide applications in various engineering and science disciplines. In 

general, modeling of the variation of a physical quantity, such as temperature, pressure, 

displacement, velocity, stress, strain, current, voltage, or concentration of a pollutant, with the 

change of time or location, or both would result in differential equations. Similarly, studying the 

variation of some physical quantities on other physical quantities would also lead to differential 

equations. In fact, many engineering subjects, such as mechanical vibration or structural 

dynamics, heat transfer, or theory of electric circuits, are founded on the theory of differential 

equations. It is practically important for engineers to be able to model physical problems using 

mathematical equations, and then solve these equations so that the behavior of the systems 

concerned can be studied.    

 

1.1 DIFFERENTIAL EQUATION:  

 
A differential equation is an equation which contains derivatives of dependent variables with 

respect to independent variables, either ordinary derivatives or partial derivatives. 

Ex: 1. 
𝑑𝑦

𝑑𝑥
+ 2𝑦 = 𝑐𝑜𝑠 𝑥     2. 

𝑑2𝑦

𝑑𝑥2 − 2 
𝑑𝑦

𝑑𝑥
+ 3𝑦 = 0   3. 

𝝏𝒚

𝝏𝒙
= 𝟐𝒚 

 

1.2 TYPES OF DIFFERENTIAL EQUATIONS: 
 

ORDINARY DIFFERENTIAL EQUATION:  

 

A differential equation is called an ordinary differential equation, abbreviated by ode, if it has 

ordinary derivatives in it. 

Ex: 
𝑑2𝑦

𝑑𝑥2 − 2 
𝑑𝑦

𝑑𝑥
+ 3𝑦 = 0   

  

PARTIAL DIFFERENTIAL EQUATION: 

 

A differential equation is called a partial differential equation, abbreviated by pde, if it has partial 

derivatives in it.  

Ex: 
𝝏𝒚

𝝏𝒙
= 𝟐𝒚 

   

1.3 ORDER OF DIFFERENTIAL EQUATION: 
 

The order of the derivative of the highest order present in a differential equation is called the 

order of the differential equation 

       𝐸𝑥: 
𝑑2𝑦

𝑑𝑥2 + 𝑦 = 0;     Here order is 2  
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1.4 DEGREE OF  DIFFERENTIAL EQUATION:  
 

The degree of the derivative of the highest order present in a differential equation, when the 

equation is made free from radical signs and fractions, is called the degree of the differential 

equation.  

 

       𝐸𝑥:
𝑑2𝑦

𝑑𝑥2 + (
𝑑𝑦

𝑑𝑥
)

2

+ 𝑦 = 0;   Here degree is 1  

 

1.5 FAMILY OF CURVES 
 

Sometimes a family of curves can be represented by a single equation. In such a case the 

equation contains an arbitrary constant c. By assigning different values for c, we get a family of 

curves. In this case c is called the parameter or arbitrary constant of the family. 

 

Examples 

 

(i) y = mx represents the equation of a family of straight lines through the origin , where m is the 

parameter. 

(ii) x2 + y2 = a2 represents the equation of family of concentric circles having the origin as centre, 

where a is the parameter. 

(iii) y = mx + c represents the equation of a family of straight lines in a plane, where m and c are 

parameters 

 

1.6 FORMATION OF DIFFERENTIAL EQUATIONS 
 

Each family of curves has a differential equation.  

To obtain the differential equation of the family of curves differentiate with respect to x , treating 

the parameter as a constant. If the derived equation is free from parameter then the derived 

equation is the differential equation of the family. 

 

Note: 

 

(i) The differential equation of a one parameter family is obtained by differentiating the equation  

of the family one time and by eliminating the parameters. 

(ii) In general, the order of the differential equation to be formed is equal to the number of 

arbitrary constants present in the equation of the family of curves. 

 

PROBLEMS  
 

1. Find the differential equation corresponding to y=Ax2 where A is arbitrary constant. 

Sol:     Given y = Ax2                           ---(1) 

                𝑦1 = 𝐴(2𝑥)             ---(2) 

            From (1) & (2); 𝑥𝑦1 = 2𝑦,  which is first order O.D.E 
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2. Find the differential equation corresponding to y=mx+f(m), m is arbitrary constants. 

Sol:     Given y = mx + f(m)  ---(1) 

                     y1 = m  ---(2) 

           From (1) & (2); y = y1x + f(y1), which is first order O.D.E  
 

3. Find the differential equation corresponding to y = a x + b x2, where a and b are arbitrary 

constants 

Sol:     Given  y = a x + b x2   ---(1) 

                       y1 = a + b (2x)  ---(2) 

                       y11 = b(2)  ---(3) 

           From (2) & (3), b=y11/2  and a = y1 – y11 ---(4) 

      Substituting a and b in (1); y = (y1 – y11)x + x2(y11/2); which is the second order O.D.E     

 

4. Find the differential equation corresponding to y=A𝑒𝑥 + 𝐵𝑒2𝑥 where A&B are arbitrary 

constants   

Sol:     Given   y=A𝑒𝑥 + 𝐵𝑒2𝑥 

            ⟹  𝑦1 = 𝐴𝑒𝑥 + 𝐵(2𝑒2𝑥) = 𝑦 + 𝐵(2𝑒2𝑥) 

            &   𝑦11 = 𝑦1 + 𝐵(4𝑒2𝑥) 

     𝑇ℎ𝑒𝑛 𝑦11 = 𝑦1 + 𝑦1 − 𝑦 ⟹ 𝑦11 − 2𝑦1 + 𝑦 = 0, which is  second order O.D.E 
 

5. Find the differential equation corresponding to y = a x2 + b x +c where a,b and c are arbitray 

constants 

Sol:     Given y = a x2 + b x +c  ---(1) 

                y1 = a(2x) + b  ---(2) 

                y11 = a(2)  ---(3) 

                      y111 = 0                         ---(4), which is fourth order O.D.E     
 

6.Find the differential equation corresponding to 
2 3x x xy ae be ce    where a, b, c and arbitrary 

constants  

Sol:         
2 3x x xy ae be ce    

     
1 2 32x xy y be ce    

     & 
1 2 32x xy y be ce    

     
11 1 2 32 6x xy y be ce    1 32 2 xy y ce    

     
11 1 33 2 2 xy y y ce    

     
11 11 16 11 6 0y y y y     Which is third order O.D.E 

 

7. Find the differential equation of a family of curves given by y = a cos (mx+b), a and b being 

arbitrary constants. 

Sol:  

 
equationaldifferentirequiredtheisym

dx

yd

guymbmxam
dx

yd

bmxam
dx

dy

bmxay

0

)]1(sin[)cos(

sin(

)1________()(cos

2

2

2

22

2

2
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EXERCISE 
 

(1) Form the differential equation by eliminating constants log(y/x)=cx 

(2) Form the differential equation by eliminating A and B from Ax2 + By2 =1 

(3) Find the differential equation of the family of straight lines y=mx+(a/m), m is parameter 

(4) Find the differential equation of the curve xy = a ex + b e-x 

(5) Find the differential equation by eliminating a and b from y = a e3x + b e5x 

(6) Form the differential equation from y = c x + c – c3 

(7) Form the differential equation from y = k sin -1 x 
 

ANSWERS 

 

(1) log(y/x)=
𝑦

𝑥

𝑑𝑦

𝑑𝑥
− 1  (2)x y1

2 + xyy2 – yy1 = 0 

(3) x(y1)2 – y y1 + a = 0 (4) x y11 + 2 y1 – xy = 0 

(5) y11 – 8 y1   + 15 y = 0 (6) y = x y1 + y1 – ( y1)3 

(7) (1-x2)(sin-1)2(y1)2 = y2 

 

1.7 FIRST ORDER AND FIRST DEGREE DIFFERENTIAL EQUATIONS 
 

A Differential Equation of order 1 and degree 1 is said to be First Order  and First Degree 

Differential Equation  

The general form of first order differential equation is  ,
dy

f x y
dx

  

Solution: A solution of a differential equation is an explicit or implicit relation between the 

variables which satisfies the given differential equation and does not contain any derivatives. 

Types of Solutions: 
 

General Solution: If the solution of a differential equation contains as many arbitrary constants 

of integration as its order, then the solution is said to be the general solution of the differential 

equation. 
 

Particular Solution: The solution obtained from the general solution by assigning particular 

values for the arbitrary constants, is said to be a particular solution of the differential equation. 

 

1.8 SOLUTIONS OF FIRST ORDER AND FIRST DEGREE 

DIFFERENTIAL EQUATIONS: 

The first order and first degree ODE has certain standard types for which solutions can be readily 

obtained by standard methods such as  

(i) Variable-separable 

(ii)   Homogeneous differential equation 

(iii) Non-homogenous differential equation reducible to homogenous differential equation 

(iv) Linear first-order differential equation (Leibnitz’s equation) 

(v) Bernoulli’s differential equation 

(vi) Exact differential equation 

(vii) Non-exact differential equations that can be made exact with the help of integrating 

factors  
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1.9 VARIABLES SEPARABLE 
 

If it is possible to re-arrange the terms of the first order and first degree differential equation in 

two groups, each containing only one variable, is said to be variable separable differential 

equation.  

 

METHOD OF SOLVING 

Consider the O.D.E.   ,
dy

f x y
dx

  --- (1)  

Step1: When variables are separated, the differential equation takes the form
𝑑𝑦

𝑑𝑥
=

𝑓(𝑥)

𝑔(𝑦)
  

            ⟹ 𝑓(𝑥)𝑑𝑥 − 𝑔(𝑦)𝑑𝑦 = 0,Where f(x) is a function of x only and g(y) is a function of y      

Step2: Integrating, we get ⟹ ∫ 𝑓(𝑥)𝑑𝑥 − ∫ 𝑔(𝑦)𝑑𝑦 = 𝑐 which is the solution of (1) 

 

PROBLEMS 
 

1. Solve the differential equation x dy + y dx = 0 

Sol: Given x dy + y dx = 0 

                     

cxy

x

dx

y

dy

x

dx

y

dy







 

loglog

0

0

   

 

2. Solve the differential equation (1 + 𝑦2)𝑑𝑥 = (1 + 𝑥2)𝑑𝑦  

Sol: Given (1 + 𝑦2)𝑑𝑥 = (1 + 𝑥2)𝑑𝑦 

⟹
𝑑𝑦

1 + 𝑦2
=  

𝑑𝑥

1 + 𝑥2
 

 

             Integrating on both sides         ⟹ ∫
𝑑𝑦

1+𝑦2 =  ∫
𝑑𝑥

1+𝑥2 +  𝑡𝑎𝑛−1𝑐 

                                          ⟹ 𝑡𝑎𝑛−1𝑦 =  𝑡𝑎𝑛−1𝑥 +  𝑡𝑎𝑛−1𝑐 
 

3. Solve the differential equation 
𝑑𝑦

𝑑𝑥
=  𝑒2𝑥−𝑦 +  𝑥3𝑒−𝑦  

Sol: Given 
𝑑𝑦

𝑑𝑥
=  𝑒2𝑥−𝑦 +  𝑥3𝑒−𝑦   

⟹
𝑑𝑦

𝑑𝑥
= (𝑒2𝑥 + 𝑥3)𝑒−𝑦 

 ⟹ 𝑒𝑦𝑑𝑦 = (𝑒2𝑥 + 𝑥3)𝑑𝑥 

Integrating on both sides                    ⟹ ∫ 𝑒𝑦𝑑𝑦 = ∫(𝑒2𝑥 + 𝑥3)𝑑𝑥 + 𝑐 

⟹ 𝑒𝑦 =
1

2
𝑒2𝑥 +

𝑥4

4
+ 𝑐 
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4.Solve the differential equation x√1 + 𝑦2𝑑𝑥 + 𝑦√1 + 𝑥2𝑑𝑦 =  0  

 

Sol: Given x√1 + 𝑦2𝑑𝑥 + 𝑦√1 + 𝑥2𝑑𝑦 =  0  

  ⟹
𝑥

√1 + 𝑥2
𝑑𝑥 +

𝑦

√1 + 𝑦2
𝑑𝑦 = 0 

Integrating on both sides            ⟹ ∫
𝑥

√1+𝑥2
𝑑𝑥 + ∫

𝑦

√1+𝑦2
𝑑𝑦 = 0 

    

                                                  ⟹ √1 + 𝑥2 + √1 + 𝑦2 = 𝑐 

 

5. Solve (1 + 𝑒𝑥)𝑦𝑑𝑦 = (1 + 𝑦)𝑒𝑥𝑑𝑥 

Sol: Given (1 + 𝑒𝑥)𝑦𝑑𝑦 = (1 + 𝑦)𝑒𝑥𝑑𝑥                                                               

                                                 ⟹
𝑦

1+𝑦
𝑑𝑦 =  

𝑒𝑥

1+𝑒𝑥 𝑑𝑥 

Integrating on both sides 

                                                 ⟹ ∫
𝑦

1+𝑦
𝑑𝑦 =  ∫

𝑒𝑥

1+𝑒𝑥 𝑑𝑥 + 𝑙𝑜𝑔𝑐 

                                                 ⟹ ∫ [1 −
1

1+𝑦
] 𝑑𝑦 =  ∫

𝑒𝑥

1+𝑒𝑥 𝑑𝑥 + 𝑙𝑜𝑔𝑐 

         ⟹ 𝑦 − log(1 + 𝑦) = log(1 + 𝑒𝑥) + log 𝑐 
 

6. Solve the differential equation yxe
dx

dy  3  

Sol:   Given              yxe
dx

dy  3  

                            

c
e

e

cdxedye

dxe
e

dy

ee
dx

dy

x
y

xy

x

y

yx













 

3

.

3

3

3

3

 

7. Solve (sin x + cos x) dy + (cos x – sin x) dx = 0 

Sol:     Given        (sin x + cos x) dy + (cos x – sin x) dx = 0  

                        

cxxy

cdx
xx

xx
dy

xx

xx
dy















 

)cos(sinlog

cossin

sincos

0
cossin

sincos

 

 

8. Solve 2x y ydy
e x e

dx

    

Sol:     Given  2y xdy
e x e

dx
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    ey dy = (x2+ex)dx 

            Integrating on both sides                                                            

                                                   ⟹ ∫ ey dy = ∫(x2 + ex)dx 

                                          ⟹
3

3

y xx
e e c      

9. Solve      0y yx dx x xy dy     

Sol:  Given         1 1 0y x dx x y dy     

         Integrating on both sides 

              ⟹
1 1

0
x y

dx dy
x y

 
    

              log logx x y y c         

 

EXERCISE 
 

(1) Solve 3ex  tan y +(1-ex) sec2y dy =0 

(2) Solve 
𝑑𝑦

𝑑𝑥
= 𝑒𝑥+𝑦 + 𝑥2𝑒𝑥3+𝑦 

(3) Solve (𝑥2 −  𝑦𝑥2)
𝑑𝑦

𝑑𝑥
+ (𝑦2 + 𝑥2𝑦2) = 0 

(4) Solve tan x . sin2y dx + cos2x.cot y = 0 

(5) Solve (xy+x)dx = (x2y2+x2+y2+1)dy 

(6) Solve (1-x2)(1-y) dx = xy(1+y)dy 

(7) Solve 
𝑑𝑦

𝑑𝑥
=  

𝑥(2𝑙𝑜𝑔𝑥+1)

sin 𝑦+ycos 𝑦
 

(8) Solve 
𝑑𝑦

𝑑𝑥
=

1+𝑦

1−𝑥
 

  

ANSWERS 
 

(1) tan y = c (1-ex)3  (2) ex + e-y + 1/3(𝑒𝑥3
) = 𝑐 

(3) x-(1/x)-(1/y)-log y = c (4)tan 2x – cot 2 y = c 

(5) log(x2+1) = y2 – 2y +4 log[c(y+1)] 

(6)  log[x(1-y)2] = x2/2 – y2/2 – 2y +c 

(7) y sin y + x2 log x = c (8) (1+y)(1-x)=c 

 

1.10 HOMOGENEOUS DIFFERENTIAL EQUATION 
 

A differential equation in x and y is said to be homogeneous if it can be defined in the form 

 
𝑑𝑦

𝑑𝑥
=   

𝑓(𝑥, 𝑦)

𝑔(𝑥, 𝑦)
 

where f(x, y) and g(x, y) are homogeneous functions of the same degree in x and y. 

 

METHOD OF SOLVING  
 

Consider the homogeneous differential equation  

  

                                                
𝑑𝑦

𝑑𝑥
=   

𝑓(𝑥,𝑦)

𝑔(𝑥,𝑦)
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Step1: If we put y = vx then  
𝑑𝑦

𝑑𝑥
=   𝑣 + 𝑥 

𝑑𝑣

𝑑𝑥
   and the differential equation reduces to variables  

           separable form 

Step2: Use the method of solving of variable separable form  

Step3: Replacing v = 
𝑦

𝑥
,   we get the  solution of the homogeneous differential equation 

 

PROBLEMS    
 

1. Solve  2 2 2x y dx xydy   

Sol: The given equation can be written as    
2 2

2

dy x y

dx xy


  ---(1) 

        Here the RHS is homogenous function of x and y 

  Put y=vx 
dy dv

v x
dx dx

     

  (1)Becomes as   
21

2

dv v
x

dx v


  

  By variable separable method    
𝑑𝑥

𝑥
=

2𝑣

1−𝑣2 𝑑𝑣   

  After Integration we get 
2 2x y cx   as solution 

 

2. Solve (x3 + y3) dx = (x2 y + x y2) dy 

Sol: The given equation can be written as 

                    

2

3

22

33

1

vv

v

dx

dv
xv

dx

dv
xv

dx

dy
vxyput

yxyx

yx

dx

dy













 

                    

cxvv

cdx
x

dv
v

v

cdx
x

dv
v

v

vv

vv

vv

v
v

vv

v

dx

dv
x





























 

 

log)1(log

1

1

1

1

)1(

)1)(1(

)1(

11 2

2

3

 

Replacing v by y/x , we get y/x + log(x-y) = c  
 

EXERCISE 

 

(1) Solve  (x2 + y2)dx – 2xy dy=0 

(2) Solve (x2 – 2xy + 3y2)dx + (y2 + 6xy – x2)dy = 0 

(3) Solve x sin(y/x)
𝑑𝑦

𝑑𝑥
 = ysin(y/x) – x 

ANSWERS: (1)x=c(x2 – y2) (2) y3 – 9 xy2 + 3 x2y – x3=c (3) cos(y/x) = log x + c 
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1.11 NON-HOMOGENEOUS DIFFERENTIAL EQUATIONS OF THE 

FIRST  DEGREE IN x & y 

If a1,b1,c1 and a2,b2,c2 are constants and atleast one of c1,c2 is not zero then 
𝑑𝑦

𝑑𝑥
=

𝑎1 𝑥+𝑏1 𝑦+𝑐1 

𝑎2 𝑥+𝑏2 𝑦+𝑐2
 is 

called non-homogenous differential equation of first degree in x & y. 

 

METHOD OF SOLVING 

 

Step1: Convert the Non homogenous differential equation into homogeneous form by  

            substituting x=X +h, y=Y+k where  h& k such that a1h+b1k+c1 = 0 and a2h+b2k+c2=0  

Step2:  Use the method of solving of Homogenous differential  equation 

 

1.12      EXACT DIFFERENTIAL EQUATION  
 

A differential equation of the form Mdx +Ndy=0 is said to be exact differential equation if 

M N

y x

 


 
   

 

METHOD OF SOLVING 

 

To solve the exact differential equation M(x,y) dx+N(x,y)dy=0 

Step1:    Find 
𝜕𝑀

𝜕𝑦
  and 

𝜕𝑁

𝜕𝑥
   

               If 
𝜕𝑀

𝜕𝑦
=  

𝜕𝑁

𝜕𝑥
  , then the given equation is an exact DE 

Step2: The general solution of the given equation is     

                ∫ 𝑀𝑑𝑥 +
𝑦𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

∫(𝑡𝑒𝑟𝑚𝑠 𝑖𝑛 𝑁 𝑤ℎ𝑖𝑐ℎ 𝑑𝑜 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛 𝑥)𝑑𝑦 = 𝐶 

 

PROBLEMS 

 

1. Solve     2 1 2 1 0x y dx y x dy        

Sol: Given     2 1 2 1 0x y dx y x dy      ---(1) 

        Compare (1) with  M(x,y) dx+N(x,y)dy=0 

        Here    , 2 1, , 2 1M x y x y N x y y x       

           1
M N

y x

 
  

 
  

So the given differential equation is exact hence the general solution is 

                            ∫ 𝑀𝑑𝑥 +
𝑦𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

∫(𝑡𝑒𝑟𝑚𝑠 𝑖𝑛 𝑁 𝑤ℎ𝑖𝑐ℎ 𝑑𝑜 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛 𝑥)𝑑𝑦 = 𝐶 

         ⟹       2 1 2 1x y dx y dy c       

         ⟹     
2 2x y xy x y c      

 



 

 11 

2. Solve  1 cos sin 0y ye xdx e xdy    

Sol: Given  1 cos sin 0y ye xdx e xdy    ---(1) 

       Compare (1) with  M(x,y) dx+N(x,y)dy=0 

       Here  M(x,y)=  1 cos , ( , ) siny ye x N x y e x   

                 cosyM N
e x

y x

 
 

 
 

Hence the given differential equation is exact. The general solution can be written as 

∫ 𝑀𝑑𝑥 +

𝑦𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

∫(𝑡𝑒𝑟𝑚𝑠 𝑖𝑛 𝑁 𝑤ℎ𝑖𝑐ℎ 𝑑𝑜 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛 𝑥)𝑑𝑦 = 𝐶 

 

                     ⟹  1 cos 0ye xdx dy c     

                       ⟹  1 sinye x c   

 

3. Solve    (x 𝑒𝑥𝑦 + 𝑦)
𝑑𝑦

𝑑𝑥
+  𝑦 𝑒𝑥𝑦 = 0 

Sol: Given equation can be written as  

                       (𝑥 𝑒𝑥𝑦 +  2𝑦)𝑑𝑦 + 𝑦𝑒𝑥𝑦𝑑𝑥 = 0 ---(1) 

       Compare (1) with  M(x,y) dx+N(x,y)dy=0 

  Here M = (𝑥 𝑒𝑥𝑦 +  2𝑦)                             N= 𝑦𝑒𝑥𝑦 

      
𝜕𝑀

𝜕𝑦
=  𝑦𝑒𝑥𝑦𝑥 +  𝑒𝑥𝑦           &             

𝜕𝑁

𝜕𝑥
= 𝑥𝑒𝑥𝑦𝑦 +  𝑒𝑥𝑦                          

                 So that     
𝜕𝑀

𝜕𝑦
=  

𝜕𝑁

𝜕𝑥
                        

Hence the given differential equation is exact. The general solution can be written as  

∫ 𝑀𝑑𝑥 +

𝑦𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

∫(𝑡𝑒𝑟𝑚𝑠 𝑖𝑛 𝑁 𝑤ℎ𝑖𝑐ℎ 𝑑𝑜 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛 𝑥)𝑑𝑦 = 𝐶 

                     ⟹  ∫ 𝑦 𝑒𝑥𝑦𝑑𝑥 +  ∫ 0𝑑𝑦
(𝑦 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡)

=  𝑐                                                                                             

 

                  ⟹ 𝑦 
𝑒𝑥𝑦

𝑦
=  𝑐                                                                                             

                    ⟹ 𝑒𝑥𝑦 =  𝑐       , This is the general solution   

                                                                                    

4. Solve ey dx + (x ey+2y)dy=0 

Sol:     Given ey dx + (x ey+2y)dy=0  ---(1) 

           Compare (1) with  M(x,y) dx+N(x,y)dy=0 

      Here M = ey                             N= x ey + 2y 

               
𝜕𝑀

𝜕𝑦
=  𝑒𝑦           &             

𝜕𝑁

𝜕𝑥
= 𝑒𝑦                          

                So that 
𝜕𝑀

𝜕𝑦
=  

𝜕𝑁

𝜕𝑥
                        

Hence the given differential equation is exact.  

The general solution can be written as 
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∫ 𝑀𝑑𝑥 +

𝑦𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

∫(𝑡𝑒𝑟𝑚𝑠 𝑖𝑛 𝑁 𝑤ℎ𝑖𝑐ℎ 𝑑𝑜 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛 𝑥)𝑑𝑦 = 𝐶 

 

                         ⟹  ∫ 𝑒𝑦𝑑𝑥 +  ∫ 2𝑦𝑑𝑦
(𝑦 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡)

=  𝑐                                                                                             

 

                       ⟹ 𝑥 𝑒𝑦 + 𝑦2 =  𝑐   ; This is the general solution    

 

5. Solve (3𝑥2𝑦 +
𝑦

𝑥
) 𝑑𝑥 + (𝑥3 + log 𝑥 𝑑𝑦) = 0 

Sol: Given equation is  (3𝑥2𝑦 +
𝑦

𝑥
) 𝑑𝑥 + (𝑥3 + log 𝑥)𝑑𝑦 = 0---(1) 

       Compare (1) with  M(x,y) dx+N(x,y)dy=0 

        Here M = (3𝑥2𝑦 +
𝑦

𝑥
)                        N= (𝑥3 + log 𝑥) 

                     
𝜕𝑀

𝜕𝑦
=  3𝑥2 +

1

𝑥
           &             

𝜕𝑁

𝜕𝑥
= 3𝑥2 +

1

𝑥
                          

                          So that 
𝜕𝑀

𝜕𝑦
=  

𝜕𝑁

𝜕𝑥
                        

Hence the given differential equation is exact.  

The general solution can be written as  

∫ 𝑀𝑑𝑥 +

𝑦𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

∫(𝑡𝑒𝑟𝑚𝑠 𝑖𝑛 𝑁 𝑤ℎ𝑖𝑐ℎ 𝑑𝑜 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛 𝑥)𝑑𝑦 = 𝐶 

 

          ⟹   ∫ (3𝑥2 +
𝑦

𝑥
) 𝑑𝑥 +  ∫ 0 𝑑𝑦

(𝑦 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡)
=  𝑐                                                                                             

 

         ⟹ 𝑥3𝑦 + 𝑦𝑙𝑜𝑔 𝑥 =  𝑐   ; This is the general solution    
 

6. Solve (cos x – x cos y)dy – (sin y + y sinx)dx=0  

Sol: Given (cos x – x cos y)dy – (sin y + y sinx)dx=0---(1)  

       Compare (1) with  M(x,y) dx+N(x,y)dy=0 

       Here M = -sin y – y sin x                     N= cos x – x cos y        

           
𝜕𝑀

𝜕𝑦
= − cos 𝑦 − sin 𝑥          &    

𝜕𝑁

𝜕𝑥
= − sin x − cos y                         

                      So that 
𝜕𝑀

𝜕𝑦
=  

𝜕𝑁

𝜕𝑥
                        

Hence the given differential equation is exact.  

The general solution can be written as  

∫ 𝑀𝑑𝑥 +

𝑦𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

∫(𝑡𝑒𝑟𝑚𝑠 𝑖𝑛 𝑁 𝑤ℎ𝑖𝑐ℎ 𝑑𝑜 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛 𝑥)𝑑𝑦 = 𝐶 

 

         ⟹  ∫ (−sin 𝑦 − 𝑦 sin 𝑥) 𝑑𝑥 +  ∫ 0 𝑑𝑦
(𝑦 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡)

=  𝑐                                                                                             

 

        ⟹ −𝑥 sin 𝑦 + 𝑦 cos 𝑥 =  𝑐   ; This is the general solution 
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7. Solve [𝑦 (1 +
1

𝑥
) + cos 𝑦] 𝑑𝑥 + (𝑥 + log 𝑥 − 𝑥 𝑠𝑖𝑛𝑦)𝑑𝑦 = 0      

Sol: Given equation is   

                  [𝑦 (1 +
1

𝑥
) + cos 𝑦] 𝑑𝑥 + (𝑥 + log 𝑥 − 𝑥 𝑠𝑖𝑛𝑦)𝑑𝑦 = 0     

        Let M =  [𝑦 (1 +
1

𝑥
) + cos 𝑦]             N=(𝑥 + log 𝑥 − 𝑥 𝑠𝑖𝑛𝑦)        

 
𝜕𝑀

𝜕𝑦
= 1 +

1

𝑥
− sin 𝑦         &             

𝜕𝑁

𝜕𝑥
= 1 +

1

𝑥
− sin 𝑦                        

           So that 
𝜕𝑀

𝜕𝑦
=  

𝜕𝑁

𝜕𝑥
                        

Hence the given differential equation is exact.  

The general solution can be written as  

∫ 𝑀𝑑𝑥 +

𝑦𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

∫(𝑡𝑒𝑟𝑚𝑠 𝑖𝑛 𝑁 𝑤ℎ𝑖𝑐ℎ 𝑑𝑜 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛 𝑥)𝑑𝑦 = 𝐶 

         ⟹  ∫ ((1 +
1

𝑥
) 𝑦 + cos 𝑦) 𝑑𝑥 +  ∫ 0 𝑑𝑦

(𝑦 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡)
=  𝑐                                                                                             

 

               ⟹ (𝑥 + log 𝑥)𝑦 + 𝑥𝑐𝑜𝑠 𝑦 = 𝑐   ; This is the general solution    

 

EXERCISE  
 

(1) Solve    2 22 2y xy dx x xy dy    

(2) Solve  (2 x2+6xy-y2)dx+(3x2-2xy+y2)dy=0 

(3) Solve  
cos sin

0
sin cos

dy y x y y

dx x x y x

 
 

 
 

(4) Solve (1 + 𝑒
𝑥

𝑦) 𝑑𝑥 + (1 −
𝑥

𝑦
) 𝑒

𝑥

𝑦 dy = 0 

(5)Solve (x2+y2-a2)xdx+(x2-y2-b2)ydy=0 

(6) Solve 𝑥𝑑𝑥 + 𝑦𝑑𝑦 +
𝑥𝑑𝑦−𝑦𝑑𝑥

𝑥2+𝑦2 = 0 

(7)Solve (sin x.sin y – x ey)dy=(ey+cos x.cos y)dx 

(8) Solve (1+4xy+2y2)dx+(1+4xy+2x2)dy=0 

                 

ANSWERS 

 

(1) y2 x – x2y = c                 (2) 2x3-9x2y-3xy2+y3=k  

      (3) y sin x + (sin y + y)x = c       (4) 𝑥 + 𝑦𝑒
𝑥

𝑦 = 𝑐 

      (5) x4+2x2y2-y4-2a2x2-2b2y2=c    (6) 𝑥2 − 2𝑡𝑎𝑛−1 (
𝑥

𝑦
) + 𝑦2 = 𝑐 

      (7) xey+sin x. cos y = c              (8) x+2x2y+2xy2+y=c 
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1.13      NON EXACT DIFFERENTIAL EQUATION 
 

A differential equation which is not exact is said to be Non exact differential equation. 

  

METHOD OF SOLVING 

 

Step1:  Convert Non Exact equation into Exact equation through Integrating Factor. 

Step2:  Use the method of solving of Exact Equation.  

 

INTEGRATING FACTOR (I.F) 

 

A given differential equation may not be integrable as such.But it may become integrable when it 

is multiplied by a function.Such a function is called the integrating factor (I.F).  

Hence an integrating factor is one which changes a differential equation into one which is 

directly integrable. 

 

Methods to find an Integrating Factor: 

(1) If Mdx Ndy =0 is homogeneous then I.F.=
1

Mx Ny
 

(2) If 0Mdx Ndy   is of the form y f(xy)dx+x g(xy)dy=0 then I.F.=
1

Mx Ny
 

(3) If   
 

.
f x dx

M N

y x
f x thenI F e

N

 


     

(4) If
 

( ) .
g y dy

N M

x y
g y thenI F e

M

 


     

 

PROBLEMS 

 

1. Solve  2 3 3 0x ydx x y dy    

Sol: Given    2 3 3 0x ydx x y dy    ---(1)                                       

       Compare (1) with  M(x,y) dx+N(x,y)dy=0 

           2 3 3, , ,LetM x y x y N x y x y     

𝜕𝑀

𝜕𝑦
= 𝑥2      &      

 𝜕𝑁

𝜕𝑥
= −3𝑥2 

                 

 Then we have 
M N

y x

 


 
 

           So the given differential equation is not exact 

          But the differential equation is homogeneous so  
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                   I.F.=
4

1 1

Mx Ny y
 


 

         Now multiplying the given differential equation throughout with 
4

1

y
  we get 

                
2 3 3

3 4
0

x x y
dx dy

y y

   
     
   

---(2), which  is exact differential equation   

          Compare (2) with  M(x,y) dx+N(x,y)dy=0 

 Here M=− 
𝑥2

𝑦3                       &   N= 
𝑥3+𝑦3

𝑦4  

         Hence the solution is 

∫ 𝑀𝑑𝑥 +

𝑦𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

∫(𝑡𝑒𝑟𝑚𝑠 𝑖𝑛 𝑁 𝑤ℎ𝑖𝑐ℎ 𝑑𝑜 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛 𝑥)𝑑𝑦 = 𝐶 

 

                       ⟹
2

3

1x
dx dy c

y y
     

                        ⟹
3

3
log

3

x
y c

y
    is required solution 

2. Solve    2 2 2 22 2 2 0y x y dx x x y dy     

Sol: Given      2 2 2 22 2 2 0y x y dx x x y dy    ---(1) 

       Compare (1) with  M(x,y) dx+N(x,y)dy=0 

        Here        2 2 2 2, 2 , 2 2M x y y x y N x y x x y     

            
2 2 2 23 2 2 6

M N
x y x y

y x

 
    

 
 

So the given differential equation is not exact, but it is of the form             

    0yf xy dx xg xy dy Hence   

                   
3 3

1 1
. .

3
I F

Mx Ny x y
 


 

Now multiplying the given differential equation throughout with I.F. we get 
2 2 2 2

3 2 2 3

2 2 2
0

3 3

x y x y
dx dy

x y x y

 
 

---(2) 

     Clearly we observe that it is exact differential equation.  

 Compare (2) with  M(x,y) dx+N(x,y)dy=0 

Here M=− 
𝑥2𝑦2+2

3𝑥3𝑦2                        &   N= 
2−2𝑥2𝑦2

3𝑥2𝑦3  

Hence the solution is 

∫ 𝑀𝑑𝑥 +

𝑦𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

∫(𝑡𝑒𝑟𝑚𝑠 𝑖𝑛 𝑁 𝑤ℎ𝑖𝑐ℎ 𝑑𝑜 𝑛𝑜𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛 𝑥)𝑑𝑦 = 𝐶 
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⟹
2 3

1 1 2 1 2 1

3 3 3
dx dx dy c

x y x y

 
   

 
    

⟹
2 3

1 1 2
log log

3 3 3
x y c

x y
    

3.Solve (𝑥2𝑦2 + 𝑥𝑦 + 1)𝑦𝑑𝑥 + (𝑥2𝑦2 − 𝑥𝑦 + 1)𝑥𝑑𝑦 = 0 

Sol:  Let M(x,y)=(x2y2+xy+1)y   & N(x,y)=(x2y2-xy+1)x 
𝜕𝑀

𝜕𝑦
= 3𝑥2𝑦2 + 2𝑥𝑦 + 1 ≠

𝜕𝑁

𝜕𝑥
= 3𝑥2𝑦2 − 2𝑥𝑦 + 1 

So the given differential equation is not exact , but it is of the form 

    0yf xy dx xg xy dy Hence   

𝐼. 𝐹. =
1

𝑀𝑥 − 𝑁𝑦
=

1

2𝑥2𝑦2
 

Now multiplying the given differential equation throughout with I.F. we get 
(𝑥2𝑦2 + 𝑥𝑦 + 1)𝑦

2𝑥2𝑦2
𝑑𝑥 +

(𝑥2𝑦2 − 𝑥𝑦 + 1)𝑥

2𝑥2𝑦2
𝑑𝑦 = 0 

⟹ (
𝑦

2
+

1

2𝑥
+

1

2𝑥2𝑦
) 𝑑𝑥 + (

𝑥

2
−

1

2𝑦
+

1

2𝑥𝑦2
)𝑑𝑦 = 0 

 

Clearly we observe that it is exact differential equation.  

Hence the solution is 

∫ (
𝑦

2
+

1

2𝑥
+

1

2𝑥2𝑦
)

𝑦𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

𝑑𝑥 + ∫ (−
1

2𝑦
) 𝑑𝑦 = 𝑐 

⇒
𝑦𝑥

2
+

1

2
log 𝑥 −

1

2𝑥𝑦
−

1

2
log 𝑦 = 𝑐 

4. Solve  2 22 1 0xydy x y dx     

Sol: Let M =  2 2 1 2x y N xy     

       2 2
M N

y y
y x

 
   

 
 

So the given differential equation is not exact  

             But       
2

M N

y x
f x

N x

 


 
    

             so   I.F =  
2

2

1dx
xe

x




 
Now multiply the given differential equation  through out with I.F. we get 

                       

2

2 2

2 1
1 0

y y
dy dx

x x x

 
    
   

Observe that it is exact,hence the solution is  
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2

2 2

1
1 0

y
dx dy c

x x

 
     

 
 

 

                         

2 2 1 0y x cx   
            

5. Solve (xy3+y)dx+2(x2y2+x+y4)dy=0 

Sol:            Let M(x,y)=xy3+y   & N(x,y)=2x2y2+2x+2y4 
𝜕𝑀

𝜕𝑦
= 3𝑥𝑦2 ≠

𝜕𝑁

𝜕𝑥
= 4𝑥𝑦2 + 2 

So the given differential equation is not exact and 

               

𝜕𝑀

𝜕𝑦
−

𝜕𝑁

𝜕𝑥

𝑀
= −

(𝑥𝑦2+1)

𝑥𝑦3+𝑦
= −

1

𝑦
= 𝑔(𝑦)  Hence 𝐼. 𝐹. = 𝑒− ∫ 𝑔(𝑦)𝑑𝑦 = 𝑒

∫(
1

𝑦
)𝑑𝑦

= 𝑒log 𝑦 = 𝑦 

Now multiplying the given differential equation throughout with I.F. we get 

 (xy4+y2)dx+(2x2y3+2xy+2y5)dy=0 

Clearly we observe that it is exact differential equation. Hence the solution is 

∫ (𝑥𝑦4 + 𝑦2)𝑑𝑥

𝑦𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

+ ∫(2𝑦5)𝑑𝑦 = 𝑐 

⇒ 𝑦4 (
𝑥2

2
) + 𝑦2(𝑥) + 2 (

𝑦6

6
) = 𝑐 

 

6. Solve     4 3 42 2 4 0y y dx xy y x dy      

Sol: Let      4 3 4, 2 , 2 4M x y y y N x y xy y x      

          
3 34 2 4

M N
y y

y x

 
    

 
 

So that given differential equation is not exact but  

            
3

N M

x y
f y

M y

 


 
    

           IF = 

3

3

1ye dy
y


  

Multiply the given differential equation thought out with    
3

1

y
   we get 

 
2 3

2 4
2 0

x
y dx x y dy

y y

   
       

   
, which is exact DE 

Now the solution is  

∫ (𝑦 +
2

𝑦2
) 𝑑𝑥 + ∫ 2𝑦𝑑𝑦 = 𝑐

𝑦 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

 

                                       ⟹  2

2

2
y x y c

y

 
   

 
  is the required  solution  
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EXERCISE 

 

(1) Solve (x4+y4)dx-xy3dy=0 

(2) Solve     1 1 0y xy dx x xy dy     

(3) Solve  y(2xy+ex)dx=exdy  

(4) Solve    3 2 2 42 0xy y dx x y x y dy      

(5) Solve (xy2-𝑒1/𝑥3
)𝑑𝑥 − 𝑥2𝑦𝑑𝑦 = 0 

(6) Solve (x2y2+x)dy+(x2y3-y)dx=0 

(7) Solve (y+xy2)dx-xdy=0 

(8) Solve (x2y3+1)dx+x4y2dy=0 

 

ANSWERS 

 

     (1) y4=4x4log x+cx4   (2)log(x/y)-(1/xy)=c 

     (3)𝑥2 +
𝑒𝑥

𝑦
= 𝑐                            (4)

𝑥2𝑦4

2
+ 𝑦2𝑥 +

𝑦6

3
= 𝑐 

     (5)2𝑒
1

𝑥3 −
3𝑦2

𝑥2 = 𝑐                       (6)(x2y2)/2+log(y/x)=c 

     (7)(x/y)+(x2/2)=c                    (8)(xy)3/3+log x =c 

 

 

1.14 LINEAR DIFFERENTIAL EQUATION 
 

A first order differential equation is said to be linear when the dependent variable and its 

derivatives occur only in first degree and no product of these occur. 

 

Note: 

1. The general form of first order linear differential equation with y as dependent and x as 

independent valuables is    
dy

p x y Q x
dx

  ,where P and Q are functions of x only 

2. The general form of first order linear differential equation with x as dependent and y as 

independent valuables is 
𝑑𝑥

𝑑𝑦
+  𝑃(𝑦)𝑥 = 𝑄(𝑦),where P and Q are functions of y only 

 

METHOD OF SOLVING 

 Step1: Express the given linear DE in the standard form    
dy

p x y Q x
dx

   or 

            
𝑑𝑥

𝑑𝑦
+  𝑃(𝑦)𝑥 = 𝑄(𝑦) 

Step2: a) The general solution of     
dy

p x y Q x
dx

    is  

                    . . .y I F Q x I F dx c  ,where I.F. =
 p x dx

e  

     b)The general solution of 
𝑑𝑥

𝑑𝑦
+  𝑃(𝑦)𝑥 = 𝑄(𝑦 )is          

          𝑥(𝐼. 𝐹) = ∫ 𝑄(𝑦)(𝐼. 𝐹)𝑑𝑦 + 𝑐,where I.F. = 𝑒∫ 𝑃(𝑦)𝑑𝑦  
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PROBLEMS  

 

1. Solve (𝑥2 − 1)
𝑑𝑦

𝑑𝑥
+ 2𝑥𝑦 = 1 

Sol: The given differential equation can be written as 

                         
𝑑𝑦

𝑑𝑥
+ (

2𝑥

𝑥2−1
) 𝑦 =

1

𝑥2−1
 ---(1) 

Compare (1) with    
dy

p x y Q x
dx

   

                 Here P = 
2𝑥

𝑥2−1
  and Q = 

1

𝑥2−1
 

  I.F.=𝑒∫ 𝑃𝑑𝑥 = 𝑒∫
2𝑥

𝑥2−1
𝑑𝑥

= 𝑒log(𝑥2−1) = 𝑥2 − 1 

The Solution of the given equation is  

 𝑦(𝐼𝐹) = ∫ 𝑄(𝐼𝐹)𝑑𝑥 + 𝑐 

                   ⇒ 𝑦(𝑥2 − 1) = ∫
1

(𝑥2−1)
(𝑥2 − 1)𝑑𝑥 + 𝑐                                                            ⇒

                       𝑦(𝑥2 − 1) = ∫ 𝑑𝑥 + 𝑐 ⇒ 𝑦(𝑥2 − 1) = 𝑥 + 𝑐 

 

2. Solve 𝑐𝑜𝑠2𝑥
𝑑𝑦

𝑑𝑥
+ 𝑦 = tan 𝑥 

Sol:  The given differential equation  can be written as 

              
𝑑𝑦

𝑑𝑥
+ 𝑠𝑒𝑐2𝑥 𝑦 = tan 𝑥 𝑠𝑒𝑐2𝑥 ---(1) 

   Compare (1) with    
dy

p x y Q x
dx

   

          Here P=sec2x  and Q=tan x sec2x 

               I.F.=𝑒∫ 𝑃𝑑𝑥 = 𝑒∫ 𝑠𝑒𝑐2𝑥𝑑𝑥 = 𝑒tan  𝑥 

   The Solution of the given equation is  

 𝑦(𝐼𝐹) = ∫ 𝑄(𝐼𝐹)𝑑𝑥 + 𝑐 

           ⇒ 𝑦(𝑒tan 𝑥) = ∫(tan x sec2𝑥)𝑒tan 𝑥𝑑𝑥 + 𝑐 

         [Putting tan x = t, sec2x dx = dt] 

                  = ∫ 𝑡𝑒𝑡𝑑𝑡 + 𝑐 

                                      = tet - et + c 

     = (tan x -1 )etan x+c 

   y=(tan x -1)+c e-tan x 

 

3. Solve    2 11 y dx Tan y x dy    

Sol:  The given differential equation can be written as                

                  
1

2 2

1 tan

1 1

dx y
x

dy y y



 
 

---(1) 

        Compare (1) with      
𝑑𝑥

𝑑𝑦
+  𝑃(𝑦)𝑥 = 𝑄(𝑦) 

Here P(y)=
1

1+𝑦2  and Q(y)= 
𝑡𝑎𝑛−1𝑦

1+𝑦2    
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                I.F. 
 p y dy

e  
12

1

tan1
dy

yye e


   

The general solution is      𝑥(𝐼. 𝐹) = ∫ 𝑄(𝑦)(𝐼. 𝐹)𝑑𝑦 + 𝑐 

                                        ⟹
1 1

1
tan tan

2

tan

1

y yy
xe e dy c

y

 


 
          

                                                          
1tan 1tan 1ye y c
     

 
           i.e,  

 
11 tantan 1 yx y ce
    

 

4. Solve:    
221 1

dy
x x y x x

dx
     

Sol:  The given differential equation can be written as 

                       
 

 1
1

dy y
x x

dx x x
  


 ;   

                 I.F  
1 1 1

1 1
dx dx

x x x xe e

     
 

    
log

1

1

x

x x
e

x

 
 

  


 

The general solution is      
 

1
1 1

x x
y x x dx c

x x
  

 
3

3

x
c   

 

5. Solve 1)1( 2  xy
dx

dy
x  

Sol: The given equation is  1)1( 2  xy
dx

dy
x  

                      

22

22

1

1
;

1

1

1

1

x
Q

x

x
P

QPy
dx

dy
formtheofisThis

x
y

x

x

dx

dy

















 

             

cxxy

c
x

dx

cdxx
x

xy

cdxFIQFIy

issolutiongeneralThe

xeeFI
dx

x

x
dxP
































12

2

2

2

2

21

sin1

1

1
1

1
1

).().(

,

1.
2

 

6. Solve xxy
dx

dy
2sin

2

1
cos   

Sol: The given differential equation  can be written as 
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                  xxy
dx

dy
2sin

2

1
cos  ---(1) 

   Compare (1) with    
dy

p x y Q x
dx

   

          Here P = cos x  and Q = ½ sin 2x 

               I.F.=𝑒∫ 𝑃𝑑𝑥 = 𝑒∫ cos 𝑥𝑑𝑥 = 𝑒sin 𝑥 

 

            

cxe

cte

dtdxxcdtet

txLetcdxexx

cdxex

cdxFIQFIy

issolutiongeneralThe

x

t

t

x

x





















)1(sin

)1(

cos

sincossin

)(2sin
2

1

).().(

,

sin

sin

sin

 

7. Solve 1sincos  xy
dx

dy
x  

Sol: The given equation can be reduced to        

      

xeeFI

xQxPHere

xxy
dx

dy
or

xx

x
y

dx

dy

xdxx

sec.

sec;tan

sectan
cos

1

cos

sin

seclogtan







   

           

cx

cdxxxy

cdxFIQFIy

issolutiongeneralThe











tan

sec)(sec

).().(

,

2
 

 

EXERCISE 

 

(1) 𝑆𝑜𝑙𝑣𝑒  
𝑑𝑦

𝑑𝑥
= −

(𝑥+𝑦 cos 𝑥)

1+sin 𝑥
  

(2) Solve    
  

22 5

2 3 2

dy y x

dx x x x
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(3)𝑆𝑜𝑙𝑣𝑒  (𝑥 + 1)
𝑑𝑦

𝑑𝑥
− 𝑦 = 𝑒3𝑥(𝑥 + 1)2 

 

((((
𝑋

 

(4)𝑆𝑜𝑙𝑣𝑒  
𝑑𝑦

𝑑𝑥
+ 𝑦. cot 𝑥 =

4𝑥 𝑐𝑜𝑠𝑒𝑐 𝑥  𝑔𝑖𝑣𝑒𝑛  𝑦 = 0 𝑤ℎ𝑒𝑛 𝑥 =
𝜋

2
 

(5) Solve 𝑥 𝑐𝑜𝑠𝑥
𝑑𝑦

𝑑𝑥
+ 𝑦(𝑥𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥) = 1 

(6) Solve (
𝑒−2√𝑥

√𝑥
−

𝑦

√𝑥
)

𝑑𝑦

𝑑𝑥
= 1 

(7) Solve 
𝑑𝑦

𝑑𝑥
+ 𝑦 = 𝑒𝑒𝑥

 

(8) Solve 
𝑑𝑦

𝑑𝑥
+

𝑦

𝑥
sin 𝑥2  

(9) Solve  32
dy

x y y
dx

   

(10) Solve 𝑦2𝑑𝑥 + (𝑥𝑦 − 2𝑦2 − 1)𝑑𝑦 = 0
  

𝑦
  

ANSWERS 

(1)y(1+sin x)= -(x2/2)+c (2)
25 2

log
7 3 2

x x
y c

x

 
  

 
 

(3)y/(x+1)=e3x/3+c

                      

(4)𝑦 sin 𝑥 = 2 𝑥2      −
𝜋2

2
 

(5) xy sec x=tan x+c                    (6)𝑦𝑒2√𝑥 = 2√𝑥 + 𝑐 

(7) 𝑦𝑒𝑥 = 𝑒𝑒𝑥
+ 𝑐                          (8) 𝑥𝑦 =

1

2
cos 𝑥2 + 𝑐 

(9) x = y3 + cy                             (10)xy=y2+log y +c 

                 

 

1.15     NONLINEAR EQUATION REDUCIBLE TO LINEAR FORM  

           [BERNOULLI‘S   D. E.] 

 

An equation of the form        ndy
p x y Q x y

dx
       is called  Bernoulli’s Differential equation 

which is nonlinear. 

 

METHOD OF SOLVING 

 

Step1: Rewrite the given ODE into standard form of Bernoulli’s equation 

Step2:  Dividing  both sides by 
  

ny  

Step3:  Put   
1 nz y    then the given ODE becomes as linear differential equation of  ‘z’ 

Step4:  Solve linear differential equation in z by the method discussed previously and  replace z  

            by 
1 ny 

 

 

PROBLEMS  

1. Solve 3 6dy
x y x y

dx
   

Sol: The given differential equation is 
2 6dy y

x y
dx x

  ---(1) 



 

 23 

  Divide with  
6y  we get;              2

6 5

1 1 1dy
x

y dx y x
   

      Put 
5 6

1 1 1

5

dy dz
z

y y dx dx
     

        (1) Because as 
25

5
dz

z x
dx x

   ,which is LDE in z 

                       IF  
5

5

1dx
xe

x


   

Hence the general solution is 
5 3

1 5
z dx c

x x

 
   

 
  

                     
5 5 2

1 5

2
c

x y x
   is solution of  given DE  

2. Solve 
𝑑𝑦

𝑑𝑥
+

𝑥

1−𝑥2 𝑦 = 𝑥√𝑦 

Sol: The given differential equation can be written in the standard form   
𝑑𝑦

𝑑𝑥
+

𝑥

1−𝑥2 𝑦 = 𝑥√𝑦 

Dividing by  √𝑦;  𝑦−
1

2
𝑑𝑦

𝑑𝑥
+

𝑥

1−𝑥2 𝑦
1

2 = 𝑥  ---(1) 

           Put 𝑧 = √𝑦   

∴
𝑑𝑧

𝑑𝑥
=

1

2
𝑦−1

2⁄
𝑑𝑦

𝑑𝑥
 

⟹ 2.
𝑑𝑧

𝑑𝑥
= 𝑦−1

2⁄
𝑑𝑦

𝑑𝑥
 

 

                     (1)⟹  2.
𝑑𝑧

𝑑𝑥
+

𝑥

1−𝑥2 𝑧 = 𝑥 

                          ⟹  
𝑑𝑧

𝑑𝑥
+

𝑥

2(1−𝑥2)
𝑧 = 𝑥/2 

 

𝐼. 𝐹 = 𝑒
∫[

𝑥
2(1−𝑥2)

]𝑑𝑥
= 𝑒

−1
4log (1−𝑥2)⁄

= (1 − 𝑥2)−1
4⁄  

Hence the general solution is  

𝑧(1 − 𝑥2)−1
4⁄ = ∫

𝑥

2
(1 − 𝑥2)−1

4⁄ 𝑑𝑥 + 𝑐 

    ⟹ 𝑧(1 − 𝑥2)−1
4⁄ = −

1

3
(1 − 𝑥2)

3
4⁄ + 𝑐 

⟹ 𝑧 = −
1

3
(1 − 𝑥2) + 𝑐(1 − 𝑥2)

1
4⁄  

∴ √𝑦 = −
1

3
(1 − 𝑥2) + 𝑐(1 − 𝑥2)

1
4⁄  

 

3. Solve 
𝑑𝑦

𝑑𝑥
− 𝑦 𝑡𝑎𝑛𝑥 =

sin 𝑥 𝑐𝑜𝑠2𝑥

𝑦2  

Sol: The given differential equation can be written in the standard form  

                 𝑦2 𝑑𝑦

𝑑𝑥
− 𝑦3 𝑡𝑎𝑛𝑥 = sin 𝑥 𝑐𝑜𝑠2𝑥 ---(1) 

     Put 𝑧 = 𝑦3           ⟹
𝑑𝑧

𝑑𝑥
= 3𝑦2 𝑑𝑦

𝑑𝑥
 



 

 24 

                                 ⟹
1

3
 

𝑑𝑧

𝑑𝑥
= 𝑦2 𝑑𝑦

𝑑𝑥
 

 

                            (1)⟹  
1

3

𝑑𝑧

𝑑𝑥
− 𝑧𝑡𝑎𝑛 𝑥 = sin 𝑥 𝑐𝑜𝑠2𝑥 

                                ⟹  
𝑑𝑧

𝑑𝑥
− 3𝑧𝑡𝑎𝑛 𝑥 = 3 sin 𝑥 𝑐𝑜𝑠2𝑥 

                                  

                               P=-3 tan x;Q=sin x cos2x 

𝐼. 𝐹 = 𝑒−3 ∫ tan 𝑥𝑑𝑥 = 𝑒3 log cos 𝑥 = 𝑐𝑜𝑠3𝑥 
Hence the general solution is  

𝑧. 𝑐𝑜𝑠3𝑥 = ∫ 3 sin 𝑥 𝑐𝑜𝑠2𝑥. 𝑐𝑜𝑠3𝑥𝑑𝑥 + 𝑐 

                                                           = -∫ 𝑐𝑜𝑠5𝑥(− sin 𝑥) 𝑑𝑥 + 𝑐 

                                       ⟹ 𝑧. 𝑐𝑜𝑠3𝑥 = −
𝑐𝑜𝑠6𝑥

2
+ 𝑐 

                                      ⟹ 𝑦3. 𝑐𝑜𝑠3𝑥 = −
𝑐𝑜𝑠6𝑥

2
+ 𝑐 

 

4. Solve 
𝑑𝑦

𝑑𝑥
+ 𝑥𝑠𝑖𝑛 2𝑦 =  𝑥3 𝑐𝑜𝑠2𝑦           

Sol: Given equation is  
𝑑𝑦

𝑑𝑥
+ 𝑥𝑠𝑖𝑛 2𝑦 =  𝑥3 𝑐𝑜𝑠2𝑦            ---(1)  

                         ⟹
1

𝑐𝑜𝑠2𝑦

  𝑑𝑦

𝑑𝑥
+

2 sin 𝑦 cos 𝑦

𝑐𝑜𝑠2𝑦
𝑥 =  𝑥3       

                            ⟹ 𝑠𝑒𝑐2𝑦
  𝑑𝑦

𝑑𝑥
+ (2 tan 𝑦) 𝑥 = 𝑥3 ---(2)      

         Put tan y = u  so that 𝑠𝑒𝑐2𝑦
  𝑑𝑦

𝑑𝑥
=  

𝑑𝑢

𝑑𝑥
 

Substituting  in (2), we get     
   𝑑𝑢

𝑑𝑥
+ 2𝑢 𝑥 =  𝑥3  , which is a linear equation of first order  

I.F.=    𝐼. 𝐹. =  𝑒∫ 𝑝 𝑑𝑥 =  𝑒∫ 2𝑥𝑑𝑥 =  𝑒𝑥2
  

 

Hence the general solution is; 

u𝑒𝑥2
=  ∫ 𝑥3𝑒𝑥2

𝑑𝑥 + 𝑐 (𝑝𝑢𝑡 𝑥2 = 𝑡 𝑠𝑜 𝑡ℎ𝑎𝑡 2𝑥𝑑𝑥 = 𝑑𝑡)  

               =  ∫
𝑡

2
𝑒𝑡𝑑𝑡 + 𝑐 =  

1

2
𝑒𝑡(𝑡 − 1) + 𝑐 =  

1

2
 𝑒𝑥2

(𝑥2 − 1) + 𝑐                                     

Substituting u = tan y, we get the general solution of (1) as  

(tan 𝑦) 𝑒𝑥2
=

1

2
𝑒𝑥2

(𝑥2 − 1) + 𝑐   

 

 5. Solve 
𝑑𝑦

𝑑𝑥
−

tan 𝑦

1+𝑥
= (1 + 𝑥)𝑒𝑥  𝑠𝑒𝑐𝑦           

Sol: Given equation is 
𝑑𝑦

𝑑𝑥
−

tan 𝑦

1+𝑥
= (1 + 𝑥)𝑒𝑥  𝑠𝑒𝑐𝑦           

        Dividing secy  we get;  cos 𝑦
𝑑𝑦

𝑑𝑥
−

sin 𝑦

1+𝑥
= (1 + 𝑥)𝑒𝑥       ---(1) 

        Put sin y = u so that cos 𝑦 
𝑑𝑦

𝑑𝑥
=  

𝑑𝑢

𝑑𝑥
              

  Now (1) become 
𝑑𝑢

𝑑𝑥
−  

𝑢

1+𝑥
= (1 + 𝑥)𝑒𝑥 ---(2), which is linear in u 

Here  P = 
−1

1=𝑋
  , 𝑄 = (1 + 𝑥)𝑒𝑥     

                I.F.= 𝑒∫ 𝑃 𝑑𝑥 = 𝑒− ∫
𝑑𝑥

1+𝑥 =  𝑒− log(1+𝑥) =  
1

𝑥+1
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The solution of (2) is     u(I. F)  =  ∫ 𝑄𝑥𝐼. 𝐹. 𝑑𝑥 + 𝑐 

                   i.e., 
𝑢

1+𝑥
=  ∫(1 + 𝑥)𝑒𝑥 .

1

1+𝑥
𝑑𝑥 + 𝑐 =  ∫ 𝑒𝑥𝑑𝑥 + 𝑐  

                  i.e., u = (1+x)(ex + c) 

               or sin y = (1+x)(ex +c), which is the required solution     

 

6.Solve 2𝑦𝑐𝑜𝑠 𝑦2 𝑑𝑦

𝑑𝑥
−

2

1+𝑥
sin 𝑦2 = (𝑥 + 1)3 

Sol: The given equation  

                 2𝑦𝑐𝑜𝑠 𝑦2 𝑑𝑦

𝑑𝑥
−

2

1+𝑥
sin 𝑦2 = (𝑥 + 1)3       ---(1) 

 

                Put 𝑧 = sin 𝑦2 

∴
𝑑𝑧

𝑑𝑥
= cos 𝑦2. 2𝑦

𝑑𝑦

𝑑𝑥
 

 

                      (1)⟹  
𝑑𝑧

𝑑𝑥
−

2

𝑥+1
𝑧 = (𝑥 + 1)3 

                                 Here P= - 
2

𝑥+1
  and Q=(x+1)3 

𝐼. 𝐹 = 𝑒− ∫
2

𝑥+1
𝑑𝑥 = 𝑒−2 log (𝑥+1) =

1

(𝑥 + 1)2
 

Hence the general solution is  

𝑧
1

(𝑥 + 1)2
= ∫(1 + 𝑥)3.

1

(𝑥 + 1)2
𝑑𝑥 + 𝑐 

⟹ 𝑧
1

(𝑥 + 1)2
=

(𝑥 + 1)2

2
+ 𝑐 

 

                         ⟹
sin 𝑦2

(𝑥+1)2 =
(𝑥+1)2

2
+ 𝑐  

 

EXERCISE 

 

(1) Solve 
𝑑𝑦

𝑑𝑥
= 2𝑦𝑡𝑎𝑛 𝑥 + 𝑦2𝑡𝑎𝑛2𝑥 

(2) Solve 2tan sec
dy

y x y x
dx

    

(3) Solve 
1

𝑦2

𝑑𝑦

𝑑𝑥
+

1

𝑦

1

𝑥
= 1 

(4) Solve 𝑥2 − 𝑦2 + 2𝑥𝑦
𝑑𝑦

𝑑𝑥
= 0 

(5) Solve dx – (x2y3+xy)dy=0 

(6) Solve 
𝑑𝑦

𝑑𝑥
+ (

𝑦

𝑥
) log 𝑦 =

𝑦

𝑥
(log 𝑦)2 

(7) Solve 𝑥
𝑑𝑦

𝑑𝑥
+ 𝑦 = 𝑦2 log 𝑥 

(8) Solve 𝑦2𝑑𝑦 = (𝑥3 + 𝑦3)𝑑𝑥 

(9) Solve 2𝑥𝑦
𝑑𝑦

𝑑𝑥
= 𝑦2 − 2𝑥3; 𝑦(1) = 2 

(10) Solve 
𝑑𝑦

𝑑𝑥
+ 𝑦 + 𝑦2(sin 𝑥 − cos 𝑥) = 0 
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ANSWERS 

(1) 
𝑠𝑒𝑐2𝑥

𝑦
= 𝑐 −

𝑡𝑎𝑛3𝑥

3
 (2)

1

𝑦
cos 𝑥 =  −𝑥 + 𝑐 

(3) 
1

𝑦𝑥
= 𝑐 − log 𝑥 (4) 𝑦 = 3 − 2 𝑠𝑖𝑛𝑥 + 𝑐 𝑒− sin 𝑥 

(5) 𝑥(2 − 𝑦2) + 𝑐𝑥𝑒−
𝑦2

2 = 1 (6) (1 + 𝑐𝑥) log 𝑦 = 1 

(7) y(cx+1+log x)=1         (8) 𝑦3 = −𝑥3 − 𝑥2 −
2

3
𝑥 −

2

9
+ 𝑐𝑒3𝑥  

(9) 𝑦2 = 𝑥(5 − 𝑥2)          (10) 𝑦(𝑐𝑒𝑥 − sin 𝑥) = 1 

 

APPLICATIONS OF FIRST ORDER DIFFERENTIAL EQUATIONS 

 

1.16 OTHOGONAL TRAJECTORIES  

A curve which cuts every member of a given family of curves at a right angle is an orthogonal 

trajectory of the given family. 

 

I. Orthogonal trajectories in Cartesian Co-ordinates: 

 

Working Rule:  

To find the family of orthogonal trajectories in Cartesian form i.e., f(x,y,c) = 0  ---(1), be the 

equation of given family of curves in Cartesian form 

Step1: Eliminate c from (1) and obtain the differential equation  F(x,y,y1) = 0  ---(2) of the given  

           family of curves 

Step2: Replace  
𝑑𝑦

𝑑𝑥
 𝑏𝑦 −  

𝑑𝑥

𝑑𝑦
    in (2). Then the DE of the family of orthogonal trajectories is  

           F(x,y,- 
𝑑𝑥

𝑑𝑦
) = 0---(3) 

Step3: Solving  the equation (3) to get the equation of the family of  orthogonal trajectories of (1) 

 

PROBLEMS 

 

1. Find the orthogonal trajectories of families of semi-cubical parabolas  ay2 = x3, where a is the 

parameter. 

Sol: The given family of semi-cubical parabola is ay2 = x3 ---(1) 

   Differentiating w.r.t. x, we get, a.2y. 
𝑑𝑦

𝑑𝑥
 = 3 𝑥2           ---(2)         

Eliminating ‘a’ from (1) and (2), we get 3y =  2𝑥
𝑑𝑦

𝑑𝑥
     --- (3),      

 is the differential equation of a family of curves  

To get the differential equation of family of orthogonal trajectories, we replace  
𝑑𝑦

𝑑𝑥
 𝑏𝑦 −  

𝑑𝑥

𝑑𝑦
   

Hence  y= −
2

3
𝑥 

𝑑𝑥

𝑑𝑦
       --- (4) 
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Solving this we get the differential equation of family of orthogonal trajectories. 

Separating the variables, 𝑦𝑑𝑦 =  −
2

3 
xdx 

Integrating , we get        
𝑦2

2
=  −

𝑥3

3
+  𝑐 →  

𝑥3

3𝑐
+

𝑦2

2𝑐
= 1    , which is the equation of the family of 

orthogonal trajectories 

 

2. Find the orthogonal trajectories of hyperbola xy=c. 

Sol: The given curve is xy = c         ---(1) 

Differentiating w.r.t. x, we get, x. 
𝑑𝑦

𝑑𝑥
+ 𝑦 = 0     ---(2) 

is the DE of the given family  

To get the differential equation of family of orthogonal trajectories, we replace  
𝑑𝑦

𝑑𝑥
 𝑏𝑦 −  

𝑑𝑥

𝑑𝑦
   

Hence  𝑥 (− 
𝑑𝑥

𝑑𝑦
) + 𝑦 = 0       --- (3) 

Solving this we get the differential equation of family of orthogonal trajectories. 

Separating the variables, 𝑦𝑑𝑦 =  𝑥 𝑑𝑥 

Integrating , we get      
𝑦2

2
=  

𝑥2

2
+  𝑐 ⟹ 𝑥2 − 𝑦2 = 𝑎2  , which is the equation of the family  

of orthogonal trajectories 

 

3. Find the orthogonal trajectories of the family of circles passing through origin and centre on x- 

    axis 

Sol: Given family of circles is  𝑥2 + 𝑦2 +  2𝑔𝑥 = 0       ---(1)  

 ⟹ 2𝑥 + 2𝑦 
𝑑𝑦

𝑑𝑥
+  2𝑔 = 0 ⟹ 𝑥 + 𝑦 

𝑑𝑦

𝑑𝑥
+ 𝑔 = 0 

                                                     ⟹ 𝑔 =  −𝑥 − 𝑦
𝑑𝑦

𝑑𝑥
   ---(2) 

Substituting in (1), we get 𝑥2 + 𝑦2 +  2𝑥(−𝑥 − 𝑦
𝑑𝑦

𝑑𝑥
 ) = 0         

        ⟹ 𝑦2 −  𝑥2 −  2𝑥𝑦
𝑑𝑦

𝑑𝑥
= 0     ---(3)  

Replacing 
𝑑𝑦

𝑑𝑥
 𝑤𝑖𝑡ℎ −

𝑑𝑥

𝑑𝑦
  , we get the differential equation of the corresponding orthogonal 

trajectories as                                           𝑦2 −  𝑥2 +  2𝑥𝑦 
𝑑𝑥

𝑑𝑦
= 0       

      ⟹ 2𝑥𝑦 
𝑑𝑥

𝑑𝑦
= 𝑥2 −  𝑦2      

      Taking x2 = u, we get   2x 
𝑑𝑥

𝑑𝑦
=

𝑑𝑢

𝑑𝑦
 

The differential equation of orthogonal trajectory becomes  
𝑑𝑢

𝑑𝑦
−

𝑢

𝑦
= −𝑦, which is a linear  

 eqn 
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I.F. =  𝑒
− ∫

1

𝑦
 𝑑𝑦

= 𝑒− log 𝑦 =  
1

𝑦
  

General solution is   
1

𝑦
 𝑢 =  ∫ −𝑦.

1

𝑦
𝑑𝑦 =  −𝑦 + 𝑐 

                                ⟹
1

𝑦
. 𝑥2  =  −𝑦 + 𝑐  

4. Prove that system of parabolas y2 = 4a(x+a) is self orthogonal 

Sol: Given parabola is y2 = 4a(x+a)                              

                                ⟹ 𝑦2 = 4𝑎𝑥 + 4𝑎2                   ---(1) 

Differentiating (1) with respect to x, we get 2yy1 = 4a   

                               ⟹ 𝑎 =  
𝑦𝑦1

2
                                  ---(2) 

Substituting (2) in (1), 𝑦2 = 4.
𝑦𝑦1

2
+  4.

𝑦2𝑦1
2

4
      

                               or y2 = 2xyy1 + y2y1
2                ---(3) 

Equation (3) is the differential equation of the given system of parabolas. Replacing y1 with -

1/y1
, we get equation of the orthogonal trajectories as 

y2  = 2xy(-1/y1) + y2(-1/y1)
2 

⟹  y2  = 2xy/y1
 + y2/y1

2 

 y2y1
2 = -2xyy1 + y2         ---(4), 

 which is differential equation of the orthogonal trajectories of the given family .   

Equations (3) and (4) are same, hence the given system is self orthogonal.        \ 

 

II.Orthogonal trajectories in polar co-ordinates: 

Working Rule: 

 To find the family of orthogonal trajectories in polar form i.e., f(r,𝜃,c) = 0     ---   (1), be the 

equation of given family of curves in polar form 

Step1: Eliminate c from (1) and obtain the differential equation  F(r,θ,
𝑑𝑟

𝑑𝜃
) = 0  ---(2) of the given  

           family of curves 

Step2: Replace  
𝑑𝑟

𝑑𝜃
 𝑏𝑦 − 𝑟2  

𝑑𝑟

𝑑𝜃
    in (2). Then the differential equation of the family of  

            Orthogonal trajectories is  F(r,θ,-𝑟2  
𝑑𝑟

𝑑𝜃
) = 0 ---(3) 

Step3: Solve the equation (3) to get the equation of the family of  orthogonal trajectories of (1) 

 

PROBLEMS 

 

1. Find the orthogonal trajectories of the family of cardioids r=a(1-cosθ),where a is parameter 

Sol: Given equation of the family of cardiods is  r=a(1-cosθ)  ---(1) 

        Differentiating with respect to θ we get 
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𝑑𝑟

𝑑𝜃
 = 𝑎 𝑠𝑖𝑛𝜃 ⟹ 𝑎 =

1

𝑠𝑖𝑛𝜃

𝑑𝑟

𝑑𝜃
        ---(2) 

Eliminating a from (1) and (2), we get     r =
1

sin 𝜃
(1 − cos 𝜃)

𝑑𝑟

𝑑𝜃
             

      ⟹ 
𝑑𝑟

𝑑𝜃
=

𝑟 𝑠𝑖𝑛𝜃

1−cos 𝜃
⟹ 

𝑑𝑟

𝑑𝜃
= 𝑟 cot

𝜃

2
       ---(3), 

 which is the differential equation of family of given curves.            

To get the differential equation of the family of orthogonal trajectories replace    
𝑑𝑟

𝑑𝜃
 𝑏𝑦 − 𝑟2  

𝑑𝜃

𝑑𝑟
   

in (3). 

Then    −𝑟2 𝑑𝜃

𝑑𝑟
= 𝑟 cot

𝜃

2
⟹

𝑑𝑟

𝑟
=  −tan (

𝜃

2
)𝑑𝜃 

Integrating, log r = 2 log cos (
𝜃

2
) + log (2c) = log (2c cos2θ/2) 

⟹ 𝑟 = 2𝑐 𝑐𝑜𝑠2 (
𝜃

2
) ⟹ 𝑟 = 𝑐(1 + cos 𝜃) , which is the equation of family of orthogonal  

                                                                       trajectories. 

 

2. Find the orthogonal trajectories of the family of curves rn=an cos nθ,where a is parameter 

Sol: Given equation of the family of curves rn=an cos nθ ---(1) 

Taking logarithms on both sides n log r = n log a + log cos nθ  

Differentiating with respect to θ we get 

            𝑛 
1

𝑟

𝑑𝑟

𝑑𝜃
 =

1

cos 𝑛𝜃 
𝑛(− sin 𝑛 𝜃) ⟹

1

𝑟

𝑑𝑟

𝑑𝜃
=  − tan 𝑛𝜃---(2), 

 which is the differential equation of family of given curves.            

To get the differential equation of the family of orthogonal trajectories replace    
𝑑𝑟

𝑑𝜃
 𝑏𝑦 −

𝑟2  
𝑑𝜃

𝑑𝑟
   in (2). 

Then    
1

𝑟
(−𝑟2 𝑑𝜃

𝑑𝑟
) = − tan 𝑛𝜃 ⟹ 𝑟 

𝑑𝜃

𝑑𝑟
= tan 𝑛𝜃 ⟹  

𝑑𝑟

𝑟
=  

𝑑𝜃

tan 𝑛𝜃
  

Integrating, we get log r = (1/n) log sin nθ +(1/n) log c  log rn = log sin nθ+log c 

⟹ 𝑟𝑛 = 𝑐 sin 𝑛 𝜃 , which is the equation of family of orthogonal trajectory 

 

EXERCISE 

 

(1)Find the orthogonal trajectories of the given family of curve ex+e-y=c 

(2) Find the orthogonal trajectories of the given family of curve x2+y2=c2 

(3) Find the orthogonal trajectories of the given family of curve y2=4ax 

(4)Show that the system of confocal conics 
𝑥2

𝑎2+𝜆
+

𝑦2

𝑏2+𝜆
= 1, 𝑤ℎ𝑒𝑟𝑒 𝜆 𝑖𝑠 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟, is self 

orthogonal  

(5) Find the orthogonal trajectories of the given family of curve 𝑟2 = 𝑎 𝑠𝑖𝑛 2𝜃 

 (6) Find the orthogonal trajectories of the given family of curve 𝑟 = 𝑎(1 + 𝑐𝑜𝑠 𝜃) 
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 (7) Find the orthogonal trajectories of the given family of curve 𝑟 = 𝑎 𝑐𝑜𝑠2𝜃 

 (8) Find the orthogonal trajectories of the given family of curve 𝑟2 = 𝑎2 𝑐𝑜𝑠 2𝜃 

 

ANSWERS 

 

               (1)ey-e-x=k                      (2)y=kx 

               (3)2 x2+y2=k                     (5) 𝑟2 = 𝑐 𝑐𝑜𝑠 2𝜃 

               (6) r= 𝑐 (1 − 𝑐𝑜𝑠 𝜃)        (7) 𝑟2 = 𝑐 𝑠𝑖𝑛 𝜃 

               (8) 𝑟2 = 𝑐2 𝑠𝑖𝑛 2𝜃 

 

1.17       NEWTON’S LAW OF COLLING 

 
The rate of change (in time) of the temperature is proportional to the difference between the 

temperature T of the object and the temperature TS of the environment surrounding the object.  

  
𝑑𝑇

𝑑𝑡
= −𝑘(𝑇 − 𝑇𝑠) ,k>0 

Letx=T-Ts 

sothat 
𝑑𝑥

𝑑𝑡
=

𝑑𝑇

𝑑𝑡
 and  

The above differential equation becomes d x / d t = - k x  

 

The solution to the above differential equation is given by x= A e-kt                                                                                                           

substitute x=T-Ts  so that T – Ts = A e - k t 

 

PROBLEMS  

 

1. A body is originally at 800C and cools down to 600C in 20 minutes. If the temperature of the 

air is 400C, find the temperature of the body after 40 minutes. 

Sol: Let T be the temperature of the body at time t.  

By Newton’s law of cooling, we have    
𝑑𝑇

𝑑𝑡
= −𝑘(𝑇 − 𝑇𝑠) 

                           ⟹
𝑑𝑇

𝑑𝑡
= −𝑘(𝑇 − 40)      ---(1) 

Integrating on both sides, we get  ∫
𝑑𝑇

𝑇−40
=  −𝑘 ∫ 𝑑𝑡 

                                               ⟹ 𝑙𝑜𝑔 (𝑇 − 40) = −𝑘𝑡 + 𝑙𝑜𝑔𝑐 

                                               ⟹ 𝑙𝑜𝑔 (
𝑇−40

𝑐
) = −𝑘𝑡 

                                               ⟹
𝑇−40

𝐶
= 𝑒−𝑘𝑡  

                                             ⟹ 𝑇 − 40 = 𝑐 𝑒−𝑘𝑡    ---(2) 

When t=0, T= 800 and when t=20,T=600 
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Substituting in (2) we get c=40 and 20 = c e-20k 

                                                        ⟹
20

40
= 𝑒−20𝑘  

                                                         ⟹ 𝑘 =
1

20
𝑙𝑜𝑔 2 

Then (2) becomes    𝑇 − 40 = 40 𝑒−(
1

20
𝑙𝑜𝑔 2)𝑡

 

When t=40, 𝑇 = 40 + 40 𝑒−(
1

20
𝑙𝑜𝑔 2)40 = 40 + 40𝑒−2𝑙𝑜𝑔2 = 500𝐶 

 

2. If the temperature of a body is changing from 1000C to 700C in 15 minutes, find when the 

temperature will be 400 C, if the temperature of air is 300C. 

Sol: By Newton’s law of cooling, we have    
𝑑𝑇

𝑑𝑡
= −𝑘(𝑇 − 𝑇𝑠) 

                                                                   ⟹
𝑑𝑇

𝑑𝑡
= −𝑘(𝑇 − 30)                          ---(1) 

Integrating on both sides, we get  ∫
𝑑𝑇

𝑇−30
=  −𝑘 ∫ 𝑑𝑡 

                                                    ⟹ 𝑙𝑜𝑔 (𝑇 − 30) = −𝑘𝑡 + 𝑐   

At t=0, T=1000C   , Then c= log 700 

Substituting in (2) we get log (T-300) = -kt + log 70 ---(2) 

       Then kt = log (70) – log (T-30) 

Again when t=15, T = 700 ;  

15 k = log 700 – log 400                 --- (3) 

Dividing (2) with (3), we get 
𝑡

15
=

𝑙𝑜𝑔 70−𝑙𝑜𝑔 (𝑇−30)

𝑙𝑜𝑔 70−𝑙𝑜𝑔 40
 

When T= 400; 
𝑡

15
=

𝑙𝑜𝑔 70−𝑙𝑜𝑔 10

𝑙𝑜𝑔 70−𝑙𝑜𝑔 40
=  

𝑙𝑜𝑔 7

𝑙𝑜𝑔 
7

4

= 3.48 

        Then t=52.20  

The temperature will be 400C after 52.2 minutes 

3. If a substance cools from 370K to 330K in 10 minutes,when the temperature of the 

surrounding air is 290K, find the temperature of the substance after 40 minutes. 

Sol: Let T be the temperature of the body at time t.  

By Newton’s law of cooling, we have    
𝑑𝑇

𝑑𝑡
= −𝑘(𝑇 − 𝑇𝑠) 

                  ⟹
𝑑𝑇

𝑑𝑡
= −𝑘(𝑇 − 290)                          ---(1) 

Integrating on both sides, we get  ∫
𝑑𝑇

𝑇−290
=  −𝑘 ∫ 𝑑𝑡 

                                             ⟹ 𝑙𝑜𝑔 (𝑇 − 290) = −𝑘𝑡 + 𝑙𝑜𝑔𝑐 

                                                       ⟹ 𝑙𝑜𝑔 (
𝑇−290

𝑐
) = −𝑘𝑡 

                                                       ⟹
𝑇−290

𝐶
= 𝑒−𝑘𝑡 

                                                        

                     ⟹ 𝑇 − 290 = 𝑐 𝑒−𝑘𝑡                                 ---(2) 
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When t=0, T= 3700 and when t=10,T=3300 

Substituting in (2) we get c=80 and 40 = c e-10k 

                                                        ⟹
40

80
= 𝑒−10𝑘  

                                                         ⟹ 𝑘 =
1

10
𝑙𝑜𝑔 2 

Then (2) becomes    𝑇 − 290 = 80 𝑒−(
1

10
𝑙𝑜𝑔 2)𝑡

 

When t=40,  

𝑇 = 290 + 80 𝑒−(
1

10
𝑙𝑜𝑔 2)40 = 290 + 80𝑒−4𝑙𝑜𝑔2 = 2950𝐶 

4. A cup of tea at temperature 900C is placed in a room with temperature as 250C and it cools to 

600C in 5 minutes. Find its temperature after a interval of 5 minutes. Also find the time at which 

the temperature of tea will come down further by 200C. 

Sol:  Let T be the temperature of the body at time t.  

By Newton’s law of cooling, we have    
𝑑𝑇

𝑑𝑡
= −𝑘(𝑇 − 𝑇𝑠) 

                 ⟹
𝑑𝑇

𝑑𝑡
= −𝑘(𝑇 − 25)                          ---(1) 

Integrating on both sides, we get  ∫
𝑑𝑇

𝑇−25
=  −𝑘 ∫ 𝑑𝑡 

                                             ⟹ 𝑙𝑜𝑔 (𝑇 − 25) = −𝑘𝑡 + 𝑙𝑜𝑔𝑐 

                                             ⟹ 𝑙𝑜𝑔 (
𝑇−25

𝑐
) = −𝑘𝑡 

                                             ⟹
𝑇−25

𝐶
= 𝑒−𝑘𝑡  

                         ⟹ 𝑇 − 25 = 𝑐 𝑒−𝑘𝑡                                  ---(2) 

When t=0, T= 900 and when t=5,T=600 

Substituting in (2) we get c=65 and 35 = c e-5k 

                                                        ⟹
35

65
= 𝑒−5𝑘  

                                                         ⟹ 𝑘 =
1

5
𝑙𝑜𝑔 

13

7
 

Then (2) becomes    𝑇 − 25 = 65 𝑒
−(

1

5
𝑙𝑜𝑔 

13

7
)𝑡

 

When t=10,  𝑇 = 25 + 18.8 = 43.80𝐶 

Temperature of tea after a further interval of 5 minutes=43.80C 

Now when T=60-20=40, we get 15=65e-kt 

     ekt=65/15 

  ⟹ 𝑡 =
1

𝑘
𝑙𝑜𝑔 

13

3
=

5 log (13
3⁄ )

𝑙𝑜𝑔(13
7⁄ )

= 11.8 𝑚𝑖𝑛 

5. An object whose temperature is 750C cools in an atmosphere of constant temperature 250C at 

the rate of k𝜃,  𝜃 being the excess temperature of the body over that of the temperature. If after 

10 minutes, the temperature of the object falls to 650, find the temperature after 20 minutes. Also 

find the time required to cool down to 550. 
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Sol: We will take one minute as unit of time. It is given that                  
𝑑𝜃

𝑑𝑡
= −𝑘𝜃  ---(1) 

  Solution of (1) is 𝜃 = 𝑐𝑒−𝑘𝑡     ---(2) 

Initially when t=0, 𝜃=75-25=50. Hence c=50 

                        (2)⟹ 𝜃 = 50𝑒−𝑘𝑡   ---(3) 

When t=10, 𝜃=65-25=40. Hence 40 = 50 e-10t i.e.,e-10t=4/5 ---(4)   

Putting t=20 in (3), we get  

                             𝜃 = 50𝑒−20𝑡 = 50(𝑒−10𝑘)2
= 50(

4

5
)2 

Hence the temperature after 10 minutes =32+25=57    
 

EXERCISE 
 

(1) A body is originally at 1400C and cools down to 800C in 20 minutes. If the temperature of the 

air is 300C, find when the temperature of water will become 350c. 

(2) Water at temperature 1000c cools in 10 minutes to 800C in a room of temperature 300C. Find 

i)the temperature of water after 20 minutes ii)the time when the temperature is 400C   

ANSWERS 
 

(1)60 minutes 

(2)(i)58.50C (ii)57 minutes 

 

1.18 L-R CIRCUIT 
 

Let us consider the RL (resistor R and inductor L) circuit. At t = 0 the switch is closed and 

current passes through the circuit. Electricity laws state that  

i) The voltage across a resistor of resistance R is equal to R i and  

ii) The voltage across an inductor L is given by L di/dt (i is the current).  

By Kirchhoff’s law, the total potential drop(or voltage drop) in the circuit is equal to the applied 

voltage(emf) i.e., 

𝐿
𝑑𝑖

𝑑𝑡
+ 𝑖𝑅 = 𝐸 

Where E is a constant voltage. 

By voltage law, 

𝐿
𝑑𝑖

𝑑𝑡
+ 𝑖𝑅 = 𝐸 

                                                                   
𝑑𝑖

𝑑𝑡
+

𝑅

𝐿
𝑖 =

𝐸

𝐿
 , 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎 𝑙𝑖𝑛𝑒𝑎𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 

 

 Its solution is given by i = 
𝐸

𝑅
+ 𝑐𝑒

𝑅𝑡

𝐿  

 At t = 0, i = 0, c= - 
𝐸

𝑅
  

                          ∴ 𝑖 =  
𝐸

𝑅
(1 − 𝑒

𝑅𝑡

𝐿 ) 
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PROBLEMS 

 

1. A voltage E e-at is applied at t=0 to a LR circuit. Find the current at any time t. 

Sol: The differential equation governing the LR circuit is  

                                          
𝑑𝑖

𝑑𝑡
+

𝑅

𝐿
𝑖 =

𝑒.𝑚.𝑓

𝐿
=

𝐸𝑒−𝑎𝑡

𝐿
---(1) 

Equation (1) is linear equation; Then               IF=𝑒∫
𝑅

𝐿
𝑑𝑡 = 𝑒

𝑅𝑡

𝐿    

Therefore, the solution is  

𝑖(𝐼𝐹) = ∫
𝐸𝑒−𝑎𝑡

𝐿
(IF) 𝑑𝑡 + 𝑐 

                      i.𝑒
𝑅𝑡

𝐿  = ∫
𝐸𝑒−𝑎𝑡

𝐿
(e

RT

L ) 𝑑𝑡 + 𝑐 

                                                                 =
𝐸

𝐿
∫ 𝑒

𝑅𝑇

𝐿
−𝑎𝑡𝑑𝑡 + 𝐶 

                                                                =
𝐸

𝐿

𝑒
𝑅𝑇
𝐿

−𝑎𝑡

𝑅

𝐿
−𝑎

+ 𝐶 

                                                                =
𝐸

𝑅−𝑎𝐿
𝑒

𝑅𝑇

𝐿
−𝑎𝑡 + 𝐶 

                        And so                         i = 
𝐸

𝑅−𝑎𝐿
𝑒−𝑎𝑡 + 𝐶𝑒−

𝑅𝑇

𝐿  

     Using the initial condition i(0)=0, we get C=−
𝑅

𝑅−𝑎𝐿
. Hence i = 

𝐸

𝑅−𝑎𝐿
[𝑒−𝑎𝑡 − 𝑒−

𝑅𝑇

𝐿 ]   

 

2. A simple electrical circuit containing a resistance R, inductance L, and capacitance C in series. 

If the electromotive force E=v sin wt. Find the current i. 

Sol: By Kirchhoff’s law, 

    𝐿
𝑑𝑖

𝑑𝑡
+ 𝑖𝑅 = 𝐸 = 𝑣 sin 𝑤𝑡 

                              
𝑑𝑖

𝑑𝑡
+

𝑅

𝐿
𝑖 =

𝑣

𝐿
sin 𝑤𝑡          ---(1) 

Equation (1) is linear equation; Then 

  IF=𝑒∫
𝑅

𝐿
𝑑𝑡 = 𝑒

𝑅𝑡

𝐿    

∴ 𝑖(𝐼𝐹) = ∫
𝑉

𝐿
sin 𝑤𝑡(𝐼𝐹)𝑑𝑡 + 𝑐 

   i.𝑒
𝑅𝑡

𝐿 = ∫
𝑉

𝐿
sin 𝑤𝑡. 𝑒

𝑅𝑡

𝐿 𝑑𝑡 + 𝑐 

                              i.𝑒
𝑅𝑡

𝐿 =
𝑉

𝑙
[

𝑅𝑠𝑖𝑛 𝑤𝑡−𝑤𝐿𝑐𝑜𝑠𝑤𝑡

𝑅2+𝑊2𝐿2
]L𝑒

𝑅𝑡

𝐿 + 𝑐  

or           i=v[
𝑅𝑠𝑖𝑛 𝑤𝑡−𝑤𝐿𝑐𝑜𝑠𝑤𝑡

𝑅2+𝑊2𝐿2
] + 𝑐𝑒−

𝑅𝑡

𝐿  

Initially, when t=0,i=i0
 

   c=i0+
𝑉𝑤𝐿

𝑅2+𝑊2𝐿2 

∴i= v[
𝑅𝑠𝑖𝑛 𝑤𝑡−𝑤𝐿𝑐𝑜𝑠𝑤𝑡

𝑅2+𝑊2𝐿2
] + [𝑖0 +

𝑉𝑤𝐿

𝑅2+𝑊2𝐿2
] 𝑒−

𝑅𝑡

𝐿  
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EXERCISE 

 

(1) When a resistance R is connected in series with an inductance L henries, an emf of E volts, 

the current I amperes at time t is given by 𝐿
𝑑𝑖

𝑑𝑡
+ 𝑖𝑅 = 𝐸.If E=10 sin t volts and i=0, when t=0, 

find i as a function of t.      

(2) Find the solution of the equation 𝐿
𝑑𝑖

𝑑𝑡
+ 𝑖𝑅 = 200. cos 300 𝑡,when R = 100,L=0.05, and find i 

given that i=0 when t=0, what value does I approach after a long time. 

(3) When a switch is closed in a circuit containing a battery E, a resistance R, and an inductance 

L, the current i builds up at rage given be 𝐿
𝑑𝑖

𝑑𝑡
+ 𝑖𝑅 = 𝐸,find i in terms of t.How long will it be 

before the current has reached one-half its maximum value if E=6 volts, R=100 ohms and L=0.1 

henry. 

 

ANSWERS 

 

(1) i =
10

𝐿2+𝑅2 (𝑅 sin 𝑡 − 𝐿 cos 𝑡 + 𝐿𝑒−𝑅
𝐿⁄ ) 

(2) i =
40

409
(20 cos 300𝑡 + 3 sin 300𝑡) −

800

409
𝑒−200𝑡; and 

40

√409
 

(3) 0.000693 seconds   
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LINEAR DIFFERENTIAL EQUATIONS OF 

HIGHER ORDER 

 

DEFINITION: 

 An equation of the form )()(.....)()(
2

2

21

1

1 xQyxP
dx

yd
xP

dx

yd
xP

dx

yd
nn

n

n

n

n

n










 is called 

a linear differential equation of order n. where P1(x) ,P2(x),...Pn(x) and Q(x) are all continuous 

and real valued functions  

of x . 

2.1 LINEAR DIFFERENTIAL EQUATION WITH CONSTANT  

      COEFFICIENTS 

Def. An equation of the form )(.....)()(
2

2

21

1

1 xQyP
dx

yd
xP

dx

yd
xP

dx

yd
nn

n

n

n

n

n










 

 .... (A) 

is called as  an ordinary  Linear Differential Equation of order n with constant coefficients.. 

Where P1, P2....Pn are real constants and Q(x) is a continuous function of x 

 

 Complete solution: To find the complete solution of the differential equation of nth order 

with constant coefficients. 

Xya
dx

yd
a

dx

d
a

dx

yd
nn

n

n

n

n

n










.....
2

2

21

1

1                              .....(B)                                        

F(D) y = X 

 y=complementary function +Particular integral 

2.2 AUXILIARY EQUATION: 

Consider the differential equation, 

0).....( 1

2

1

1   yaDaDaD n

nnn   ....(1) 

Let y=emx is solution of (1) 

Then Dy=memx 

D2y=m2emx 

Dny=mnemx 

Substituting above values in (1) we get , 0).....( 2

2

1

1   mx

n

nnn eamamam  

 0....1

2

1

1  

n

nnn amamam  ....(2),emx  ≠0. 

Equation (2) is called auxiliary equation (1) 

 Operator D: Let us denote 
3

3

2

2

,,
dx

d

dx

d

dx

d
 ... with D, D2, D3 ... so that 

IPFCy ...   
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)(),(),(
3

3
3

2

2
2 y

dx

d
yDy

dx

d
yDy

dx

d
Dy  ...... . 

The equation (1) can now be written in the symbolic form as 

)()(..

)().....( 2

2

1

1

xQyDfei

xQyPDPDPD n

nnn



 

 

Where 
n

nnn PDPDPDDf   ....)( 2

2

1

1
 is  a polynomial in D . The symbol D stands 

for the operation of differentiation. )(Df  follows the usual rules of algebra . 

Procedure to find complementary function of XyDf )( :  

 Form the Auxiliary equation f(m)=0 

 Solve the Auxiliary equation f(m)=0 to get the roots m1, m2.....mn . 

 Corresponding to these roots write the terms in C.F using the following table. 

 

S

.No 

Roots of A.E f(m)=0 C.F. (Complementary Function) 

1 m1,m2,m3,....mn i.e., all roots are real and 

distinct 

C1e
m

1
x+C2e

m
2

x+....+Cne
m

n
x 

2. m1,m2,m3,....mn  (i.e., two roots are real 

and equal and rest are real and different). 

(C1+C2x)em
1

x+C3e
m

3
x+Cne

m
3

x+.....+ Cn e
m

n
x 

3. m1,m2,m3 m4 ,...mn (i.e., three roots are 

real and equal and rest are real and 

different) 

(C1+C2x+C3x2)em
1

x+C4e
m

4+.....+ Cn e
m

n
x  

4. Two roots of A.E are complex say α ±iβ 

and the remaining roots are real and 

different. 

eαx(C1cosβx+C2sinβx)+C3e
m

3
x+....+cne

m
n

x 

5. A pair of conjugate complex roots α ±iβ 

are repeated thrice and the remaining roots 

are real and different. 

eαx[(C1+C2x+C3x2)cosβx+(C4+C5x+C6x2)sinβx] 

+C7e
m

7
x+Cgem

g
x+....+Cne

m
n
x 

1. Solve 04
4

4

 y
dt

yd
. 

Sol: Writing the operator form  (D4+4)x=0 

 A.E is 04)44(04 2244  mmmm  

 0)2()2( 222  mm  

 )])(([)22)(22( 2222 bababammmm   
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2

42
,

2

42 
 m  

 iim  1,1  

 ]sincos[]sincos[ 4321 tctcetctcey tt    

2. Solve 0])([ 2  yabDbaD  a and b being real and unique. 

Sol: A.E is 0)(2  abmbam  

 0)()(  ambamm  

 bambmam ,0))((   

 bxax ececy 21   

   3.  Solve 0,02

2

2

 aya
dx

yd
 

   Sol:   Given equation in the operator form is  

(D2 _ a2) y = 0  ....(1) 

Let f(D) = D2- a2.  

Auxiliary equation (A.E) is f(m)=0 

⇒m2-a2=0∴ m= ± a. 

The roots are real and different. 

∴ The general solution of (1) is y=C1e
ax+C2 e

-ax  

Where C1, C2 are arbitrary constants. 

4.Solve 015239
2

2

3

3

 y
dx

dy

dx

yd

dx

yd
 

Sol:    Given equation in the operator form is 

 0)15239( 33  yDDD   ....(1)    

 Let f(D) = D3-9D2+23D-15                  

 Auxiliary equation is f(m)=0        

 ⇒m3-9m2+23m-15=0   ...(2)   

 ⇒ (m-1)(m-3)(m+5)=0               

 ∴m=1,3,-5         

 The roots are 1, 3, -5. 

 The roots are real and different and hence the general solution is 

 ,5

3

3

21321
321 xxxxmxmxm

ececececececy   where c1, c2,c3 are arbitrary constants. 
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 5. Solve 032
2

2

3

3


dt

dx

dt

xd

dt

xd
 

  Sol: Given equation can be written as 0)32( 23  xDDD   ....(1) 

 Where .
dt

d
D  Let DDDDf 32)( 23   

 Auxiliary equation is 032 23  mmm     ....(2) 

 0)1)(3(0)32( 2  mmmmmm  

The roots are m=0,3, and -1.The general solution of (1) is x=c1+c2e
3t+c3e

-x 

6.    Solve 0)4432( 234  yDDDD  . 

Sol: Given equation is  

 0)4432( 234  yDDDD    .... (1)   

 Let f(D)=D4-2D3–3D2+4D+4                        

 The AE is f(m)=0                     

 i.e., m4-2m3-3m2+4m+4=0    .....(2)            

 ⇒ (m+1)(m3-3m2+4)=0         

 ⇒ (m+1)(m+1)(m2-4m+m)=0           

 ⇒ (m+1)2(m-2)2=0 

 The roots are m= -1,-,2, 2. Hence the general solution of (1) is  

 y= (c1+c2x)e-x+(c3+c4x)e2x. 

   7.Solve 0
2

2

 y
dx

dy

dx

yd
 

Sol: Given equation in operator form is (D2+D+1)y=0    .....(1) 

 Let f(D)=D2+D+1 

 A.E. is f(m)=0 i.e.,m2+m+1=0  ii
i

m 






2

3

2

1

2

31

2

411
 

 The roots are complex and conjugate. 

 ∴ The general solution of (1) is )sincos( 21 xcxcey x    

 i.e., 

















2

3
sin

2

3
cos 21

2
x

c
x

cey

x

 

8. Solve (D4+8D2+16)y=0. 

Sol: Given equation (D4+8D2+16)y=0.   ....(1) 

 Let f(D)=D2+8D2+16   

 The AE is f(m)=0     .....(2) 

 (i.e.,)m4+8m2+16=0 ⇒ (m-2i)2(m+2i)2=0 
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 The roots of (2) are m=2i,2i,-2i,-2i where 2i,-2i, are occurring twice. 

 ∴The general solution of (1) is y= (c1+c2x) cos 2x+ (c1+c4x)sin 2x. 

 Note: If 𝛼 + √𝛽 is a real irrational root of f(m) =0, 𝛼 − √𝛽 is also a root of the equation. 

The part of the    

complementary function corresponding to these rots can also be put in the form. 

xdxce x  sinhcosh( 11  ). 

9. Find the general solution of 02  yy   

Sol: Given equation in the symbolic form is (D2+2D)y=0 

 The A.E. is m2+2m=0 

 i.e., m(m+2)=0 ⇒m=0,-2 

 ∴The general solution is 

 y=c1e
0.x+c2e

-2x=c1+c2e-2x   where c1,c2 are constants. 

10. Solve .14)0(,4)0(,096  yyyyy  

Sol: Given equation in the standard form is (D2+6D+9)y=0 

 The A.E. is (m+3)2=0 

 ∴ m=-3,-3. Roots are real and equal. 

 ∴The general solution is y=(c1+c2x)e-3x  ...(1) 

 Diff.(1) w.r.t.x, we get 

 )()3)(( 2

33

21 ceexccy xx    

 Given 14)0( y  

 ⇒ 14=-3c1+c2      ....(2) 

 And y(0)=-4 

 ⇒-4=c1       ....(3) 

 From (2) and (3), we get c1and c2 in(1), we get y=(-4+2x)e-3x which is the required 

solution. 

 

11.Solve 02  yyy . 

Sol: Given D.E. can be written in operator form as (D2-D-2)y = 0 

 Auxiliary equation is f(m)=0. 

 ⇒m2-m-2=0 ⇒m2+m-2=0  

            ⇒ (m+1)(m-2)=0  

            ∴m=2,-1 

 ∴General solution is y=c1e
2x+c2e

-x where c1and c2 are constants. 
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EXERCISE 

 1. solve
 06116

2

2

3

3

 y
dx

dy

dx

yd

dx

yd
 

2) solve
 0485

2

2

3

3

 y
dx

dy

dx

yd

dx

yd
 

3) solve 
08

4

3

 y
dx

yd
 

4) Solve 
04119

2

2

3

3

4

4

 y
dx

dy

dx

yd

dx

yd

dx

yd
 

5) Solve 082
2

2

3

3


dx

dy

dx

yd

dx

yd
 

ANSWERS 

1.
xxx ecececy 3

3

2

21 
 

2. 
xx ececxcy 3

2

21 )( 
 

3. 
xx ecxcxccey 2

3221 )3sin3cos(  

 

4.
xx ecexcxccy 4

4

2

321 )(    

5.
 

xx ececcy 4

3

2

21


 

 

2.3 INVERSE OPERATION 
 The operator D-1 is called inverse of the differential operator D. 

 Def.1: If X is any function of x then D-1X or 
1

𝐷
𝑋 is called the integral of  X. 

 We write 
1

𝐷
𝑋=ψ to mean D ψ =X 

 e.g.  







 x

x
DSince

x
xdxx

D
3cos

3

3sin

3

3sin
3cos)3(cos

1
 

Definition: Inverse Operator )(

1

Df : 

)(

1

Df is a function of x which when operated upon by f(D) gives x is             

  XX
Df

Df 
)(

1
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∴  D
, )(

1

D  are inverse operators. Then the P.I can be written as y= )(

1

Df X 

Formula for 
:

1
X

aD   

Let 
yX

aD




1
 

Operating both sides by (D-a) 

    yaDX
aD

aD 



1

 

Xay
dx

dy
yaDX  )(  

 

Note: 

 

 

 

Similarly 



dxXeeX

aD

axax1
 

  

Def.: If 
  DD

1
,

1
 are two inverse operators , then we define 

 












X

DD
X

DD 

1

)(

1

))((

1
 

 When α and β are constants and Q is a function of x. 

    dxdxXeeeedxXee
D

X
DD

ei xxxsxax

 
 








 )(

1

))((

1
.,.  

1. Find(i)
1

𝐷
(𝑥2)    (ii) 

1

𝐷3
(𝑐𝑜𝑠𝑥). 

Sol: (i)  
3

)(
1 3

22 x
dxxx

D
 

 (ii)   )(sin
1

cos
1

cos
11

)(cos
1

2223
x

D
xdx

D
x

DD
x

D









   

 =    







xxdxx

D
xdx

D
x

DD
sincos)cos(

1
sin

1
sin

11
 

 





dxXeeX

aD

axax1
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2. Find the particular value of ).(
1

1
x

D 
 

Sol:  


 1)()(
1

1
xexeedxxeex

D

xxxxx  

 

3. Find particular value of 
xe

DD

2

)3)(2(

1


. 

 Sol: 
xe

DD

2

)3)(2(

1


= 











xe
DD

2

3

1

)2(

1
 

 Now xxxxxxx eeedxeeee
D

233232 )()(
3

1






  

 
xxxxxxx xedxedxeeee

D
e

DD

2222222 )(
2

1

3

1

2

1














 


 

 

Ex : 
30

)(
23

1 4
4

2

x
x e

e
DD




 

 Since x
xxxxx

e
eeeee

DD 4
44444

2

30

30

30

2

30

12

30

16

30
)23( 








   

 

Ex: 
1

𝐷+2
(𝑐𝑜𝑠3𝑥)=𝑒−2𝑥 ∫ 𝑒2𝑥𝑐𝑜𝑠3𝑥 𝑑𝑥      since (D+2) sin 3x= 3cos 3x+2sin3x 

 and is not equal to cos3x.  

Note: The above method to find particular integral (P.I) is a general method and it will be 

useful when X is not the form tan ax, cot ax, sec ax, cosec ax.
 

 Examples 

1. Solve 



dxxeex

D

xx 33

3

1

 

9

1

393

33
3 













 xee
xe

xx
x

 

2. 
xeyDD 22 )34( of integral particular  theFind 
 

xx e
DD

e
DD

IP 22

2 1

1

3

1

2

1

34

1
:. 















  

  
 













 dxeeedxeeee

D
e

D

xxxxxxxx 223322

2

1

1

1

3

1

2
1
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    xxxxxxxxx eeeeedxeedxee 233 )(
2

1

2

1
 

   

 

 

 

2.4  GENERAL SOLUTION OF f(D)y=Q(x) 

 We know that if y=yp is a particular solution of f(D)y=Q(x)  containing  no arbitrary  

constant and y=yc  is                 

              the general solution of f(D)y=0  then y=yc + yp is the general solution f(D)y=Q(x). 

 We have previously discussed the methods to find the general solution of f(D)y=0. 

 If y=yc is the general solution of f(D)y=0  then we know that yc is the C.F. f(D)y=Q(x). 

  

 Particular Integral of f(D)y=Q(x). 

Given equation is  

f(D) y = Q(x).  .....(1) 

operating (1) by 
)(

1

Df
, we get 

)(
)(

1
)(

)(

1
])([

)(

1
xQ

Df
yxQ

Df
yDf

Df
  

Clearly (1) is satisfied ,if we take )(
)(

1
xQ

Df
y   

Thus particular integral =P.I = )(
)(

1
xQ

Df
 

Note1. To find the P.I of f(D)y=Q(x), we find the value of )(
)(

1
xQ

Df
 

Note2. P.I of f(D)y=Q(x)  contains no arbitrary constants. 

 

GENERAL METHOD OF FINDING PARTICULAR INTEGRAL: 

 P.I off(D) y=Q(x) , when 
)(

1

Df
 is expressed As  Partial Fractions. 

Let f(D) =(D-α1)(D-α2)....(D-α3) 

P.I =

Q
D

A

D

A

D

A
Q

DDD
Q

Df n

n























....

))....()((

1

)(

1

2

2

1

1

321

 

        (resolving into partial fraction) 
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 dxQeeAdxQeeAdxQeeA
xx

n

xxxx nnx 
...211

21  

1. Solve (D2-5D+6)y = xe4x. 

Sol: Given equation is (D2-5D+6)y=xe4x   ....(1) 

 Let f(D)=D2-5D+6 

 The AE is f(m)=0.i.e., m2-5m+6=0   ....(2) 

 The roots of (2) are m=2,3. ∴yc=C.F of (1)=c1e
2x+c2e

3x 

 yp=P.I. of (1) x
x

xe
DDDD

xe 4

2

4

2

1

3

1

65
















  

 
 





 dxexeedxexeexe

D
xe

D

xxxxxxxx 24234344

2

1

3

1
 

   dxxeedxxee xxxx 223  [Integration by parts] 

 
4

)32(

42
)( 4

22
23 











x
e

exe
eexee x

xx
xxxx  

 ∴The general solution of (1) is  

 )32(
4

1 43

2

2

1  xeececyyy xxx

pc  

2. Solve (D2-4D+3)y =𝒆𝒆𝒙
. 

Sol: Given equation is (D2+4D+3)y = 𝒆𝒆𝒙
 

 A.E. is m2+4m+3⇒(m+3)(m+1)=0 

 ∴m=-3,-1 

 ∴ Roots are real and different. 

 Hence C.F. is xx

c ececy   2

3

1  

 Now P.I. is )e(
3

1

1

1

2

1
)e(

)1)(3(

1 xexe



















DDDD
y p  

  21

xexe ..
2

1
)e(

3

1
)e(

1

1

2

1
IPIP

DD
y p 













  

 We know that 



dxee

D

xx )e()e(
1 xexe


  [Put ]: dtdxete xx   

 
exxtxtx eeeedtee     

 And P.I2  
 


dtteedxee

D

txxx 233xe3xe )e()e(
3

1
 [Put ]: dtdxete xx   
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 Hence ]..[
2

1
21 IPIPy p  )22(e)22( 2xe323   xxx

t
x eeettee  

 ]22[e
2

1 32xe xxxx eeee    

 ∴The general solution is y=yc +yp 

 ∴y=c1e
-3x+c2e

-x+
xee  (e-2x-e-3x) 

2.5 RULES FOR FINDING PARTICULAR INTEGRAL IN 

SOME  

          SPECIAL CASES 

 P.I. of f (D) y=ф(x) when ф(x)=e ax, where ‘a’ is constant. 

Case I: Let f(D)y=eax. Then 

axax

p e
af

e
Df

y
)(

1

)(

1
 if f(a)≠0. Since  

,
)(

)(
))((

)(

1

)(

1
)( axaxaxax ee

af

af
eDf

af
e

af
Df 









 

ife
af

e
Df

axax

)(

1
)(

)(

1
  f (a)≠0 

ifxe
af

e
Df

axax

)(

1
)(

)(

1
'

  f (a) = 0,  f ‘(a) ≠ 0    etc 

  Case II: Let f(a) =0.then (D-a) is a factor of  f(D) .If  a is a root repeated K times for f(a)=0  

then f(D)=(D-a)kф (D) where ф(a)≠0. Then we have. 

!
.

)(

1

)()(

1
)(

)(

1

)(

1

)(

1

k

x
e

aaD

e

a
e

DaD
e

Df

k
ax

k

ax
ax

k

ax








  

The reason is as follows: 

axax xee
aD


 )(

1
since axax exeaD  ))((  

     

   
!)(

1

k

x
e

aD

k
ax

k



        since       ax

axk
k e

k

ex
aD 










!
)(  

     

Hence   
!

.
)()(

1

k

x

a

e
e

Df

kax
ax


 If  f(a) =0 and ф(a )≠ 0. 
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Working Rule 

 (1) In f (D), put D = a and P.I. will be a calculated. 

   ∴P.I. = axax e
af

e
Df )(

1

)(

1
  provided f(a)≠0 

 (2) If f(a)=0, then above method fails. Now proceed as below. 

 If f(D)=(D-a)m ф(D) (i.e., ‘a’ is a repeated root m times), then  

 P.I.=
!

.
)( m

x

a

e max


 ,  ф(a)≠0 

 Note: In order to find the P.I. if sinh ax or cosh ax express them as )(
2

1 axax ee   and 

)(
2

1 axax ee   respectively. 

1.Solve 
xey

dx

yd

dx

yd 3

2

2

3

3

43  . 

Sol: Given equation can be written in operator form as xeyDD 323 )43(   

 A.E is m3+3m2+4=0 

 (m+1)(m-2)(m-2)=0 

 m=-1,2,2 

 xx

c exccecFCy 2

321 )(:.    

 
x

p e
DD

X
Df

IPy 3

23 43

1

)(

1
.


 Put D=3 

 
4

3

4333

1 3

23

xe
e

x

x 


 

 Complete solution 𝑦 = 𝑦𝑐 + 𝑦𝑝 

 
4

)(
3

2

321

x
xx e

exccecy  
 

2. Solve 
xeyDDD  )133( 23
. 

Sol: A.E: 0133 23  mmm  

 1,1,10)1( 3  mm  

 x

c excxccFCy  )(. 2

321  

 
x

p e
DDD

X
Df

IPy 




133

1

)(

1
.

23
 Put D=-1  [∴ f(-1)=0] 

 = xe
DD

x 

 363 2
  Put D=-1 



 

 48 

 = xe
D

x 

 66

2

 Put D=-1 

 = xe
x 

6

3

 

 xx

pc e
x

excxccyyy  
6

)(
3

2

321  

   3. Solve xeyDDD 223 1)6116(  . 

Sol: A.E is 06116 23  mmm  

 0)65)(1( 2  mmm  

 = 0)3)(2)(1(  mmm  

 xxx

c ecececFCy 3

3

2

21.   

 )1(
)3)(2)(1(

1

)(

1
. 2x

p e
DDD

X
Df

IPy 


  

 
xx e

DDD
e

DDD

20

)3)(2)(1(

1

)3)(2)(1(

1 





  

 
606

1

)5)(4)(3(

1

)3)(2)(1(

1 2
20

x
xx e

ee


 





  

 ∴General solution is, 

 
360

2
3

3

2

21

x
xxx

pc

e
ecececyyy



  

4. Solve (i) 
xey

dx

dy

dx

yd 2

2

2

34   (ii)
xeyDD 52 )23(  . 

Sol: (i) Given equation can be written in operator form as xeyDD 22 )23( 

 ....(1) 

 Let f(D) = D2+4D+3 

 The A.E is f(m)=0  i.e. m2+4m+3=0       .....(2) 

 i.e., (m+3)(m+1)=0.∴m=-3,-1 the roots are real and distinct. 

∴C.F.=𝑦𝑐=c1e
-x+c2e

-3x 

Now 
153)2(4234

..
2

2

2

2

2 xxx

p

ee

DD

e
IPy 





   [Put D=2] 

∴The general solution of (1) is 𝑦 = 𝑦𝑐 +  𝑦𝑝 

i.e., 
15

2
3

21

x
xx e

ececy  
 , where c1 and c2 are constants. 

(ii) Auxiliary Equation is m2-3m+2=0 
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i.e., (m-1)(m-2)=0 ∴m=1,2. 

C.F. =c1e
x+c2e

2x 

P.I. = xe
DD

5

2 23

1


   [Put D=5] 

1221525

1

2)5(3)5(

1 5
55

2

x
xx e

ee 





 

∴ The general solution is 

y=C.F.+P.I.=c1e
x+c2e

2x+
12

5xe
, where c1 and c2 are constants. 

5. Solve (i)(4D2-4D+1)y=100. (ii) (D2-5D+6)y=4ex+5. 

Sol: i) Auxiliary equation is  

 4m2-4m+1=0 ⇒(2m-1)2=0⇒ m=
2

1
,

2

1
 

∴ C.F. =(C1+C2 x)ex/2 

Now P.I = 100
)10(

100

)12(

.100

144

100
22

.0

2








 D

e

DD

x

 

Hence the general solution is 

 y=C.F.+P.I.=(C1+C2x)ex/2+100. 

(ii) A.E. is m2-5m+6=0 

i.e., (m-2)(m-3)=0 ∴m=2,3 

Hence C.F.=C1e
2x +C2e

3x 

Now  P.I.= )54(
65

1 5

2




xe
DD

 

xx e
DD

e
DD

.0

2

5

2 65

1
5

65

1
.4





  

xx ee .05

600

1
.5

62525

1
.4





  

)54(
6

1

6

5

6

4 55  xx ee  

 Hence the general solution is  

 y=C.F.+P.I 

 =C1e
2x+C2e

3x+ )54(
6

1 5 xe where c1 and c2 are constants. 

6. Solve (D3-5D2+8D-4)y = e2x.                 

Sol: Given equation is (D3-5D2+8D-4)y=e2x    ....(1)       
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 Let f(D)=D3-5D2+8D-4         

   The A.E. is f(m) =0            

 i.e., m3-5m2+8m-4=0  or  (m-1)(m2-4m+4)=0 

 ⇒(m-1)(m-2)2=0      ....(2) 

 ∴ the roots of (2) are m=1,2,2. 

 Thus C.F =yc=c1 e
x+(c2+c3x)e2x. 

 Here f(2)=0. Let ф(D) =D-1. Then ф(2) =2-1≠0 and m=2. 

 
2!2

.
)22(

1 22
2

2 x
x

p

ex
e

x
y 


 [∴ Case of failure f(2)=0] 

 ∴The general solution of (1)is 𝑦 = 𝑦𝑐 + 𝑦𝑝. 

 i.e., 
2

)(
22

2

321

x
xx ex

exccecy  , where c1,c2,c3 are constants. 

7. Solve xyDD cosh)23( 2   

Sol: Given equation is xyDD cosh)23( 2      ...(1) 

 Let 23)( 2  DDDf  

 The A.E is f(m)=0 i.e., m2-3m+2=0     ......(2) 

 The roots are m=1 and m=2 which are real and distinct. 

 C.F. is xx

c ececy 2

21   

 






 









2)1)(2(

1
cosh

)1)(2(

1
..

xx

p

ee

DD
x

DD
yIP  

 = 













xx e
DD

e
DD )1)(2(

1

)1)(2(

1

2

1
    ....(3) 

 Now 
xxx xexee

DD





 21

1

)1)(2(

1
    ....(4) 

 Again 
6)11)(21()1)(2(

1 xx
x ee

e
DD


 





   .....(5) 

 











62

1 x
x

p

e
xey  [from (3),(4) and (5)] 

 The general solution of(1) is  

 xxxx

pc exeececyyyy 
12

1

2

12

21  , where C1 and C2 are constants. 

8. Solve (D+2)(D-1)2y=e-2x+2 sinh x. 

Sol:  The given equation is  

 (D+2)(D-1)2y=e -2x+2 sinh x     ....(1) 
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 This is of the form f(D)y=e-2x+2 sinh x 

 A.E. is f(m)=0⇒(m+2)(m-1)2=0  ∴m=-2,1,1 

 The roots are real and one root is repeated twice. 

 ∴C.F. is xx

c exccecy )( 32

2

1    

 
2

2

2

2

)1)(2()1)(2(

sinh2
..













DD

eee

DD

xe
IP

xxxx

  






 




2
sinh

xx ee
x  

 
321 ppp yyy   

 Now 2

2

1 )1)(2( 




DD

e
y

x

p  

 Hence f(-2)=0.Let ф(D)=(D-1)2. Then ф(2)≠0 and m=1 

 
99

22

1

xx

p

xexe
y



  

 
2)1)(2(2 


DD

e
y

x

p .Here f(1)=0 

 
6!2)3(

22 xx exxe
    [∴ф(D)=D+2;ф(1)=3 and m=2] 

 And  
2)1)(2(3 




DD

e
y

x

p    

 Putting D=  -1, we get 
4)1)(2(

4

23







e

DD

e
y

x

p     

 ∴General solution is 321 pppc yyyyy   

 i.e., 
469

)(
22

32

2

1

xxx
xx xexxe

exccecy


 
 

9. Solve (D2+5D+6)y = ex 

Sol: A.E is m2+5m+6=0 

 ⇒(m+3)(m+2)=0 

 ∴m=-3 or m=-2 

 The roots are real and different. 

 ∴ C.F =yc=c1e
-3x+c2e

-2x 

 Now P. I.
652 


DD

e
y

x

p  [Put D=1] 
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12651

xx ee



 

 General solution is 𝑦 = 𝑦𝑐 + 𝑦𝑝 

 .
12

2

2

3

1

x
xx e

ececy    

10. Solve 3)0(,1)0(,434 3  yyeyyy x

. 

Sol: Writing the given differential equation in operator form, 

 xeyDD 32 .4)34(       .....(1) 

 A.E is m2-4m+3=0 

 ⇒ (m-3)(m-1)=0⇒m=3 or 1 

 ∴The roots are real and different. 

 C.F. = xx

c ececy 2

3

1       .....(2) 

P.I= ]0)3([
1

4
.

3

1

)3)(1(

4

34

4 33

2

3










 f
D

e

DDD

e

DD

e
y

xxx

p  

 x
x

p xe
xe

y 3
3

2
13

4



  

 ∴ The general solution is 𝑦 = 𝑦𝑐 + 𝑦𝑝 

 i.e., y=c1e
3x+c2e

x+2xe3x      ...(3) 

 Differentiating (3) w.r.t ‘x’ , we get 

 xxxx xeeececy 33

2

3

1 623      ....(4) 

 Given 3)0(,1)0(  yy  

 Form (3), -1 = c1+c2      ....(5) 

 Form (4), 3=3c1+c2+2⇒3c1+c2=1    ....(6) 

 Solving (5) and (6) , we get C1=1, C2=-2 

 ∴y=-2ex+(1+2x)e3x 

 This is the required solution. 

11. Solve (D2+6D+9)y = 2e-3x. 

 Sol: Given equation is (D2+6D+9)y=2e-3x    ....(1) 

 Auxiliary equation is m2+6m+9=0 

 i.e., (m+3)2=0 

 ⇒ m=-3,-3. Roots are real and equal. 

 Hence C.F. =(c1+c2x)e-3x 
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 Now P.I.=
x

xx

e
x

D

e

DD

e 3
2

2

3

2

3

!2
2

)3(

2

96

2 








[∴f(-3)=0] 

 ∴The general solution of (1) is 

 xx exexccIPFCy 323

21 )(....   . 

12. Solve 2)0(,0)0(,32 2  yyeyyy x

. 

Sol: Writing the given equation in the symbolic form , we have 

 (D2+D-2)y=3e2x       ....(1) 

 Auxiliary Equation is m2-m-2=0  

 i.e., (m-2)(m+1)=0 

 ⇒m=2 or m=-1 

 Hence C.F.=c1e
2x+c2

e-x 

 Now P.I. = xe
DD

2

2
3

2

1


 

 =
xx e

D
e

DD

22

)12)(2(

3

)1)(2(

3





 

 = xx xee
D

22

2

1



[∴f(2)=0] 

 ∴The general solution of(1) is  

 xxx xeececIPFCy 2

2

2

1....       ....(2) 

 Given y(0) =0 ⇒0=c1+c2      .....(3) 

 Differentiating (2) w.r.t. ‘x’ , we get 

 xxxx exeececy 22

2

2

1 22    

 Given 321222)0( 2121  ccccy   ....(4) 

 (3)+(4) gives 3c1=-3   or c1=-1 

 From (3), C2=-c1=1 

 Thus the required solution is xxx xeeey 22   . 

13. Solve the differential equation .cosh25.4
2

2

xy
dx

dy

dx

yd
 Given 

.1)0(,0)0(  yy  

Sol: The operator form of the given equation is  (D2+4D+5)y=-2 coshx. 

 The A.E. is m2+4m+5=0 

  iim
i

m 





 2
2

24

2

20164
(say) 



 

 54 

 Hence C.F. is )sincos( 21

2 xcxcey x

c    

 Now  P.I. 






 























2
cosh

545454 222

xxxxxx

p

ee
x

DD

e

DD

e

DD

ee
y  

 
210541541

xxxx eeee 







  

 ∴General solution is 𝑦 = 𝑦𝑐 + 𝑦𝑝 

 
210

)sincos(.,. 21

2
xx

x ee
xcxceyei


      .....(1) 

 Given y(0)=0 

 
5

3

2

1

10

1
0 11  cc  

 Differentiating (1)
210

)sincos(2)cossin( 21

2

21

2
xx

xx ee
xcxcexcxcry


    

 Given y (0)=0 

 
5

3

2

1

10

1
0 11  cc  

 Differentiating (1), 
210

)sincos(2)cossin( 21

2

21

2
xx

xx ee
xcxcexcxcey


   

 Given y (0)=1 

 .5/95/62/110/1122/110/1120/110/121 1211  cccc  

 Particular solution is  

 .
210

sin
5

9
cos

5

32
xx

x ee
xxey


 








  

14. Solve the differential equation (D3-1) y = (ex+1)2. 

Sol: Auxiliary Equation is m3-1=0 

 i.e., (m-1=)(m2+m+1)=0 

 01m  or 012  mm  i.e.,
2

31

2

411 i
m





  

 
2

31
,1

i
m


  

 ∴Complementary function,













  xcxceecy xx

c
2

3
sin

2

3
cos 32

2\

1  

  

Particular Integral , 2

3
)1(

1

1



 x

p e
D

y  



 

 55 

= )12(
1

1 2

3




xx ee
D

 

= )12(
1

1 2

3




xx ee
D

 

= xxx e
D

e
D

e
D

.0

33

2

3 1

1

1

1
2

1

1








 

=
xxx ee

DDD
e .0

2

2

10

1

)1)(1(

1
.2

18

1








 

1
3

2

7

1 2 
x

e x  

∴ The general solution is    𝑦 = 𝑦𝑐 + 𝑦𝑝 

1
3

2

7

1

2

3
sin

2

3
cos 2

32

2/

1 













  x

excxceec xxx  

15. Solve 323 )1()43( xeyDD  .      

Sol: 323 )1()43( xeyDD            

 A.E. is 0)43( 22  mm         

 i.e.,(m+1)(m2-4m+4)=0                       

 or (m+1)(m-2)2=0 ∴m=-1,2,2 

 ∴One root is real and other two roots are real and equal. 

 Hence C.F. is xx

c exccecy 2

321 )(       ....(1) 

 Now P.I is 
43

331
23

23








DD

eee
y

xxx

p  

 =
43

3

4343

1
2

3

2

23

3

23 









DD

e

DD

e

DD

xx

 

 
4321 pppp yyyy   

 Now 
43

1
231



DD

y p  [Put D=0]=
4

1
 

          
43 23

3

2





DD

e
y

x

p  [Put D=-3] 

            
442727

33 xx ee 




  

 
43

3
23

2

3





DD

e
y

x

p  [Put D=-2] 



 

 56 

 
16

3

4128

3 22







 xx ee
 

 And 
)44)(1(

3
24






DDD

e
y

x

p [Put D=-1] 

 
3441

3





xexe x

 

 ∴ General solution is 
4321 ppppc yyyyyy   

316

3

44

1
)(

23
2

321

xxx
xx xeee

exccecy


   

16. Solve (D3+3D2-4)y=sinh 2x+7. 

Sol: Given (D3+3D2-4)y=sinh 2x+7 

 A.E. is m3+3m2-4=0 

 ∴The roots are m=-1,2,2 

 C.F.is xx

c exccecy 2

321 )(    

 P.I is 
43

7

)43(2)43(243

7
2

2323

2

23

2

23

22




















DDDD

e

DD

e

DD

ee

y
xx

xx

p
 

 
2

2

1
)2)(1(2

1




DD

e
y

x

p [Put D=2] 

 =
12)3(

.
2.

2

1 22

2

x
x

ex
e

x

  

 
2

2

2
)2)(1(

2

1









DD

e

y

x

p [Put D=-2] 

 =
32)16)(1(

.
2

1 22 xx ee 




  

 x

p e
DDDD

y .0

23233
43

1
.7

43

7





  [Put D=0] 

 =
4

7
  

 ∴ General solution is  321 pppc yyyyy   

 ∴
4

7

3212
)(

222
2

321 



xx

xx eex
exccecy
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EXERCISE 

1. Solve xey
dx

dy

dx

yd  23
2

2

. 

2. Solve xey
dx

dy

dx

yd


2

2

 

3. . Solve  xey
dx

dy

dx

yd 2

2

2

344  . 

4. Solve  (D3+1) y = (ex+1)2. 

ANSWERS 

1. 22

21

  xeececy xx  

2.
xx e

x
c

x
cey

3

3
sin

2

3
cos( 21

2/  
 

3.
x

x

x eececy 22

3

2

2/

1
21

1




 

  4.    y 1
9

1

2

3
sin

2

3
cos 2

32

2/

1 













  xxxx eexcxceec     

   

     To evaluate 
)(

1
2Df

 sin ax or 
)(

1
2Df

 cos ax: 

 1. P.I = ,
)(

sin

)(

sin
22 af

ax

Df

ax


  Provided 0)( 2 af  

 2. P.I=
)(

cos

)(

cos
22 af

ax

Df

ax


 ,  Provided 0)( 2 af  

 Case of Failure: 

 3. (i)P.I.= 0)(,sin
2

cos 2

22



aiffax

a

x

aD

ax
  

     (ii) P.I.= 
)(

1
2Df

 cos ax = 0)(,sin
2)(

1 2

2











aifax

a

x

a



 

 4. (i) P.I.= 0)(,cos
2

sin 2

22






aiffax

a

x

aD

ax
 

      (ii) P.I.= 0)(,cos
2)(

1
sin

)(

1 2

22












 aifax

a

x

a
ax

Df



 

1. Solve xyDD cos)( 3  . 

Sol: A.E is immmmm  ,00)1(0 23
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 )sincos(. 321 xcxccFCyc   

 x
DD

x
DD

X
Df

IPy p cos
1

11
cos

1

)(

1
.

23 



  

   x
D

x
xdx

D

x
x

D

x

D
sin

2
cos

2
cos

2

1
 

 x
x

xdx
x

cos
2

sin
2

   

 Complete solution is 
pc yyy   

 x
x

xcxccy cos
2

)sincos( 321   

2. Solve xyD cos)4( 2  . 

Sol: A.E: imimm 2404 222    

 xcxcyc 2sin2cos 21   

 xx
DDf

y p cos
3

1
cos

4

1

)(

1
2




  
pc yyy   

3. Solve xxyDD sin2sin)2)(1( 22  . 

Sol: A.E is 0)1)(1( 22  mm   

  m=1,i,i,-i,-i 

  xcxcxcxcecfcy x

c sin)5(cos)(. 4321   

  xx
DD

X
Df

IPy p sin2sin
)1)(1(

1

)(

1
.

22 
  

x
DD

x
DD

xx

DD
3cos

)1)(1(

1

2

1
cos

)1)(1(

1

2

1

2

3coscos

)1)(1(

1
222222 












 


 ...(1) 

  Consider , x
D

D

D
x

DD
cos

)1(

)1(

)1(2

1
cos

)1)(1(

1
22222 







 Put D2=7 

  xD
D

xD
D

cos
)2(

1
)1(

)1(2

1
cos

1)1(

1
)1(

)1(2

1
2222 







  

  )cossin(
)1(

1

4

1
22

xx
D




  

  x
D

x
D

cos
)1(

1

4

1
sin

)1(

1

4

1
222 




  

  )cos(
24

1
)sin(

24

1 22

x
x

x
x
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  = x
x

x
x

cos
8

sin
8

22

   ...(2) 

  Consider x
aD

x
DD

3cos
)1)(1(2

1
3cos

)1)(1(

1

2

1
222 




 

  x
D

x
D

D
x

D
3cos

)19(128

)1(
3cos

)1(128

)1(
3cos

)1(128

1
2 










  

  )3cos3sin3(
1280

1
3cos)1(

1280

1
xxxD    ....(3) 

  From (1),(2) &(3) )3sin3(cos
1280

1
cos

8
sin

8

22

xxx
x

x
x

y p 


  

  Complete solution is ,
pc yyy   

 

 )3sin3(cos
128

1
)sin[cos

8
sin)(cos)(

2

54321 xxxx
x

xcxcxcxcecy x   

 

   4.(i) Solve (D2+3D+2) y = sin 3x (ii) (D2-4D+3) y = cos 2x. 

Sol: (i) Auxiliary Equation (A.E) is m2+3m+2=0 i.e., (m+1)(m+2)=0 

 ⇒m+1=0 or m+2=0 

 ∴m=-1,-2. The roots are real and different. 

 Thus complementary Function (C.F) is xx ececy 2

21

   

 Now particular integral (P.I.)= x
DD

3sin
23

1
2 

   

      93
239

3sin 22 


 PutD
D

x
 

     ]93[
499

3sin)73(

73

3sin 22

2








 putD

D

xD

D

x
 

     = 















xx

dx

dxD
3sin7)3(sin3

130

1

49)9(9

3sin)73(
 

     = ]3sin73cos9[
130

1
xx   

 Hence the general solution is 

 )3sin73cos9(
130

1
.... 2

21 xxececIPFCy xx    where C1 and C2are constant. 

 (ii)A.E.is m2-4m+3=0   i.e., (m-1)(m-3)=0 ⇒m=1,3.  The roots are real and different. 

 ∴C.F.=C1e
x+C2e

3x 
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 P.I.=
342

2cos

34

2cos
22 


 D

x

DD

x
 

 =
116

2cos)14(

)14(

2cos
2 




 D

xD

D

x
 [Put D2=-22=-4] 

 















 )2(cos42cos

65

1
2cos)41(

65

1

1)4(16

2cos)41(
x

dx

d
xxD

xD
 

 )2sin82(cos
65

1
)]2sin2(42[cos

65

1
xxxx   

 Hence the general solution is 

 )2sin82(cos
65

1
.... 3

21 xxececIPFCy xx  Where c1, c2 are constants. 

  5.    Solve (D2-4)y=2cos 2x. 

Sol: Given equation is (D2-4)y=2 cos 2x     ....(1) 

 Let f(D)=D2-4.A.E. is f(m)=0 i.e., m2-4=0 

 The roots are m=2,-2.The roots are real and different. 

 C.F.=𝑦𝑐 = 𝑐1𝑒2𝑥 + 𝑐2𝑒−2𝑥 

 P.I.= )2cos1(
4

1
)cos2(

4

1
2

2

2
x

D
x

D
y p 





  

 2122 4

2cos

4
PIPI

D

x

D

eox







  

 
4

1

4
]0[

4
...

.0

2

.0

11 






xx

p

e
putD

D

e
yIP  

 ]42[
8

2cos

4

2cos
.. 22

22.2 





 putD
x

D

x
yIP p  

 ∴General solution of (1)is 21 ppc yyyy   

 i.e., 
8

2cos

4

12

2

2

1

x
ececy xx   , where C1 and C2 are constants. 

 6. Solve (D2+4)y=ex+ sin 2x+cos2x. 

Sol: Given equation is (D2+4)y=ex+sin2x+cos 2x. 

 Let f(D)=D2+4 

 A.F. is f(m)=0(i.e.)m2+4=0 

 The roots are m=2i,-2i. The roots are complex and conjugate. 

 ∴ C.F.= .2sin2cos 21 xcxcyc   

 P.I. = )2cos2sin(
4

1
2

xxe
D

y x

p 
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 321222 4

2cos

4

2sin

4

1
PIPIPI

D

x

D

x
e

D

x 








  

 P.I1=
xx eIPputDe

D 5

1
.)1(

4

1
12



 

 P.I2= ).2(sin
4

1
2

x
D 

 

 
4

2
.. 2

xcox
IP


 [∴ Case of failure f(-a2)=0], using ax

a

x

aD

ax
cos

2

sin
22





 

 Similarly  ,P.I3 =
4

2sin

4

2cos
2

xx

D

x



 

  General solution is 
321 pppc yyyyy   

 i.e., x
x

x
x

excxcy x 2sin
4

2cos
45

1
2sin2cos 21   

 7.Solve .2cos3sin)34( 2 xxyDD   

Sol: Given equation is .2cos3sin)34( 2 xxyDD     ....(1) 

 Let 34)( 2  DDDf . A.E is f(m) =0 i.e., m2-4m+3=0 

 The roots are m=1,3. The roots are real and different. 

 C.F. is xx

c ececy 3

21   

 PI=
34

)sin5(sin

2

1

34

2cos3sin
22 







DD

xx

DD

xx
y p  [∴ 2 sin A cos B =Sin (A+B)+sin(A-B)] 

 = 2122 34

sin
.

2

1

34

5sin
.

2

1
PIPI

DD

x

DD

x






 

 )255(
34

5sin
.

2

1 22

21 


 putD
DD

x
PI  

 
)112)(112(

5sin)112(
.

4

1

224

5sin
.

2

1

3425

5sin
.

2

1












DD

xD

D

x

D

x
 

 = )255(
1214

5sin112(
.

4

1 22

2





putD

D

xD
 

)5115cos10(
884

1

121100

5sin)112(
.

4

1
xisnx

xD





  

)1(
34

sin
.

2

1 2

22 


 putD
DD

x
PI  

 
)21)(21(

sin)21(
.

4

1

42

sin
.

2

1

341

sin
.

2

1

DD

xD

D

x

D

x










  

 )cos2(sin
20

1

41

sin)21(

4

1
)1(

41

sin)21(
.

4

1 2

2
xx

xD
PutD

D

xD










  



 

 62 

 ∴ General solution is 
21 ppc yyyy   

 i.e., )cos2(sin
20

1
)5115cos10(

884

13

21 xxxisnxececy xx   

  8.Solve the differential equation (D2-2D+2)y = cos9x. 

Sol: A.E is m2—2m+2=0 

 im 





 1
2

42

2

842
 

 The roots are conjugate complex numbers. 

 C.F. is yc=ex(c1cos x+c2sinx) 

 Now )81(
22

9cos
.. 2

2



 putD

DD

x
IPy p  

 
792

9cos

2281

9cos









D

x

D

x
 

 )81(
62414

9cos799sin18

62414

9cos)792( 2

22










 PutD

D

xx

D

xD
 

 
6565

)9cos(79)9sin(18

6241)81(4

9cos799sin18











xxxx
 

 ∴ The general solution is y=yc+yp 

 i.e., 
6565

9cos799sin18
)sincos( 21






xx
xcxcey x  

   9.Solve the differential equation (D3+4D)y=5+sin2x. 

Sol: A.E: m3+4m=0⇒m(m2+4)=0 

 ∴m=0,m=± 2i are the roots. 

 One root is real, other two roots are complex conjugate numbers. 

 Hence C.F.= )2sin()2cos( 321 xcxccyc   

 PI1= 















 xx

p e
DD

e
DDDD

y .0

2

.0

231
4

15

)4(

5

4

5
  (put D=0) 

 =
4

5x
 

 PI2=
)4(2

2cos

)4(

2sin
222








D

x

DD

x
y p  

 )2sin(
4

1
.

2

1
xx


  

 )2sin(
8

1
xx  
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 ∴ The general Solution is 
21 ppc yyyy   

 i.e., )2sin(
8

1

4

5
)2sin()2cos( 321 xx

x
xcxccy   

10 .Solve the differential equation  yDD )45( 2 2 sin ax. 

Sol: The given equation is  yDD )45( 2 2 sin ax. 

 A.E. is m2+5m+4=0 

 i.e.,(m+4)(m+1)=0 

 ∴  m=-4,-1. The roots are real and different. 

 Hence C.F. is xx

c ececy   2

4

1
 

 Now P.I = )(
45

sin2
.. 22

2
aPutD

DD

ax
yIP p 


  

 =
)4(5

sin2
2aD

ax


 

 )(
)4(25

).sin()]4(5[2 22

222

2

aputD
aD

xaaD





  

 
242

2

816(25

)]sin()4()cos(5[2

aaa

axaaxa




  

 
42

2

1617

)sin()4(cos5[2

aa

axaaxa




  

14.   Solve xyDD 3sin37)102( 2  . 

Sol: A.E is 01022  mm   

 m=-1±3i. 

 )3sin3cos(.: 21 xcxceFCy x

c    

 )3sin37(
102

1

)(

1
.

2
x

DD
X

Df
IPy p


   Put D2= -32 

 x
D

x
D

D
3sin

)3(41

21
373sin

41

21
37

22 







  

 )3cos63(sin xx   

 Complete solution )3cos63(sin)3sin3cos( 21 xxxcxceyyy x

pc  

 

 

15. Solve .1)0(,0)0(,cos15sin23204  yyttyyy  

Sol: Given equation in operator form is  yDD )204( 2 23 sin t-15 cos t ....(1) 

 Where D stands for 
𝑑

𝑑𝑡
 and D2 stands for 

2

2

dt

d
. 
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 Auxiliary Equation is m2+4m+20=0. Here a=1,b=4,c=20 

 42
2

84

2

80164

2

42

i
i

a

acbb
m 








  

 Hence  C.F  is )4sin4cos( 21

2 tctcey t

c    

 Now P.I.= )cos15sin23(
204

1
2

tt
DD

y p 


  

 =
)cos15sin23(2041

1

ttD 
 (Replacing D2 with -1) 

 =
36116

)194(
)cos15sin23(

194

1
2 




 D

D
tt

D
 (23 sin t -15 cos t) 

 = )cos15sin23(
361)1(16

194
tt

D





 

 = )cos15sin23)(194(
377

1
ttD 


 

 = ]cos285sin437sin60cos92[
377

1
tttt 


 

 .cossin)sin377cos377(
377

1
tttt 


  

 ∴ General solution of(1) is  

 𝑦 = 𝐶. 𝐹. +𝑃. 𝐼. = 𝑦𝑐 + 𝑦𝑝 

 =e-2t(c1cos4t+c2sin 4t)+sin t-cos t     ...(2) 

 Given that y(0)=0 

 ⇒0=c1-1 ⇒ c1=1. 

 Differentiating (2) with respect to ‘t’ , we get 

 .sincos)4cos44sin,4()4sin4(2)( 21

2

21

2 tttctcetctcpscety tt    

 Also given that 1)0( y  

 01)40()0(21 21  cc  

 )1(1421421 1221  cccc   

 02  c  

 Hence the required solution is tttcy t cossin4cos2    

       [Substituting the values of C1 and C2 in (2)] 

16. Solve 
.

35

3
)0(,1)0(,5sin

5

1
3sin

3

1
sin)4( 2  yytttyD

 

Sol:Given equation is tttyD 5sin
5

1
3sin

3

1
sin)4( 2   



 

 65 

 Auxiliary Equation is m2+4=0 ⇒ m=±i2 

 ∴  C.F.=c1 cos 2t+c2sin 2t 

 P.I.= 










ttt

D
5sin

5

1
3sin

3

1
sin

4

1
2   

 t
D

t
D

t
D

5sin
4

1
.

5

1
3sin

4

1
.

3

1
sin

4

1
222 







  

 = ttt 5sin
425

1
.

5

1
3sin

49

1
.

3

1
sin

41

1








 

 ttt 5sin
105

1
3sin

15

1
sin

3

1
  

 ∴  General solution of the given equation is  

  y=C.F.+P.I. 

 i.e., ttttctcy 5sin
105

1
3sin

15

1
sin

3

1
2sin2cos 21      .....(1) 

 Given that y(0)=1 

 )0(
105

1
)0(

15

1
)0(

3

1
01 1  c  

 ⇒ c1=1 

 Differentiating (1) w.r.t ‘t’ , we get 

 ttttctcty 5cos
21

1
3cos

5

1
cos

3

1
2cos22sin2)( 21   

 Also given that 
35

3
)0( y  

 
21

1

5

1

3

1
20

35

3
2  c  

 0)521359(
105

1

21

1

5

1

3

1

35

3
2 2  c  

   c2=0. 

 Substituting the values of c1 and c2 in (1), we get 

 tttty 5sin
105

1
3sin

15

1
sin

3

1
2cos   

 Which is the required solution. 

17. Solve the differential equation: )12cos()1( 3  xyD . 

Sol: Given differential equation is 

 )12cos()1( 3  xyD  

 Auxiliary Equation is m3+1=0 

 ⇒ (m+1)(m2-m+1)=0 [∵  a3+b3 = (a + b)(a2-ab-b2)] 
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 ⇒ m=-1,
1±𝑖√3

2
 

 Hence C.F.= 









2

3
sin

2

3
cos 32

2/

1

x
c

x
ceec xx  

 Now P.I. = )12cos(
1

1
3




x
D

 

 Putting ,42 D  we have 

 P.I.= )12[cos(
161

41
)12cos(

41

1
2








x

D

D
x

D
 

 Again putting D2=-4, 

 P.I., = )]12sin(8)12[cos(
65

1
 xx  

 ∴  General solution is 

 y=C.F+P.I 

 = )].12sin(8)12[cos(
65

1

2

3
sin

2

3
cos 32

2/

1 







 xx

x
c

x
ceec xx  

18. Solve xyDDDD cos)1222( 234   . 

Sol: The auxiliary equation is m4-2m3+2m2-2m+1=0 

 i.e., (m4+2m2+1)-(2m3+2m)=0 

 i.e., (m2+1)2-2m(m2+1)=0   or     (m2+1)(m2-2m+1)=0     or (m2+1)(m-1)2 =0 

 ⇒ m2+1=0   or   (m-1)2=0  

 ∴ m= ±i,1,1. 

 ∴  The complementary function is 

 x

c exccxcxcy )(sincos 4321   

x
DDD

x
DDDD

IP cos
)12)(1(

1
cos

1222

1
..

22234 



  [Put D2=-12=-1] 

  












1

sin

2

1
cos

)1(2

1

)1)(2(

cos
222 D

x
xdx

DDD

x
 

 = 






 







 


2

cos

2

1 xx
 [∵ f(-1)2=0] 

 = xx cos
4

1
 

 Hence the general solution is 

 y=C.F.+P.I.=(C1cosx +C2sin x)+ (C3+C4x)ex+
1

4
   x cos x. 
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19.Solve the differential equation .2sin)1( 33  xeyD x  

Sol: Given D.E. is (D3-1)y=ex+sin3 x+2   ....(1) 

 A.E. is m3-1=0 ⇒ (m-1)(m2+m+1)=0 

 ∴ m=1,
2

31 i
 

 Thus one roots is real and other two roots are complex and conjugate. 

 C.F.=













  xcxceecy xx

c
2

3
sin

2

3
cos 32

2/

1   ...(2) 

 Now P.I = 32133

3

3

3

3 1

2

1

sin

1
)2sin(

1

1
ppp

x
x yyy

DD

x

D

e
xe

D












 

 ]0)1([
1

.
!1)1)(1( 221 





 f

DD

ex

DDD

e
y

xx

p   

 =
3

]1[
111

.
!1

xx xe
PutD

ex



     ....(3) 

 
)1(

sin
3

3

2



D

x
y p  

 













 )3sinsin3(

4

1
sin

1

3sin
.

4

1

1

sin
.

4

3 3

33
AAA

D

x

D

x
  

 ]91[
19

3sin
.

4

1

1

sin
.

4

3 22 





 andDPutD
D

x

D

x
 

 
)19)(19(

3sin)19(

4

1

)1)(1(

sin)1(

4

3











DD

xD

DD

xD
 

 ]91[
1729

3sin3cos27

4

1

2

sincos

4

3 22 








 andDPutD

xxxx
 

 )3sin3cos27(
1920

1
)sin(cos

8

3
xxxx       ....(4) 

 and  2]0[
1

2
33 


 PutD
D

y p        .....(5) 

 Hence the general solution is 321 pppc yyyyy   

 
32

3
sin

2

3
cos 32

2/

1

x
xx xex

c
x

ceecy 













   

 2)3sin3cos27(
2920

1
)sin(cos

8

3
 xxxx  
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 EXERCISE 

  1. Solve xyD 2cos)1( 3  . 

  2. Solve )12sin()1( 3  xyD  

  3. Solve xyDD 2sin)1( 2  . 

               4. Solve (D2-5D+6) y = sin 3x 
ANSWERS  

  1. )2sin82(cos
65

1
)

2

3
sin

2

3
cos( 32

2
1 xx

x
cxceecy

x

x  
 

  2. )12cos(8)12[sin(
65

1
)

2

3
sin

2

3
cos( 32

2
1   xxxcxceecy

x

x
 

  3. )2sin32cos2(
13

1

2

3sin

2

3
cos 21

2 xx
x

c
x

cey

x













 

              4. )3sin3cos5(
78

13

2

2

1 xxececy xx   

 

       P.I. of f(D)y=ф(x) when ф(x) = xk, where K is a Positive Integer. 

 Let f(D)y =xk. Operating by 
)(

1

Df
 , we get y=

kx
Df )(

1
 

 ∴ P.I. =
kx

Df )(

1
 

 TO evaluate P.I. reduce 
)(

1

Df
 to the form 

)(1

1

D
 by taking out the lowest degree term 

from f(D).Now  

 Write 
)(

1

Df
 as [1±ф(D)]-1 and expand it in ascending powers of D using Binomial 

theorem upto the term  containing Dk. Then operate xk with the terms of the expansion of 

[1±ф(D)]-1 

 If  f(D)  is resolvable into factors then split up 
)(

1

Df
 into partial factors and proceed. 

 We frequently use the following rules. 

 .....1)1(
1

1 321 


 DDDD
D

 

 .....1)1(
1

1 321 


 DDDD
D
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 .....4321)1(
)1(

1 322

2




 DDDD
D

 

 .....4321)1(
)1(

1 322

2




 DDDD
D

 

 ....10631)1(
)1(

1 323

3




 DDDD
D

 

 ....10631)1(
)1(

1 323

3




 DDDD
D

 

1.    Solve 23)45( 22  xxyDD  

Sol: A.E is 0452  mm  

 4,10)4)(1(  mmm  

 xx

c ececFCy 4

21.    

 )23(
45

1

)(

1
. 2

2



 xx

DD
X

Df
IPy p  

 )23(
4

5
1

4

1
)23(

4

5
14

1 2

1
2

2

2








 









 






xx
DD

xx
DD

 

 )23(
4

5

4

5
1

4

1 2

2
22























 



 xx

DDDD
  

 )23(
16

25

44

5
1

4

1 2

2

2









 xx

D

DD
 ( Neglecting 3rd and higher terms.) 

 









8

25

2

1

4

15

2

5
23

4

1 2 xxx  

 









8

67

2

11

4

1 2 x
x  pc yyy   

 







 

8

67

2

11

4

1 24

21

x
xececy xx

 

2. Solve )2(320)4( 2322 xxyDD  . 

Sol: A.E  0)4( 22 mm  

 m=0,0,2i,-2i 

 xcxcxccFCyc 2sin2cos:. 4321 
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)2(320

)4(

1

)(

1
. 23

22
xx

DD
X

Df
IPy p 




 

 
)2(320

4
1

4

1 23

1
2

2
xx

D

D













 

 
)2(320......

64164
1

4

1 23
642

2
xx

DDD

D











 

 
)2(.......

164

11

4

320 23
2

2
xx

D

D











 

 







 )46(

16

1
)2(

4

1

20
80 23

5

xxx
x

 

 
203040204 235  xxxx

 

 Complete solution = pc yyy 
 

 
2030402042sin2cos 235

4321  xxxxxcxcxccy
 
 

 

3. Solve (i) 32 )1( xyDD  (ii) .)2( 323 xyDDD   

Sol: (i) Given equation is 32 )1( xyDD   

  Auxiliary Equation is m2+m+1=0 

 
2

31

2

411 i
m





  

 The roots are  i
i




2

3

2

1
 (say) 

 ∴ Roots are complex and conjugate 

 Hence C.F. =

















xcxcexcxcey x

c
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3
sin
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cos)sincos( 21

2

1

21   

 Now  

P.I. =
312

2

3

)()](1[
1

xDD
DD

x
y p




  

   )......]()()()(1[ 332222 xDDDDDD 

 ...]1)1([ 321   DDDD  

   =(1-D+D3)x3(neglecting the terms D4,D5,.....) [∵  D4(x3)=D5(x3)=........=0] 

   =x3-D(x3)+D3(x3)=x3-3x2+6 

 ∴  The general solution is given by y=yc +yp 
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 i.e., 63
2

3
sin

2

3
cos 23

21
2 












xxxcxcey

x

 

 (ii) Given D.E. is (D3+2D2+D)y=x3 

        A.E. is m3+2m2+m=0 

 ⇒m (m2+2m+1)=0 ⇒ m(m+1)2=0. 

∴  m=0,-1,-1  are the roots 

Hence C.F. = )( 321 xccecy x

c    

Now P.I. = 






 dxx

DDD

x

DDD

x
y p

3

22

3

3

3

)1(

1

)1(2
 

                     42

2

4

)1(
4

1

)1(4
xD

D

x 


  

                   4432 .....)54321(
4

1
xDDDD   

                   = 302492
4

)12096368(
4

1 23
4

234  xxx
x

xxxx  

General solution is y=yc + yp  

302492
4

)( 2

3

4

321   xxx
x

xccecy x

 

4. Solve xxeyDDD x  cos)243( 23 . 

Sol: Auxiliary equation is m3-3m2+4m-2=0 i.e., (m-1) (m2-2m+2)=0 

 ⇒m-1=0  or  m2-2m+2 = 0.     

 ∴ m=1, 1±i 

 Complementary function )sincos()sincos( 321321 xcxccexcxceec xxx    

 Particular Integral (P.I)= )cos(
243

1
23

xxe
DDD

x 


 

 = x
DDD

x
DDD

e
DDD

x .
243

1
cos

243

1

243

1
232323 







 

 = x
DDD

x
DD

e
DDD

x
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12

1
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243

1

)22)(1(

1
232

 

 = x
DDD

x
D

e
D

x

1
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2

43
1

2

1
cos

13

1

)221)(1(

1









 






 

 = )2(
2

1
)cossin3(

10

1
)2(

2

1
)cossin3(

10

1
 xxxxexxxxe xx  
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 ∴  The general solution is y=C.F.+P.I. 

          =

)2(
2

1
)cossin3(

10

1
)sincos( 321  xxxxexcxcce xx  

 Where C1, C2 and C3 are constants. 

  

5. Solve the differential equation (D3-3D-2)y = x2. 

Sol: The auxiliary equation is m3-3m-2=0 i.e., (m+1)(m2-m-2)=0  

i.e., (m+1)(m+1)(m-2)=0  or (m+1)2(m-2)=0 

.2,1,1m  Hence C.F.= xx

c ecexccy 2

321 )(    

P.I. 3
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= 332
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....
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27
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1
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1
xDD

DD











  









 )6(

8

27
)6(

4

9
)3(

2

3
)6(

2

1

2

1 23 xxx  











4

93

2

27

2

9

2

1 23 xxx  

]9354184[
8

1 23  xxx  

 Hence the general solution is 

 ]9354184[
8

1
)(... 232

321   xxxecexccIPFCy xx  

EXERCISE 

1) Solve
323 sin)133 xxyDDD  . 

2) Solve 
22 2)32cos(2)23( xexyDD x   

3) Solve 
34122 xyyyy   

4) Solve xyDD  )23( 3
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ANSWERS 

1. )69369()cos(sin
4

1
)( 232

321  xxxxxxcxccey x  

2. 







 

2

7
3

2

1

3

1
)]32sin(3)32[cos(

10

1 22

21 xxexxececy xxx
 

3. 81532 232

321   xxxecececy xxx  

4.   







 

2

3

2

12

321 xecexccy xx
 

 

 P.I of f(D)y=ф(x) when ф (x)=eaxV where ‘a’ Is a Constant And V Is a Function of X. 

We will use the method to find P.I. When V is sin bx or xk or a polynomial of degree k.  

In this case , P.I=   )(
)(

1

)(

1
V

aDf
eVe

Df

axax


  

Working Rule: To find P.I. for eax V , take out e ax to the left of f(D) and replace 

every D with (D+a) so that f(D)  becomes f(D-a)  and now operate 
)(

1

aDf 
 with ‘V’ 

alone by the previous methods. 

1. Solve xxyDD coscosh)67( 3   

Sol: A.E 0673  Dm  

 3,2,10)6)(1( 2  mmmm  

 C.F= xxx ececec 3

3

2

21    

 P.I= xx
DD

coscosh
67

1
3 

 

 x
ee

DD

xx

cos
267

1
3 







 






 

 xe
DD

xe
DD

xx cos
67

1
.

2

1
cos

67

1
.

2

1
33







  

 Now x
DD

exe
DD

xx cos
6)1(7)1(

1
cos

67

1
33 




 

 x
DDD

e x cos
1243

1
23 

  

 x
DD

e x cos
1243

1


  Replace D2by -12 
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 x
D

D
ex

D
e xx cos

9

3

5

1
cos

3

1

5

1
2 







  

 )cos3sin(
50

cos)3(
)91(

1

5

1
xx

e
xDe

x
x 


  

 In the same way )sin5cos3(
34

cos
67

1
3

xx
e

xe
DD

x
x 




  complete solved on 

 )sin5cos3(
68

1
)cos3(sin

100

3

3

2

21 xxxexx
e

ecececy x
x

xxx    

2. Solve xxeyDD 22 )44(  . 

Sol: To find C.F, 

          The A.E is 0442  mm and the roots are 2,2  

          To find  P.I: 

 P.I= )(
44

1 2

2
xe

DD

x 


 

 x
D

exe
D

xx

2

22

2 )22(

1
..

)2(

1





  

 
6

.
2

11 3
2

2
2

2

2 x
e

x

D
ex

D
e xxx 








  

 Hence the general solution is 
6

)(
23

2

21

x
x ex

exccy   

EXERCISE 

1. xeyDD x 2sin)42( 2   

2. xexyDDD )1()133( 23   

3. xeyDD x sin)42( 3   

4. xxeyyy  122  

5. xxy
dx

yd
sinh4

2

2

  

ANSWERS 

1.
73

)2sin32cos8()]3sin()3cos([ 21

x
x e

xxexcxcy  
 

2.   42

321 )1(
24

 x
e

excxccy
x

x
 

3.  
20

)cos3(sinsincos 32

2

1


 
x

xx xe
xxexcxcecy  
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4.   xx xexcxcey 
2

1
sincos 21

 

xx
x

ececy xx cosh
9

2
sinh

3
.5 2

2

2

1  

 

 When vxX m where m is a positive integer ,V is any function of x. 

Working rules to find P.I of f(D) axaxorxxy mm cossin  

(i) P.I     = axx
Df

m sin
)(

1
imaginary  part of iaxmex

Df )(

1
  

(ii) P.I = axx
Df

m cos
)(

1
real part of 

iaxmex
Df )(

1
 

Case (VI): P.I= v
Df

Df
Df

xxv
Df )(

1
)(

)(

1

)(

1








  

1. Solve :(D2-5D+6)y = xe4x. 

Sol: Auxiliary Equation is m2-5m+6=0 i.e., (m-2)(m-3)=0∴ m=2,3. 

 ∴ The complementary function is  xx

c ececy 3

2

2

1    

 Particular Integral, 
6)4(5)4(

1
.

65 2

4

2

4




DD
e

DD

xe
y x

x

p  

 









 V

aDf
eVe

Df
IP axax

)(

1
.

)(

1
..  

 x
DD

ex
DD

ey xx

p

1
2

4

2

4

2

3
1

2

1
.

23

1
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 )30(

2

1

2

1

2

3
1

2

1 4
2

4 xex
DD

e xx  

 )32(
4

1

2

3

2

1 44 







 xexe xx

 

 Hence the general solution is y=C.F.+P.I. = 𝑦𝑐 + 𝑦𝑝 

 i.e., )32(
4

1 43

2

2

1  xeececy xxx  where c1 and c2 are constants. 

2. Solve xey
dx

dy

dx

yd x 2sin8136 3

2

2

 . 

Sol: Given equation in operator form is xeyDD x 2sin8)136( 32    ....(1) 

 Let f(D)=D2-6D+13   ∴  A.E. is f(m)=0 

 i.e., m2-6m+13=10 ⇒ m=3+2i.3-2i. 
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 The roots are complex and conjugate. 

 ∴  C.F. is )2sin2cos( 21

3 xcxcey x

c   

 P.I.=
13)3(6)3(

2sin
8

136

2sin
8

2

3

2

3







DD

x
e

DD

xe
y x

x

p  

 






 


 4

2cos
8

4

2sin
8 3

2

3 xx
e

D

x
e xx  







 



 as

a

x

aD

ax
af cos

2

sin
,0)(

22

2  

 =-2x cos 2x e3x 

 Hence the general solution is 𝑦 = 𝑦𝑐 + 𝑦𝑝 

 i.e., y=e3x(C1 cos 2x +c2sin 2x)-2xe 3x cos 2x. 

3. Solve xexyDDD .)133( 223   

Sol: Given  D.E, is xexyDDD .)133( 223   

 A.E. is 0)1(0133 323  mmmm  

 ∴  m=1,1,1. The roots are real and equal. 

 x

c excxccyFC )(.. 2

321   

 P.I. ]1[
)1(

.
3

2




 DPutD
D

ex
y

x

p  

 = )(
1

.
)11(

. 2

33

2

3

2

x
D

e
D

x
e

D

x
e xxx 
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.
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1
.

33

1
.

543

2

x
e

x

D

ex

D
e x

x
x 

















  

 ∴  General solution is 𝑦 = 𝑦𝑐 + 𝑦𝑝 

 i.e., 
60

.)(
5

2

321

x
eexcxccy xx   

4. Solve (D2+1)y = x2cosh x. 

Sol: The roots are complex and conjugate numbers 

 Thus C.F. is  xcxcyc sincos 21   

 Now P.I. 
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 Hence the general solution is 
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5. Solve the equation .tan)22( 2 xeyDD x  

Sol: A.E is m2-2m+2=0 

 i
i

m 





 1
2

22

2

842

 

 
)sincos(.. 21 xcxceFC x 

 

 
x

DD
e

DD

xe
IP x

x

tan
2)1(2)1(

1
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tan
..
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 x
DD

ex
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D

e xxx tan
)1)(1(

1
tan

1
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1

1
.

222 















  

 x
iDiDi

e x

tan
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       .....(1) 
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 Now 

















 dxeXeX
D

xdxeex
iD

x
axixix




.

1
tantan

1
 

 =   dx
x

x
xixe ix

cos

sin
)sin(cos  

  






 
 dx

x

x
ixe ix

cos

cos1
sin

2

 

 =    dxxxixe ix )cos(seccos  

 = 
















 xi

x
ixe ix sin

24
tanlogcos


 

 

















24
tanlog)sin(cos

x
ixixe ix 

 

 















 

24
tanlog

x
iee ixix 

 

 

















24
tanlog1

x
ie ix 

   ...(2) 

 Replacing i by -i in(2) , we get 

 





















24
tanlog1tan

1 x
iex

iD

ix 
    ....(3) 

 By (1),(2) and (3) 

    
























 

24
tanlogcos

24
tanlog(

2
..

x
xe

x
eei

i

e
IP xixix
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 ∴ The required general solution is  

 









24
tanlogcos)sincos(... 21

x
xexcxceIPFCy xx 

 

6. Solve the equation xexeyDD xx 2sin2cos)44( 22  . 

Sol: Auxiliary equation is  

 m2-4m+4=0   i.e.,   (m-2)2=0         ∴ m=2,2. Roots are real and equal 

 C.F is x

c exccy 2

21 )(   

 Now P.I.=
44

2sin

44

2cos

)2(44

2sin2cos
222

2

2

2
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DD
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e

DD

xexe xxxx

 

 x
DD

e
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x
e
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1
.
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2
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 x
DD

ex
D

e
x xx 2sin

12

1
.)2(cos

4

1

2 2

2
2


  

  
 x

D
exdxe

x xx 2sin
124

1
.2cos

4

1

2

2
2

 

 x
D

e
x

e
x xx 2sin

32

1

2

2sin

4

1

2

2
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 =
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2sin)32(
2sin
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2
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D
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exe

x xx  
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9)4(4

2sin)32(
2sin

8

1

2

2
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xD
exe

x xx  

 )2sin32cos4(
25

1
2sin

8

1

2

2
2

xxexe
x xx   

 ∴ The general solution is  

 y=C.F.+P.I. 

 )2sin32cos4(
25

2sin
8

1

2
)( 2

2
2

21 xx
e

xe
x

excc
x

xx   

7. Solve 32 33cos2cos)34( xxxeyDD x  . 

Sol: Auxiliary equation is 

 m2+4m+3=0⇒ (m+1)(m+3)=0 

 ∴  m=-1,-3. The roots are real and different. 

 ∴  C.F. c1e
-x+c2e

-3x 

 P.I.=
34

33cos2cos
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xxxe x
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 =
3332

2
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9

8

9
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3
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3cos)64(
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1
. xDDD

DDxD
x

D
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 ∴  The general solution is  

 y=C.F.+P.I. 
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3

26
41)3sin23(cos
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1
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40
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x
xxxxx

e
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 Where c1, c2  are constants 

8. Solve 32sin)12( 322  xexyDD x
. 

Sol: Auxiliary equation is m2+2m+1= 0 ⇒(m-1)2=0 ∴ m=1,1 

 The roots are real and equal. 

 ∴  C.F.=(c1+c2x)ex, where c1, c2 being arbitrary constants. 
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32sin.
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1
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4
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1
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 xDxDD

e x

 

 
3)2sin32cos4(
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1
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8
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 xxxx
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 ∴ Required solution by y=C.F.+P.I. 

 
3)2sin32cos4(

25

1
)342(

8

1
)( 23

21  xxxxeexcc xx  

9. Solve xeyDD x 2sin)44( 2  . 

Sol: Auxiliary equation is m2+4m+4=0 ⇒(m+2)2=0 

 The roots are real and equal 

 C.F.= xexcc 2

21 )(   

 x
DD

e
DD

xe
IP x

x

2sin
4)1(4)1(

1

44

2sin
..

22 
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DD

e xx 2sin
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D
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D
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 ∴  The general solution is 

 )2sin32cos4(
25

)(... 2

21 xx
e

exccIPFCy
x

x 



where c1and c2 are constants. 

10. Solve
xexyD 322 )1()9(  . 

Sol: Auxiliary equation is m2+9=0⇒ m2=(3i)2    ∴ m=±i3 

 The roots are complex and conjugate numbers. 

 Hence C.F. =c1cos3x+c2 sin3x 

 Now P.I. =
999
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 ∴  The general solution is y=C.F.+P.I= 









9

10

3

2

218
3sin3cos

23

21 x
xe

xcxc
x

 

 Where c1 and c2 are constants. 

11. Solve 12coshcos 4

4

4

 xxxxy
dx

yd
. 

Sol: Auxiliary equation is m4-1=0 ⇒ (m2-1)(m2+1)=0 

 ⇒m2-1=0 or m2+1=0 ∴ m=1,-1,±i. 

 Two roots are real and different other two roots are complex, conjugate numbers. 

 xcxcececFC xx sincos.. 4321    

 P.I. )12cosh(cos
1

1 4

4



 xxxx

D
 

 )12(
1

1
cos)(

2

1
.

1

1 4

44






  xx

D
xee

D

xx  

 )12(
1

1
cos

1

1
cos

1

1

2

1 4

444

















  xx

D
xe

D
xe

D

xx
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 )12(1)1(cos
1)1(

1
.cos

1)1(

1
.

2

1 44

44














  xxDx

D
ex

D
e xx

 














  x

DDDD
ex

DDDD
e xx cos

1)1464(

1
.cos

1)1464(

1
.

2

1
234234

 

  )12...)(1( 484  xxDD  

 = 













 x
DD

ex
DD

e xx cos
4)1(6)1)((4)1(

1
.cos

4)1(6)1(4)1(

1
.

2

1
22

  

 )]48()12[( 4  xx  

 ]472[cos
5

1
.cos

5

1
.

2

1 4 









  xxxexe xx  

 = )472(coshcos
5

1
)472(

2
cos

5

1 44 






 




xxxxxx
ee

x
xx

 

 ∴  The general solution is 

 )472(coshcos
5

1
sincos... 4

4321   xxxxcxcececIPFCy xx  

 Where c1, c2, c3, c4 are constants. 

 P.I. of f(D)y=ф(x) when ф(x) = xmV,m being a positive integer and V is any function 

of x. 

 Here V is either sin ax or con ax only. It should not be of the form xn or eax. 

 Working Rule for finding P.I. of f(D)y=xm sin ax  or xm cos ax 

 (i)  axx
Df

IP m sin
)(

1
. Imaginary Part(I.P.) )sin(cos

)(

1
axiaxx

Df

m   

 
iaxmex

Df
ofPI 

)(

1
..  

 (ii) P.I.=
iaxmm ex

Df
ofrealpartPRaxx

Df )(

1
)(.cos

)(

1
  

Alternative Method for Finding P.I of  f(D)y=ф(x) when ф(x)=xV(when m=1) where V 

is a function of x. 

 Let f(D)y=x V where V is a function of x. Operating with 
)(

1

Df
, we get )(

)(

1
xV

Df
y   

 )(
)(

1
.. xV

Df
IP   

 Consider DVVxDxVDVxDVxVD 2)(;)( 22   
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 Similarly VnDVxDxVD nnn 1)(    

 

VPDnPnDVPDPDPDxxVPDPD n

nn

n

nnn

n

nn ]...)1([]....[)...( 1

2

1

12

2

1

1

2

1 

 

 

 VDfVDxfxvDf )()()(      ....(1) 

 Let 11
)(

1
)( V

Df
VVVDf      ...(2) 

 111
)(

1
)(

)(

1
)( V

Df
DfxVV

Df
xDf    [From (1) & (2)] 

 Operating with 
)(

1

Df
  on both sides, we get 

 111
)(

1
)(

)(

1

)(

1
)(

)(

1
V

Df
Df

Df
V

Df
xxV

Df
  

 i.e., 11
)(

1
)(

)(

1
)(

)(

1
V

Df
Df

Df
xxV

Df








  

 V
Df

Df
Df

xxV
Df

IP
)(

1
)(

)(

1
)(

)(

1
.. 








 . 

1. Solve xxeyDD x sin)12( 2   

Sol: A.E is 1,10122  mmm  

 x

c exccFCy )(. 21   

 xx
D

exxexxe
D

X
Df

IPy xxx

p sin
)11(

1
sinsin

)1(

1

)(

1
.

22 



  

 ]
1

.[sin
1

22

ixxx xe
D

PofIexx
D

e   

 




















 x

iDD
PofeIex

iD
PofeIe ixxixx

12

1
.

)(

1
.

22
 

  )1(,  ixx PofeIe      xiDD
12 2(1


   

   ]21)1(.[ 2 xiDDPofeIe ixx  expanding up to terms containing D only 

 }]2){1(.[ iDxxPofeIe ixx   

 }]2){1(.[ ixPofeIe ixx   

 )]2)(sin(cos.[ ixxixPofIe x   

 )sincos2( xxxe x   pc yyy   
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2. Solve xxy
dx

yd 22

2

2

cos . 

Sol: Given equation in operating form is, xxyDD 222 cos)(    

 A.E is 1012  mm  

 xx

c ececFCy  21.  

 
)1(2

)2cos1(
cos

1

1

)(

1
.

2

2
22

2 







D

xx
xx

D
X

Df
IPy p  

 212

2

2

2

)1(2

2cos

)1(2
pp yy

D

xx

D

x






     ....(1) 

 



















  1

222
)1()1(

2

222
212

2

1

x
x

xx
DD

x
y p  

 














2

22
2

2

2

2
)2(12

.
)1(2

.

iD

xe
PofRe

D

PofRx
y

xi
xi

p  

 =-R.P  of 








 DiiD

xe xi

4412 22

22

 

 =-R.P of 








 DiD

xe xi

452 2

22

 

 =-R.P of 






















5

4
1

10 2

22

iDD

xe xi

 

 =-R.P of 









5

8

5

2

10

2
2 ix

x
e xi

 

 =R.P of 















 
ixx

xix

5

8

5

2

10

2sin2cos 2
 

 
50

2sin8

25

2cos

10

2cos2 xxxxx
  

 
25

2cos

10

2cos

25

2sin4 2 xxxxx
  

 21 ppp yyy   

 Complete solution is ,
25

2sin4
1

2

2

21

xxx
ececy xx 
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3. Solve xeDD sin)23( 2   

Sol: A.E  is 0)2)(1(0232  mmmm  

 2,1 m  

 xx

c ececFCy 2

21.    

 x

p e
DD

x
DD

X
Df

IPy sin
)2)(1(

1
sin

23

1

)(

1
.

2 



  

 xx e
D

e
D

sin
2

1
sin

1

1





  

   
  dxeeeedxeee xxxxxxx sinsin 222  

 Put dtdxete xx   

   tdttetdteIP tt sinsin. 2  

 )])(sin1()cos([)cos( 2 tttete tt   

 = xxxxxtt eeeeeete sin]sincos[cos 22   

 Complete solution pc yyy   

 xxxx eeececy sin22

21    

4..Solve .2sin8)44( 222 xexyDD x  

Sol: Given equation .2sin8)44( 222 xexyDD x  

 Let f(D)=D2-4D+4. 

 A.E is f(m)=0 ⇒ m2-4m+4=0 ⇒(m-2)2=0 ∴  m=2,2 

 Hence C.F is  x

c exccy 2

21 )(   

 Here P.I can be found out using the above case twice which is laborious. We will find P.I. 

in another way. 

 














4)2(4)2(

2sin
8

44

2sin8
..

2

2
2

2

22

DD

xx
e

DD

xxe
IP x

x

 

 









2

2
2 2sin

8
D

xx
ey x

p  imaginary part of 






 ixx ex

D
e 22

2

2 1
8  

 = 












V

aDf
eVe

Df
IP

iD

x
ofePIe axaxixx

)(

1

)(

1
..

)2(
..8

2

2
22   

 )(
2

1
4

..8

2
14

..8 2

22
2

2

2

2
2,2 x

i

De
ofPIe

i

D
i

x
ofePIe

ix
xixx
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2

2
2

22

.....2

22
2

2

32

4
.8)(

4
3

2

2
1

4
..8

ii

x
x

e
PofIex

i

D

i

De
ofPIe

ix
x

ix
x  

 





















2

3
2)2sin2(cos..2

2

3
2

4
..8 222

2
2 ixxxixofPIeixx

e
ofPIe x

ix
x  

 















 xxxxe x 2sin

2

3
2cos22 22  

 The general solution is pc yyy   

 















 xxxxeexccyei xx 2sin

2

3
2cos22)(.,. 22

21  

 

5.  Solve xxyD sin)4( 2  . 

Sol: Auxiliary equation is m2-4=0 ⇒m= ±2. The roots are real and different 

C.F.= c1e
2x+c2e

-2x       Where c1 and c2are constants. 

P.I. xixe
D

ofIPxx
D


4

1
..sin

4

1
22 




 

x
DiD

ofePIx
iD

ofePI xixi

)4(2

1
..

4)(

1
..

222 







  

=P.I. of x
DiD

e xi

1

2

2

2 4

2
1

4

1

































  

=I.P. of 






























222

2

2 4

2

4
.

4

2
1

4 









 i
x

e
PofIx

DiDe xixi

 

I.P. of 














22 4

2
)sin(cos

4

1








i
xxix  

= )]cos2sin)4[(
)4(

1

)4(

cos2

4

sin 2

22222
xxx

xxx


















  

∴  The general solution is  

]cos2sin)4[(
)4(

1
.. 2

22

2

2

2

1 xxxececIPFCy sx 





   

6.   Solve xxyDD cos)12( 2  . 

Sol: Given equation is xxyDD cos)12( 2   

 Let f(D)=D2+2D+1. Then AE is f(m)=0 

 ⇒m2+2m+1=0 ⇒(m+1)2=0 

 ∴ The roots are -1,-1 which are real and equal. 
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 Thus yc=C.F. =(c1+c2x)e-x 

 Now P.I. x
Df

Df
Df

x
DD

xx
y p cos

)(

1
)(

)(

1

12

cos
2 











  

 = x
DD

D
DD

x cos
12

1
)1(2

12

1
22 











  

 = x
D

D
D

x cos
121

1
)1(2

)1(

1
2 












  

 
2

sin

1

2
cos

2

1

)1(

2 x

D
xx

DD
x 





















  

 x
Dxx

x
D

D
x

x

D

x
x

x
sin

11

1

2

sin
sin

1

1
sin

21

sin
sin

2 2 










  

 =
2

sincos

2

sin

2

)sin(cos

2

sin xxxxxxxx 





  

 Hence the general solution is given by pc yyy   

 i.e., )sin(cos
2

1
sin

2
)( 21 xxx

x
exccy x    

        7. Solve 0,0cos)1( 2 
dt

dx
givenxttxD at t=0. 

Sol: A.E is m2+1=0 ⇒    m =  ± i 

 ∴  The roots are conjugate complex numbers. 

 C.F. tctcxc sincos 21   

 P.I.=
1

cos
2 


D

tt
x p  

 






























 t

t

D

D
t

D

t

D

D
t sin

21

2

1

)cos(

1

2
222

 

 =
1

|sincos|
sin

2
)sin(

1
sin

2 2

2

2

2









D

ttt
t

t
tt

D

D
t

t
 

 
1

cos

2

cos

sin1

sin

1

cos
sin

2 2

2

22

2










D

tttt

t

t

D

t

D

tt
t

t
 

 px
tt

t

t


2

cos

sin

2

 

 
4

cos

sin22

cos

sin
2

22 tt

t

t
x

tt

t

t
x pp   

 G.S is 
4

cos

sin2
sincos

2

21

tt

t

t
tctcxxx pc   
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 By data when t=0⇒ x=0⇒ c1=0 

 
4

cos)sin(

sin2

)(cos)2(sin
cossin

2

2

21

ttt

t

tttt
tctc

dt

dx 



  

 By data 
4

1
00000 2  c

dt

dx
t  

 
4

1
2 c  

 ∴ General solution is .
4

cos

sin2
sin

4

1 2 tt

t

t
tx   

    8. Solve the differential equation xxyD sin)4( 2  . 

Sol: Auxiliary Equation is m2+4=0  ⇒ m2=(2i)2 

 ∴  m=± i2. The roots are complex and conjugate. 

Hence Complementary Function, xcxcyc 2sin2cos 21   

Particular Integral, xx
D

y p sin
4

1
2 

  

ixxe
D

ofPI
4

1
..

2 
  

=I.P. of x
DiD

ofePIx
iD

e ixix

32

1
..

4)(

1
22 




 

=I.P. of x
DiDe ix

1
2

3

2
1

3










 
   

=I.P. of x
DiDe ix












 ....

3

2
1

3

2

 

=I.P. of .],0)([
3

2
1

3

2 etcxDxDi
eix









  

=I.P. of 









3

2
)sin(cos

3

1
ixxix  

= 







 xxx sincos

3

2

3

1
 

Hence the general solution is  









 xxxxcxcyyy pc cos

3

2
sin

3

1
2sin2cos 21  
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   9 .Solve xxy
dx

yd
2sin9

2

2

 . 

Sol:  Given equation is (D2+9)y=x sin 2x 

 Here 9)( 2  DDf then A.E is 090)( 2  mmf  

 The roots are m=±3i which are complex conjugate numbers. 

 xcxcyFC c 3sin3cos.. 21   

 P.I.= x
DfDf

Df
x

D

xx
y p 2sin

)(

1

)(

)(

9

2sin
2 







 



  

 = x
DD

D
x 2sin

9

1

9

2
22 










   [Put D2=-4] 

 
)9(5

2sin2

5

2sin

94

2sin

9

2
22 













D

xDxxx

D

D
x  

 = x
xxxxx

2cos
25

4

5

2sin

)94(5

2cos4

5

2sin



  

 General solution is y=yc+yp 

 i.e., x
xx

xcxcy 2cos
25

4

5

2sin
3sin3cos 21   

10. Solve xxey
dx

dy

dx

yd x sin23
2

2

 . 

Sol: Given equation is the operator form is 

 xxeyDD x sin)23( 2       ....(1) 

 A.E. is 0)1)(2(0230)( 2  mmmmmf  

 The roots are -2 and -1 which are real and different. 

 xx

c ececyFC   2

2

1..  

 Now P.I.=
2)1(3)1(

sin

23

sin
22 





DD

xx
e

DD

xxe
y x

x

p  

 =
65

sin

65

52

65

sin
222 














 DD

x

DD

D
xe

DD

xx
e xx

 

 
)1(5

sin

65

52

651

sin

65

52
22 



























D

x

DD

D
xe

D

x

DD

D
xe xx

 

1

sin)1(

65

52

5 22 
















D

xD

DD

D
x

e
y

x

p  

2

sincos

65

52

5 2 
















xx

DD

D
x

e x
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=
65

)sin)(cos52(

1010

)cos(sin
2 






DD

xxDexxxe xx

 

= 















65

sin5cos5cos2sin2

1010

)cos(sin
2 DD

xxxxexxxe xx

 


















65

sin7cos3

1010

)cos(sin
2 DD

xxexxxe xx

 

651

sin7cos3

1010

)cos(sin









D

xxexxxe xx

 

)sin7cos3(
)1)(1(5

)1(

1010

)cos(sin
xx

DD

Dexxxe xx










  


















2

sin7cos3
)1(

5010

)cos(sin xx
D

exxxe xx

 

)sin7cos3cos7sin3(
10010

)cos(sin
xxxx

exxxe xx




  

)cos10sin4(
10010

)cos(sin
xx

exxxe xx




  

General solution is pc yyy   

i.e., 







  xxxx

x
eececy xxx cos

10

1
sin

25

1
)cos(sin

10

2

21  

       11. Solve
xexxxy

dx

yd
)1(1sin 2

2

2

 . 

      Sol: Given equation in operator form is xexxxyD )1(sin)1( 22  .  ....(1) 

 This is differential equation with constant coefficients . 

 A.E. is m2-1=0. The roots re m=±1. They are real and different. 

 C.F. is xx

c ececy  21  

P.I.= ix

p xe
D

ofPIxx
D

y
1

1
..)sin(

1

1
221





    

= x
iD

ofePIx
iD

ofePI ixix

22

1
..

1)(

1
..

22 



 

=I.P. of x
iDD

e ix

1
2

2

2
1

2

1









 








 
 

 =I.P. of )(
2

2
1

2

1 2

x
iDD

eix
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 =I.P. )cossin(
2

1
]1[

2

1
)sin(cos xxxxxix 










 
  

 P.I2= )1(
1)1(

1
)1(

1

1 2

2

2

22 x
D

eex
D

y xx

p 





  

 )1(
2

1
2

1
.)1(

2
1

1

2

1
)1(

2

1 2

1

22

2
x

D

D
ex

DD
ex

DD
e xxx 



















 

 = )1(
842

11

2
)1(......

842
1

2

1 2
2

2
32

x
DD

D

e
x

DDD

D
e

x
x 

















  

 = 


















4

3

2

3

2328

2

4

2

22

1

32

2323 xxxexxx
x

e xx

 

 ∴  General solution is given by 

 21 ppc yyyy   

 i.e. 







 

4

3

2

3

232
)cossin(

2

1 23

21

xxxe
xxxecexcy

x
x

 

2.6  Method of variation of parameters: 

General form is  xRyp
dx

dy
p

dx

yd
 212

2

 Where P1, P2, X  are functions of X. 

Working rule: 

1. Reduce the given equation to the standard form. 

2. Find complementary function of   xRyp
dx

dy
p

dx

yd
 212

2

and let the solution be 

)()( 21 xvcxucyc  . 

3.P.I =Au+Bv where A and B are functions of x. 

4. Find w(u,v) =
dx

du
v

dx

dv
u  where w(u,v) is wronskian of u, v 

5. Find A and B using  dx
vuw

vR
A

),(
  

        




dx

du
v

dx

dv
u

vR
 

 




dx

du
v

dx

dv
u

uRdx
B  
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Complete solution is )()()()( 21 xBvxAuxvcxucy   where C1, C2 are constants. 

2

3

96.1
x

e
yyySolve

x

  

A) 
2

3
2 )96(

x

e
yDD

x

  

 A.E: 3,30)3(096 22  mmmm  

 xxx

c xececexccFCy 3

2

3

1

3

21 )(.   

 )()( 21 xvcxuc   

 Where xx xexvexu 33 )(,)(   

 xxx exexvexu 333 3)(,3)(   

 xxxxx exexeeeuvvuw 33333 3)3(   

 xxxx exexee 6666 33   

     xdx
xe

dx
x

exe

w

vRdx
A

x

xx

log1
6

2

33

 

    
x

dx
xe

dxx

ee

w

uRdx
B

x

xx

11
26

2

33

 

 )log(
1

log. 3333 xxxex exe
x

xxeIPy   

 Computing solution pc yyy   

 )log()( 333

21

xxx exeexccy   

2.Solve 
xeyDD 42 )23(  by the method of variation of parameters. 

Sol: A.E: 2,10)2)(1(0232  mmmmm  

 )()(:. 21

2

21 xvcxucececFCy xx

c   

 Where xx exandvexu 2)()(   

 xx exvandexu 22)()(   

 xxxxxxx eeeeeeeuvvuw 33322 22   

    
3

3
3

3

42 x
x

x

xx e
dxedx

e

ee

w

vRdx
A  

    
2

2
2

3

4 x
x

x

xx e
dxe

e

ee

w

uRdx
B  Let P.I=Au+Bv 
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62323

.
444

2
23 xxx

x
x

x
x

p

eee
e

e
e

e
IPy 





  

 ∴   Complete solution is pc yyy   

 
6

4
2

21

x
xx e

ececy   

3. Solve (D2+1)x =t cos 2t given x=0 +
dt

dx
=0 at t=0. 

Sol: Given D.E is (D2+1)x =t cos 2t. 

 A.E is m2+1=0 ⇒m=±i 

 Thus C.F.= tctcxc sincos 21   

 Now P.I.=
1

2cos

1

2

1

2cos
222 
















D

t

D

D
t

D

tt
x p   [Put D2=-4] 

 
9

2cos2

3

2cos

3

2cos

3

2 tDtttD
t 















  

 ∴
9

2sin4

3

2cos ttt
x p 


  

 Hence the general solution is 

 
9

2sin4

3

2cos
)sincos( 21

ttt
tctcx     ....(1) 

 By data, x=0 at t=0 

 ∴  (1) ⇒ 0=c1-0+0 ⇒ c1=0 

 Differentiating (1) w.r.t. ‘t’ we get 

 )0(2cos
9

8

3

2cos

3

2sin2
cos 12  ct

ttt
tc

dt

dx
   .....(2) 

 By data 0
dx

dt
at t=0 

 ∴ (2)⇒ 
9

5

9

8

3

1

9

8

3

1
000 22


 cc  

 Substituting the values of c1 and c2 in (1) , we get required solution as 

 
9

2sin4

3

2cos
sin

9

5 ttt
tx 


  

4.  Apply the method of variation of parameters of solve .cos
2

2

ecxy
dx

yd
  

Sol: Given equation in the operator form is (D2+1)y= cosec x ....(1) 

 Here P=0, Q=1 and R=cosec x 
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 A.E. is m2+1=0⇒ m=±i. The roots are complex conjugate numbers. 

 ∴  C.F is xcxcyc sincos 21   

 Let xBxAy p sincos     be the P.I of (1)    .....(2) 

Here  u=cosx ,v=sinx 

∴ 1sincos 22  x
dx

du
v

dx

dv
u  

 A and B are given by 

 A=   



 xdxdx
ecxx

dx

dx

vdu

dx

udv

vR

1

cossin
 

    



 |sin|logcotcos.cos xxdxecxdxxdx

dx

vdu

dx

udv

uR
B  

 ∴ |sin|log)sin(cos xxxxy p   

Hence the general solution is given by pc yyy   

i.e., )log(sinsincossincos 21 xsxxxcxcy   

5. Solve ,tan)( 22 axyaD  by the method of variation of parameters. 

Sol: Given equation is ,tan)( 22 axyaD   

 Here P=0,Q=a2 and R = tan ax 

 A.E. is m2+a2+0 ⇒m=±ai.  The roots are complex conjugate numbers. 

 ∴ axcaxcFCyc sincos. 21   

 Let axBaxAIPy p sincos.   

 Let u= cos ax and v=sin ax 

 Now a
dx

du
v

dx

dv
u   

 A and B  are given by 

 A=- dx
a

axax
dx

dx

du
v

dx

dv
u

vR
 



tan.sin
 

 =     


 axdxaxdx
a

dx
ax

ax

a
dx

ax

ax

a
cossec

1

cos

cos11

cos

sin1 22

 

Or ax
a

axax
a

A sin
1

|tansec|log
1

22
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 And ax
a

axdx
a

dx
a

axax

dx

du
v

dx

dv
u

uRdx
B cos

1
sin

1tancos
2  



  

The general solution is given by y=yc+yp 

i.e.,

axax
a

axax
a

axax
a

axcaxcy sin.cos
1

cossin
1

|tansec|log
1

sincos
22221 








  

Which can be written by |tansec|log
cos

sincos
221 axax

a

ax
axcaxcy   

6. Solve xxy
dx

yd
cos

2

2

 by the method of variation of parameters. 

Sol: Given equation in the operator form is 

 (D2+1)y=x cos x     .....(1) 

 Here P=0,Q=1 and R=x cosx 

 A.E is m2+1=0 ⇒m=±i.  the roots are complex conjugate numbers. 

 xxRxvxLetuxcxcyFC c cos,sin,cos.sincos.. 21   

 Then 1sincos 22  xx
dx

du
v

dx

dv
u  

 Let yp=P.I.=A cos x+B sin x, where A and B are functions of x. 

 A is given by 

 
2

1

1

cos.sin




   dx
xxx

dx

dx

du
v

dx

dv
u

vR
A   

 xx
x

xdxx
x

2sin
8

1
2cos

4
2cos

2

1
2cos

22

1









   

   



 dxxxxdx
xx

dx

du
v

dx

dv
u

uRdx
B )2cos(

2

1

1

cos.cos
 

 
8

2cos

4

2sin

42

)2cos1( 2 xxxx
dx

xx



  (integration by parts) 

  The general solution is given by= y=yc+yp 

 i.e., x
xxxx

xxx
x

xcxcy sin
8

2cos

4

2sin

4
cos2sin

8

1
2cos

4
sincos

2

21 
















   

7. Solve xyD 2sec)4( 2  , by the method of variation of parameters. 

Sol:Given equation is (D2+4)y=sec2x ....(1) 
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    ∴  A.E is m2+4=0 ⇒m=±2i 

    The roots are complex conjugate numbers. 

    xcxcFCyc 2cos2cos.. 21   

    Let yp=P.I.A=cos 2x+B sin 2x 

 Here u=cos 2x, v=sin2x and R =Sec 2x. 

 x
dx

dv
xand

dv

du
2cos22sin2   

 )2sin2(2sin)2cos2)(2(cos. xxxx
dx

du
v

dx

du
u   

 =2cos22x+2sin22x=2(cos22x+sin22x)=2 

 A and B are given by: 

   




2

|2cos|log

2

1
2tan

2

1

2

)2)(sec2(sin

.

x
dxxdx

xx
dx

dx

du
v

dx

dv
u

vR
A  

 
4

|2cos|log x
A   

 
22

1

2

2sec.2cos

.

x
dxdx

xx

dx

du
v

dx

dv
u

uRdx
B 



    

 )2(sin
2

)2(cos
4

|2cos|log
. x

x
x

x
IPy p   

 ∴ The general solution is given by: 

 IPFCyyy pc ..   

 i.e., x
x

x
x

xcxcy 2sin
2

|2cos|log
4

2cos
2sin2cos 21   

8. Solve xeyDD x tan)22( 2  by the method of variation of parameters. 

Sol: A.E is m2-2m+2=0  

 i
i

m 





 1
2

22

2

842
 

 We have xecxexcxcxcey xx

c sincos)sincos( 2121   

 Where u=ex cos x ,v=ex sinx 

 xexe
dx

dv
xexe

dx

du xxxx sincos,cos)sin(   

 Now )sincos(sin)sincos(cos xexexexexexe
dx

du
v

dx

dv
u xxxexx   

 = xx exxxxxxe 2222 )sincossinsincos(cos   
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 Using variation of parameters, 

  



 dxxe
e

xe
dx

dx

du
v

dx

dv
u

vR
A x

x

x

)sin(
tan
2

 

   


 dx
x

x
dx

x

x
xdxx

cos

)cos1(

cos

sin
sintan

22

 

=   xxxdxxx sin)tanlog(sec)cos(sec  

 


 dx

dx

du
v

dx

dv
u

uR
B   

   xxdxdx
e

xexe
x

xx

cossin
tan.cos

2
 

 General solution id given by y=yc+Au+Bv 

 i.e., xxexexxxxecxecy xxxx sincoscos]sin)tan[log(secsincos 21   

 or xexxxcxecy xx cos]sin2)tan[log(secsincos 21   

EXERCISE 

1. Solve yy 4 =tan 2x by the method of variation of parameters. 

2. Solve xy
dx

yd
3tan9

2

2

 by the method of variation of parameters. 

3. Solve xxy
dx

yd
sin

2

2

 by the method of parameters. 

ANSWERS 

1) ]2tan2log[sec2cos
4

1
2sin2cos 21 xxxxcxcy   

2) x
x

x
x

xcxcy cos
4

sin
2

3sin3cos
2

21   

3) x
x

x
x

xcxcy cos
4

sin
2

sincos
2

21
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LAPLACE TRANSFORM 

 

INTRODUCTION 

 

 The knowledge of Laplace transforms has in recent 

years become an essential part of mathematical  

background required of engineers and scientists. This is 

because the transform methods provide an easy and 

effective means for the solution of many problems arising 

in engineering. This subject originated from the 

operational methods applied by the English engineer 

Oliver Heaviside (1850-1925), to problems in electrical 

engineering. Unfortunately, Heaviside’s treatment was 

unsystematic and lacked rigour, which was placed on 

sound mathematical footing by Bromwich and Carson 

during 1916-17. It was found that Heaviside’s operational 

calculus is best introduced by means of a particular type of 

definite integrals called Laplace transforms. The method of 

Laplace transforms has the advantage of directly giving 

the solution of differential equations with given boundary 

values without the necessity of first finding the general 

solution and then evaluating from it the arbitrary constants. 

Moreover, the ready tables of Laplace transforms reduce 

the problem of solving differential equations to mere 

algebraic manipulation. 
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 Laplace transform is an integral transform employed in solving physical problems. 

 Many physical problems when analyzed assumes the form of a differential equation 

subjected to a set of initial conditions or boundary conditions. 

 By initial conditions we mean that the conditions on the dependent variable are specified 

at a single value of the independent variable. 

 If the conditions of the dependent variable are specified at two different values of the 

independent variable, the conditions are called boundary conditions. 

 The problem with initial conditions is referred to as the Initial value problem.  

 The problem with boundary conditions is referred to as the Boundary value problem. 

Example 1   : The problem of solving the equation xy
dx

dy

dx

yd


2

2

 with conditions y(0) = 

y  (0) = 1 is an initial value problem 

Example 2 : The problem of solving the equation  xy
dx

dy

dx

yd
cos23

2

2

  with y(1)=1, 

y(2)=3 is called Boundary value problem. 

Laplace transform is essentially employed to solve initial value problems.  This technique is of 

great utility in applications dealing with mechanical systems and electric circuits.  Besides the 

technique may also be employed to find certain integral values also.  The transform is named 

after the French Mathematician P.S. de’ Laplace (1749 – 1827). 

 

The subject is divided into the following sub topics. 

 

  

 
 

 

 
 

 

 

 

Continuity of a function at a point: 

𝑙𝑒𝑡 𝑓: 𝑆 → 𝑅, 𝑎 ∈ 𝑠,  we say that  𝑓 is continuous at  ‘ a ‘ if given 𝜀 > 0, ∃ 𝛿 > 0, ∋   |𝑥 − 𝑎| < 𝛿

⇒ |𝑓(𝑥) − 𝑓(𝑎)| < 𝜀, 𝑥𝜖𝑠 

𝑖. 𝑒. , lim
𝑥→𝑎

𝑓(𝑥) = 𝑓(𝑎) 

Continuity of a function in [a, b] 

A function 𝑓(𝑥) is said to be continuous in [a, b] if it is continuous at every point of the interval [a, b] 

Sectionally  continuous (or) piece  wise continuous : 

Let a function 𝑓(𝑡) be continuous in [a, b]  then the function 𝑓(𝑡) is said to be sectionally continuous  

(or) piece wise continuous if 𝑓(𝑡) is continuous in every subinterval when then [a, b] is divided into a 
finite number of subintervals  

Ex:  1.  𝐹(𝑡) = 𝑠𝑖𝑛𝑡     is  sectionally continuous in [0, 2𝜋] 
       2.  𝐹(𝑡) = 𝑐𝑜𝑠𝑡     is  sectionally continuous in [0, 2𝜋] 
Function of exponential order: 

LAPLACE TRANSFORMS 

Definition 

and Properties 

Transforms 

of some 

functions 

Convoluti

on theorem 

Inverse 

transforms 

Solution 

of 

differential 

equations 
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Let   𝑓(𝑡) be a  real valued function ∀𝑡 ≥ 0 then 𝑓(𝑡) is said to be a function of exponential order if  

 lim
𝑡→∞

𝑓(𝑥)  𝑒−𝑠𝑡 = 0 = 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑞𝑢𝑎𝑛𝑡𝑖𝑡𝑦 

Function of Class A 

A real valued function 𝑓(𝑡) is said to be a function of Class A if 

1. 𝑓(𝑡) is Sectionally continuous 

2. 𝑓(𝑡) is function of Exponential Order    

Ex: 1. Examine whether 𝑡𝑛  is function of exponential order 

Sol:: 𝑙𝑒𝑡 𝑓(𝑡) = 𝑡𝑛  

By the definition of function of exponential order 

lim
𝑡→∞

𝑓(𝑥)  𝑒−𝑠𝑡 =    lim
𝑡→∞

𝑡𝑛𝑒−𝑠𝑡   

lim
𝑡→∞

𝑛!

𝑠𝑛𝑒𝑠𝑡 =
𝑛!

𝑠𝑛𝑒∞ = 0     (𝑎𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝐿 𝐻𝑜𝑠𝑝𝑖𝑡𝑖𝑎𝑙𝑠 𝑟𝑢𝑙𝑒  𝑛 𝑡𝑖𝑚𝑒𝑠) 

⇒ 𝑡𝑛   𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 𝑜𝑟𝑑𝑒𝑟 

 

 

4.1  DEFINITION OF LAPLACE TRANSFORM: 
 

Let 𝐹(𝑡) be a function of Class A then the Laplace Transform of 𝐹(𝑡) is denoted by 𝐿{𝐹(𝑡)}  and is 

defined as  

            𝐿{𝐹(𝑡)} = ∫ 𝐹(𝑡)  𝑒−𝑠𝑡   𝑑𝑡 =   𝑓(𝑠) 𝑜𝑟 𝑓(𝑠)̅̅ ̅̅ ̅̅∞

0
,   where s is a parameter 

 

 

 

 

4.2   PROPERTIES OF LAPLACE TRANSFORM:  
 

 

1. If ‘C’ is any constant and 𝑓(𝑠) is the laplace transform of 𝐹(𝑡) then show that  

𝐿{𝐶𝐹(𝑡)} = 𝐶 𝑙{𝐹(𝑡)} = 𝐶 𝑓(𝑠) 

Proof::  Given 𝐿{𝐹(𝑡)} = 𝑓(𝑠) 

By the definition Laplace Transfrom 

𝐿{𝐹(𝑡)} = ∫ 𝐹(𝑡)𝑒−𝑠𝑡𝑑𝑡

∞

0

= 𝑓(𝑠) 

𝐿{𝐶𝐹(𝑡)} = ∫ 𝐶𝐹(𝑡)𝑒−𝑠𝑡𝑑𝑡

∞

0

= 𝐶 ∫ 𝐹(𝑡)𝑒−𝑠𝑡𝑑𝑡

∞

0

= 𝐶𝐿{𝐹(𝑡)} = 𝐶𝑓(𝑠) 

 

LINEARITY PROPERTY  : For any two functions f(t) and (t) (whose Laplace transforms exist)  

   and any two constants a and b, we have 

      L {aF(t) +  b (t)}  =  a L{ f(t)}  +  b L{(t)} 

   Proof :- By definition, we have 

𝐿{𝐹(𝑡)} = ∫ 𝐹(𝑡)𝑒−𝑠𝑡𝑑𝑡

∞

0

= 𝑓(𝑠) 

L{aF(t) + b(t)}  =    dttbtaFe st




 
0

)()(     =   
 

 
0 0

)()( dttebdttFea stst   
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     =  a L {F(t)} +  b L{(t)} 

  This is the desired property. 

 In particular, 𝑓𝑜𝑟 𝑎 = 𝑏 = 1, we have 

    𝐿 { 𝑓(𝑡) +   (𝑡)} =   𝐿 {𝑓(𝑡)} +   𝐿{(𝑡)} 
   and 𝑓𝑜𝑟 𝑎 =  −𝑏 =  1, we have 

𝐿 {𝑓(𝑡) −   (𝑡)} =   𝐿 {𝑓(𝑡)} −   𝐿{(𝑡)} 

 

4.3 LAPLACE TRANSFORMS OF SOME FUNCTIONS 

 

Let a be a constant.  Then 

1. 𝐿{𝑒𝑎𝑡}  =   
 

 
0 0

)( dtedtee tasatst

 

 
 

                 =  
asas

e tas







 1

)(
0

)(

,     𝑠 >  𝑎 

            Thus, 

  𝐿{𝑒𝑎𝑡}  =  
as 

1
 

 In particular, when 𝑎 = 0, we get 

 𝐿{1} =  
s

1
 ,      𝑠 >  0 

2.L{𝑐𝑜𝑠ℎ 𝑎𝑡}  =  






  

2

atat ee
L         =   



 
0

2

1
dteee atatst

 

          =    dtee tastas




 
0

)()(

2

1
 

        𝐿𝑒𝑡   𝑠 >  |𝑎| .  𝑇ℎ𝑒𝑛, 

  



















0

)()(

)()(2

1
}{cosh

as

e

as

e
atL

tastas

        =  
22 as

s


 

        Thus,   

   𝐿 {𝑐𝑜𝑠ℎ 𝑎𝑡}  =  
22 as

s


,    𝑠 >  |𝑎| 

3.  𝐿 {𝑠𝑖𝑛ℎ 𝑎𝑡}  =  
222 as

aee
L

atat










  

 ,     𝑠 >  |𝑎| 

     Thus, 

 𝐿 {𝑠𝑖𝑛ℎ 𝑎𝑡}  =  
22 as

a


,    𝑠 >  |𝑎| 
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4. 𝐿 {𝑠𝑖𝑛 𝑎𝑡}  =  




0

sin ate st  𝑑𝑡 

    Here we suppose that s > 0 and then integrate by using the formula 

   


 bxbbxa
ba

e
bxdxe

ax
ax cossinsin

22
 

     Thus, 

. 𝐿{𝑠𝑖𝑛𝑎𝑡} =  




0

sin ate st  𝑑𝑡 = [
𝑒−𝑠𝑡

(−𝑠)2+𝑎2
[(−𝑠)𝑠𝑖𝑛𝑎𝑡 − 𝑎𝑐𝑜𝑠𝑎𝑡]]

𝑡=0

∞

 

 𝐿 {𝑠𝑖𝑛 𝑎𝑡}  =  
22 as

a


,   𝑠 >  0 

      

5. 𝐿 {𝑐𝑜𝑠 𝑎𝑡}  =  atdte st cos
0





 

    Here we  suppose that s>0 and integrate by using the formula 

      


 bxbbxa
ba

e
bxdxe

ax
ax sincoscos

22
 

     Thus, 

𝐿 {𝑐𝑜𝑠 𝑎𝑡} =  atdte st cos
0




 = [
𝑒−𝑠𝑡

(−𝑠)2 + 𝑎2
[(−𝑠)𝑐𝑜𝑠𝑎𝑡 + 𝑎 𝑠𝑖𝑛𝑎𝑡]]

𝑡=0

∞

 

    𝐿 {𝑐𝑜𝑠 𝑎𝑡}  =  
22 as

s


,    𝑠 >  0 

       
6. Let n be a constant,  which is a non-negative real number or a negative non-integer.  Then 

    𝐿{𝑡𝑛} =  




0

dtte nst

                       

 
 





 









0 0

1

1
}{ dxxe

ss

dx

s

x
etL nx

n

n

xn  

    Let 𝑠 >  0 𝑎𝑛𝑑 𝑠𝑒𝑡 𝑠𝑡 =  𝑥,      then 

    

     The integral dxxe nx






0

  is called gamma function of (n+1) denoted by )1(  n . Thus  

    
1

)1(
}{






n

n

s

n
tL  

      In particular, if n is a non-negative integer then )1(  n = 𝑛!.  Hence 

   
1

!
}{




n

n

s

n
tL  
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TABLE OF LAPLACE TRANSFORMS 

f(t) 𝑳{𝑭(𝒕)} = 𝒇(𝒔) 

1 
s

1
 ,   s > 0 

𝑒𝑎𝑡 
as 

1
 ,  s > a 

𝑒−𝑎𝑡 
as 

1
 ,  s > a 

𝑐𝑜𝑠ℎ𝑎𝑡 
22 as

s


,  s > |a| 

𝑠𝑖𝑛ℎ𝑎𝑡 
22 as

a


 ,  s > |a| 

𝑠𝑖𝑛𝑎𝑡 
22 as

a


,  s > 0 

𝑐𝑜𝑠𝑎𝑡 
22 as

s


 ,  s > 0 

𝑡𝑛 ,    𝑛 = 0,1,2, … .. 
1

!
ns

n
 ,  s > 0 

1

)1(



ns

n
,  s > 0 

4.4 CHANGE OF SCALE PROPERTY  

 If 𝑳{ 𝑭(𝒕)}  =  𝒇(𝒔), then 𝑳{𝒇(𝒂𝒕)}  =  








a

s
f

a

1
, where a is a positive   constant. 

PROOF :- By definition, we have 

𝐿{𝐹(𝑡)} = ∫ 𝐹(𝑡)𝑒−𝑠𝑡𝑑𝑡

∞

0

= 𝑓(𝑠) 

𝐿{𝑓(𝑎𝑡)}  =  




0

)( dtatfe st
    (1) 

 Let us set   𝑎𝑡 =  𝑥. Then expression (1) becomes, 

𝐿{𝐹(𝑎𝑡)}  =  












0

)(
1

dxxfe
a

x
a

s

 









a

s
f

a

1
 

This is the desired property. 

 

4.5 FIRST SHIFTING THEOREM  
 

 If L{𝑭(𝒕)} = 𝒇(𝒔) 𝒕𝒉𝒆𝒏 𝑳{𝒆𝒂𝒕𝑭(𝒕)} = 𝒇(𝒔 − 𝑎)       

 PROOF :-  By the definition of Laplace Transform we have 

𝐿{𝐹(𝑡)} = ∫ 𝐹(𝑡)𝑒−𝑠𝑡𝑑𝑡
∞

0
= 𝑓(𝑠)  
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𝐿 {𝑒𝑎𝑡  𝐹(𝑡)}  =   




0

)( dttfee atst     =  




0

)( )( dttfe as  

             =  𝑓(𝑠 − 𝑎) 

ALITER::  

if L{𝐹(𝑡)} = 𝑓(𝑠) 𝑡ℎ𝑒𝑛 𝐿{𝑒−𝑎𝑡𝐹(𝑡)} = 𝑓(𝑠 + 𝑎)       
PROOF :-  By the definition of Laplace Transform we have 

𝐿{𝐹(𝑡)} = ∫ 𝐹(𝑡)𝑒−𝑠𝑡𝑑𝑡
∞

0
= 𝑓(𝑠)  

𝐿 {𝑒−𝑎𝑡  𝐹(𝑡)}  =   




0

)( dttfee atst     =  




0

)( )( dttfe as  

               =  𝑓(𝑠 + 𝑎) 

    This is the desired property.   

Here we note that the Laplace transform of eat f(t) can be  written down directly by changing s to s-a 
in the Laplace transform of f(t). 

 

APPLICATION OF FIRST  SHIFTING THEOREM  

The shifting property is  

If   𝐿 {𝑓(𝑡)}  =  𝑓(𝑠), then 𝐿{𝑒𝑎𝑡  𝑓(𝑡)}  =  𝑓(𝑠 − 𝑎) 

Application of this property leads to the following results : 

1.   
ass

ass

at

bs

s
btLbteL



 











22
}{cosh}cosh{     = 

22)( bas

as




 

     Thus, 

     𝐿{𝑒𝑎𝑡  𝑐𝑜𝑠ℎ𝑏𝑡}     =  
22)( bas

as




 

2.   
2222 )(

}{sinh}sinh{
bas

a

bs

b
btLbteL

ass

ass

at


















 

3.  
22)(

}cos{
bas

as
bteL at




  

4.  
22)(

}sin{
bas

b
bteL at


  

5. 
1)(

)1(
}{






n

nat

as

n
teL    or   

1)(

!
 nas

n
   as the case may be 

6.  Find L{e-3t (2cos5t – 3sin5t)} 

Sol:: Given  =     2L{e-3t cos5t} – 3L{e-3t sin5t} 
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  = 
 

25)3(

15

25)3(

3
2

22 






ss

s
,  by using shifting property 

  = 
346

92
2 



ss

s
 ,   on simplification 

7. Find 𝐿{𝑐𝑜𝑠ℎ𝑎𝑡 𝑠𝑖𝑛𝑎𝑡} 

Sol:: Here 

 𝐿{𝑐𝑜𝑠ℎ𝑎𝑡 𝑠𝑖𝑛𝑎𝑡} = 
 







  

at
ee

L
atat

sin
2

 

   = 











 2222 )()(2

1

aas

a

aas

a
 by first shifting property in L.T. 

 

                                                                         , on simplification 

 

8. Find 𝐿{𝑐𝑜𝑠ℎ𝑡 𝑠𝑖𝑛32𝑡} 

Sol:: Given 

   
















 







  

4

6sin2sin3

2

ttee
L

tt

 

 =  }6sin{}2sin{3}6sin{}2sin{3
8

1
teLteLteLeL tttt    

 = 

















 36)1(

6

4)1(

6

36)1(

6

4)1(

6

8

1
2222 ssss

 

 = 

















 36)1(

1

24)1(

1

36)1(

1

4)1(

1

4

3
2222 ssss

 

9. Find }{ 2
5

4  teL t
 

Sol:: We have 

  𝐿{𝑡𝑛}  =  
1

)1(



ns

n
   𝑃𝑢𝑡 𝑛 =  −5/2.  𝐻𝑒𝑛𝑐𝑒 

])][()[(

)2(
2222

22

aasaas

asa
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   L{t-5/2} = 
2/32/3 3

4)2/3(





ss


  Change s to s+4 by first shifting Theorem in L.T.  

Therefore,     
2/3

2/54

)4(3

4
}{








s
teL t 

 

PROBLEMS 

1. Find 𝐿{𝑓(𝑡)} 𝑔𝑖𝑣𝑒𝑛   𝑓(𝑡)  = {
𝑡,      0 <  𝑡 <  3
4,              𝑡 >  3

 

 Sol::   Here 

     𝐿{𝑓(𝑡)}  =    
 

 
0

3

0 3

4)( dtetdtedttfe ststst
 

     Integrating the terms on the RHS,  we get 

 𝐿{𝑓(𝑡)}  =  )1(
11 3

2

3 ss e
s

e
s

   

    This is the desired result. 

2. Find 𝐿𝑓(𝑡) 𝑔𝑖𝑣𝑒𝑛 𝑓(𝑡)  = {
sin2t,         0 <  𝑡   

0,       t >   
        

Sol::   Here 

 𝐿{𝑓(𝑡)}  =  


 




dttfedttfe stst )()(
0

   =  




0

2sin tdte st
 

                =   


0

2
2cos22sin

4














tts
s

e st

     =   se
s




1
4

2
2

 

     This is the desired result. 

 

3.  Evaluate : (i)       L{sin3t sin4t} 

(ii)  L{cos2 4t} 

(iii)  L{sin32t} 

 

Sol::   (i)  Here 

 𝐿{𝑠𝑖𝑛3𝑡 𝑠𝑖𝑛4𝑡} =  𝐿 { )}7cos(cos
2

1
tt   
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            =  }7{cos}{cos
2

1
tLtL  ,  by using linearity property 

            = 
)49)(1(

24

4912

1
2222 













 ss

s

s

s

s

s
 

 (ii)  Here 

 L{cos24t} = 




















64

1

2

1
)8cos1(

2

1
2s

s

s
tL  

 

 (iii) We have 

   3sinsin3
4

1
sin 3   

        For =2t,    we get 

  ttt 6sin2sin3
4

1
2sin 3   

   so that 

 
)36)(4(

48

36

6

4

6

4

1
}2{sin

2222

3


















ssss
tL   

   This is the desired result. 

4.  Find    𝐿{𝑐𝑜𝑠𝑡 𝑐𝑜𝑠2𝑡 𝑐𝑜𝑠3𝑡} 

Sol::   Here 

 𝑐𝑜𝑠2𝑡 𝑐𝑜𝑠3𝑡 =  ]cos5[cos
2

1
tt   

so that 

 𝑐𝑜𝑠𝑡 𝑐𝑜𝑠2𝑡 𝑐𝑜𝑠3𝑡 =  ]coscos5[cos
2

1 2 ttt   

       =  ]2cos14cos6[cos
4

1
ttt   

 Thus 

 𝐿{𝑐𝑜𝑠𝑡 𝑐𝑜𝑠2𝑡 𝑐𝑜𝑠3𝑡}  =  














 4

1

16364

1
222 s

s

ss

s

s

s
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5. Find    𝐿{𝑐𝑜𝑠ℎ22𝑡} 

Sol::     We have 

 

2

2cosh1
cosh 2 





 

For  =  2𝑡, we get 

 

2

4cosh1
2cosh 2 t
t




 

Thus,  

 











16

1

2

1
}2{cosh

2

2

s

s

s
tL  

 

6. Evaluate    (i) 𝐿{ t }     (ii)  








t
L

1
   (iii) 𝐿{𝑡−

3

2} 

Sol::      We have    𝐿{𝑡𝑛}  =  
1

)1(



ns

n
 

 (i) For 𝑛 =  
2

1
, we get 

𝐿{𝑡1/2}  =  
2/3

)1
2

1
(

s


 

          Since )()1( nnn  ,  we have 
22

1

2

1
1

2

1 


















  

          Thus,    
2

3

2
}{

s
tL


  

       (ii) For 𝑛 =  −
2

1
,   we get 

               
ss

tL

















2
1

2
1 2

1

}{      
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        (iii) For 𝑛 =  −
2

3
,  we get 

              s
ss

tL 


2
22

1

}{
2

1
2

1
2

3




















 

       7.  Evaluate :  (i)  𝐿{𝑡2}     (ii)   𝐿{𝑡3} 

     Sol::           We have, 

  𝐿{𝑡𝑛}  =  
1

!
ns

n
 

      (i) For 𝑛 =  2, we get 

 𝐿{𝑡2}  =  
33

2!2

ss
  

      (ii) For 𝑛 = 3, we get 

 𝐿{𝑡3 } =  
44

6!3

ss
  

 

 

EXERCISE  

I    Find 𝑳{ 𝑭(𝒕) } in each of the following cases : 

1. 𝐹(𝑡) = {
𝑒𝑡         ,0 < 𝑡 < 1
0                 , 𝑡 > 1

 

2. 𝐹(𝑡) = {
𝑡

𝜏
       ,0 < 𝑡 < 𝜏

1                 , 𝑡 > 𝜏
 

3. 𝐹(𝑡) = {
𝑡

𝑎
,      0 < 𝑡 ≤ 𝑎

0                 , 𝑡 > 𝑎
 

II. Find the Laplace transforms of the following functions : 

4.  cos(3t + 4)  5.  Sin2t sin3t  6.  Cos5t cos2t  7.  Sin4t cost 

8.  sint sin2t sin3t 9.  sin2 5t  10. (𝑠𝑖𝑛𝑡 − 𝑐𝑜𝑠𝑡)2  11. cos3 2t 

12. sinh3 2t  13. t5/2   14. 

3

1










t
t  15. 

1

√𝜋𝑡
 

16. sinhat-sinat    17. e3t  sin2 t  18. e2t sin3t  cost 19. (1 + 𝑡𝑒−𝑡)3 
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20. t2 e3t sint  21. 
t

e t21 
    22. 

t

ee btat  
  23. 

t

t2sin
 

24. 
t

tt 2sin4cos
 

ANSWERS 

(I) 1.        
𝑒1−𝑠−1

1−𝑠
       2.            

1−𝑒−𝑠𝑡

𝜏𝑠2       3.  
1−𝑒−𝑎𝑠

𝑠2  

(II) 4.  
𝑠𝑐𝑜𝑠4−3𝑠𝑖𝑛4

𝑠2+9
     5.   

12𝑠

(𝑠2+1)(𝑠2+25)
      6.   

𝑠(𝑠2+29)

(𝑠2+9)(𝑠2+49)
      7.       

1

2
[

5

𝑠2+25
+

3

𝑠2+9
] 

8.    
1

4
[

2

𝑠2+22 −
6

𝑠2+62 +
4

𝑠2+42
]    9.   

50

𝑠(𝑠2+100)
         10.  

1

𝑠
−

2

𝑠2+4
      11.

1

4
[

𝑆

𝑆2+36
+

3𝑆

𝑆2+4
] 

12.   
48

(𝑆2−4)(𝑆2−36)
     13.

15

8𝑆
7

2⁄
√𝜋     14.  

√𝜋

4
[

3

𝑆
5

2⁄
−

6

𝑆
3

2⁄
+

12

√𝑆
+ 8√𝑆]   15.  

1

√𝑠
       16.   

2𝑎3

𝑠4−𝑎4
 

17.      
1

2
[

1

𝑠−3
−

𝑠−3

(𝑠−3)2+4
]      18.  

2

(𝑠−2)2+16
+

1

((𝑠−2)2+4)
      19.     

1

𝑠
+

3

(𝑠+1)2
+

6

(𝑠+2)3
+

6

(𝑠+3)4
 

20.  
6(𝑠−3)2−2

((𝑠−3)2+1)3     21.  log(
𝑠+2

𝑠
)     22.  log(

𝑠+𝑏

𝑠+𝑎
)    23.

1

4
𝑙𝑜𝑔 (

𝑠2+4

𝑠2 )    24.  
1

2
[tan−1 𝑠

2
+ tan−1 𝑠

6
] 

4.6 LAPLACE TRANSFORM OF 𝒕𝒏 𝑭(𝒕) 

       Show that  )}({ tFtL n
= )()1( sF

ds

d
n

n
n  

Proof:: 

Here we suppose that n is a positive integer.  By definition, we have 

 𝐿{𝐹(𝑡)} = 𝑓(𝑠)  =  




0

)( dttFe st  

     Differentiating ‘n’ times on both sides w.r.t. s, we get 

 









0

)()( dttFe
s

sf
ds

d st

n

n

n

n

 

    Performing differentiation under the integral sign, we get 

   



0

)()()( dttFetsf
ds

d stn

n

n

 

   Multiplying on both sides by (-1)n , we get 
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0

)}({)(()()1( tFtLdtetFtsf
ds

d nstn

n

n
n

,  by definition 

Thus, 

 )}({ tFtL n
= )()1( sF

ds

d
n

n
n  

   In particular, we have 

 𝐿{𝑡 𝑓(𝑡)}  =  )(sF
ds

d
 ,  for n=1 

 𝐿{𝑡2 𝑓(𝑡)} = )(
2

2

sF
ds

d
,   for n=2,   etc. 

 

 

4.7 LAPLACE  TRANSFORM OF 
t

F(t)
 

Show that 











s

dssf
t

tF
L )(

)(
 

Proof:: We have , 𝑓(𝑠)  =  




0

)( dttFe st
 

Therefore, 

 














 

s s
dsdttFstedssf

0
)()(      = dtdsetF

s

st

 
 











0

)(  

 = 
 













0

)( dt
t

e
tF

s

st

               = 





















0

)()(

t

tF
Ldt

t

tF
e st

 

   Thus, 

 











s

dssf
t

tF
L )(

)(
 

PROBLEMS 

1.  Find 𝐿{𝑡𝑒−𝑡  𝑠𝑖𝑛4𝑡} 
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Sol:: We have, 

 
16)1(

4
}4sin{

2 


s
teL t

  

      So that, 

  𝐿{𝑡𝑒−𝑡  𝑠𝑖𝑛4𝑡} = 



















172

1
4

2 ssds

d
 

          = 
22 )172(

)1(8





ss

s
 

2. Find 𝐿{𝑡2 𝑠𝑖𝑛3𝑡} 

Sol:: We have 

 𝐿{𝑠𝑖𝑛3𝑡}  =  
9

3
2 s

 

     So that, 

 𝐿{𝑡2 𝑠𝑖𝑛3𝑡} = 








 9

3
22

2

sds

d
     = 

22 )9(
6




s

s

ds

d
     = 

  

 

2. Find 

 

}sin{ teL t
       

Sol::   We have 

 
1)1(

1
}sin{

2 


S
teL t

 

     Hence 






 

t

te
L

t sin
=  


 


0

1

2
)1(tan

1)1(
ss

s

ds
 

          = )1(tan
2

1   s


   = cot –1 (s+1) 

4. Find 








t

t
L

sin
. Using this, evaluate









t

at
L

sin
 

 Sol::     We have 

 𝐿{𝑠𝑖𝑛𝑡}  =  
1

1
2 s

 

       So that 
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 L{f(t)} = 








t

t
L

sin
 =  




 S

s

s
s

ds 1

2
tan

1
 

              = )(cottan
2

11 sfss  
 

        Consider 

 𝐿 {
t

atsin
} = 𝑎 𝐿 { 









at

atsin
} 𝐿 )}({ atFaL  

        = 
















a

s
f

a
a

1
,  in view of the change of scale property 

       = 








a

s1cot  

 

5. Find 𝐿 {
t

btat coscos 
} 

Sol::      We have 

 𝐿 {𝑐𝑜𝑠𝑎𝑡 –  𝑐𝑜𝑠𝑏𝑡}  =  
2222 bs

s

as

s





 

     So that 

 𝐿 {
t

btat coscos 
} = ds

bs

s

as

s

s
















 2222
      = 

























s
bs

as
22

22

log
2

1
  

        = 


































 22

22

22

22

loglog
2

1

bs

as

bs

as
Lt

s
 

        = 






















22

22

log0
2

1

as

bs
    = 












22

22

log
2

1

as

bs
 

6. Prove that     


 
0

3

50

3
sin tdtte t

 

 Sol::    We have 

 


 
0

}sin{sin ttLtdtte st
    =  }{sin tL

ds

d
    = 












1

1
2sds

d
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                                  = 
22 )1(

2

s

s
 

     Putting s = 3 in this result, we get 

 


 
0

3

50

3
sin tdtte t

 

     This is the result as required. 

EXERCISE  

I     Evaluate the following integrals using Laplace transforms : 

1. 




0

2 cos dttte t
  2. 





0

3 sin dttte t
  3. 

 








 

0

dt
t

ee btat

 

4. 
 

0

2sin
dt

t

te at

 

ANSWERS 

1.  
3

25
      2.      0        3.   log(𝑏/𝑎)    4.   

1

4
𝑙𝑜𝑔 (

𝑎2+4

𝑎2 ) 

4.8 LAPLACE TRANSFORMS OF THE DERIVATIVES OF F(t) 

 Show that 𝑳{𝑭′(𝒕)} = 𝒔𝑳{𝑭(𝒕)} − 𝑭(𝟎) and 

)0(.......)0(')0()}({)}({ 121   nnnnn FFsFstFLstFL  

Proof:: 

Consider 

 𝐿{𝐹′(𝑡)}=∫ 𝑒−𝑠𝑡𝐹′(𝑡)𝑑𝑡
∞

0
 

  =   


 
0

0 )()()( dttFestFe stst
, by using integration by parts 

  =   )()0()(( tsLFFtFeLt st

t



 

  = 0 −  𝐹(0)  +  𝑠 𝐿{𝐹(𝑡)} 

Thus 

 𝐿{𝐹′(𝑡)}  =  𝑠 𝐿{𝐹(𝑡)} –  𝐹(0) 

Similarly,  

 𝐿{𝐹′′(𝑡)} = 𝑠2𝐿{𝐹(𝑡)} − 𝑠𝐹(0) − 𝐹′(0).  

In general, we have  

 )0(.......)0(')0()}({)}({ 121   nnnnn FFsFstFLstFL
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4.9 𝐋𝐀𝐏𝐋𝐀𝐂𝐄 𝐓𝐑𝐀𝐍𝐒𝐅𝐎𝐑𝐌 𝐎𝐅 ∫ 𝑭(𝒕)𝒅𝒕
𝒕

𝟎
  

𝐒𝐡𝐨𝐰 𝐓𝐡𝐚𝐭 )}({
1

)(
0

tFL
s

dttfL

t











  

Proof::            Let  (t) = 
t

dttf
0

)( .  Then     (0) = 0   and   (t) = f(t) 

Now, 

       L {(t)} = 




0

)( dtte st  

         = 
 
















00

)()( dt
s

e
t

s

e
t

stst

  

         = 



0

)(
1

)00( dtetf
s

st
 

Thus, 

 )}({
1

)(
0

tFL
s

dttfL

t









  

PROBLEMS  

 1. By using the Laplace transform of 𝑠𝑖𝑛𝑎𝑡, find the Laplace transform of 𝑐𝑜𝑠𝑎𝑡. 

  Sol::     Let 

 F(t) = 𝑠𝑖𝑛 𝑎𝑡, then L{F(t)} = 
22 as

a


 

     We note that 

 atatF cos)('   

      Taking Laplace transforms, we get 

 }{cos}cos{)}('{ ataLataLtFL   

       or  L{cosat} =  )0()}({
1

)}('{
1

FtFsL
a

tFL
a

  

    = 










0

1
22 as

sa

a
 

        Thus 

 𝐿{𝑐𝑜𝑠𝑎𝑡}  =  
22 as

s


 

       This is the desired result. 
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2. Given  
2/3

1
2

s

t
L 










,  show that 

st
L

11











 

Sol::  Let F(t) = 


t
2 ,  given L{F(t)} = 

2/3

1

s
 

     We note that, 
tt

tF


1

2

12
)('   

      Taking Laplace transforms, we get 

   









t
LtFL



1
)}('{  

      Hence 

 )0()}({)}('{
1

FtFsLtFL
t

L 









 

       = 0
1

2/3










s
s  

       Thus 

 
st

L
11











 

      This is the result as required. 

 

3. Find   
















 

t

dt
t

btat
L

0

coscos
 

Sol::   Here 

 L{F(t)} = 




























 
22

22

log
2

1coscos

as

bs

t

btat
L  

      Using the result 

 𝐿 {∫ 𝐹(𝑡)𝑑𝑡
𝑡

0
} =

1

𝑠
𝐿{𝐹(𝑡)} 

      We get, 

 
















 

t

dt
t

btat
L

0

coscos
 = 












22

22

log
2

1

as

bs

s
 

 

4.  Find   










 tdtteL

t

t

0

4sin  

Sol::    Here 
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22 )172(

)1(8
}4sin{






ss

s
teL t

 

      Thus 

 












t

t tdtteL
0

4sin  = 
22 )172(

)1(8





sss

s
 

EXERCISE 

1. Find  (i)  








t

dt
t

t
L

0

sin
        (ii) 












t

t tdtteL
0

5sin   (iii) 









t t

dt
t

te
L

0

sin
 

               (v) 








t

dt
t

t
L

0

3sin

 
 

ANSWERS 

(i) 
𝜋

2𝑠
−

1

𝑠
tan−1 𝑠       (ii) 

10(𝑠+1)

𝑠((𝑠+1)2+25)2   (iii)   
1

𝑠
[

𝜋

2
− tan−1(𝑠 + 1)]   

(iv)  
1

𝑠
[

𝜋

4
−

3

4
tan−1 𝑠 +

1

4
tan−1 (

𝑠

3
)] 

4.10  INVERSE LAPLACE TRANSFORM 

  Def::  Let 𝐿{ 𝐹(𝑡)}  =  𝑓(𝑠).  Then F(t) is defined as the inverse Laplace transform of f(s) and is 

denoted  by 𝐿−1 {𝑓(𝑠)}.  Thus   𝐿−1 {𝑓(𝑠)} = 𝐹(𝑡). 

4.11  LINEARITY PROPERTY 

Let 𝐿−1 {𝑓(𝑠)} = 𝐹(𝑡)  and𝐿−1 {𝑔(𝑠)} = 𝐺(𝑡) and   a and b    be any two constants.  Then   

𝐿−1 {𝑎𝑓(𝑠) + 𝑏𝑔(𝑠)} = 𝑎 𝐿−1 {𝑓(𝑠)} + 𝑏𝐿−1 {𝑔(𝑠)} 

TABLE OF INVERSE LAPLACE TRANSFORMS 
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PROBLEMS 

 

1. Find the inverse Laplace transforms of the following: 
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Sol::   Here  
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4.12 FIRST SHIFTING THEOREM OF INVERSE LAPLACE TRANSFORM 

Statement:: if  𝑳−𝟏 {𝒇(𝒔)} = 𝑭(𝒕)    𝒕𝒉𝒆𝒏 𝑳−𝟏 {𝑓(𝑠 − 𝑎)} =  𝑒𝑎𝑡  𝐿−1{ 𝑓(𝑠)} 

Proof:: 

 By First Shifting Theorem of Laplace Transform we have 

 If   𝐿 {𝐹(𝑡)}  =  𝑓(𝑠),  then 𝐿{𝑒𝑎𝑡  𝐹(𝑡)}  =  𝑓(𝑠 –  𝑎),  and so 

   𝐿−1 {𝑓(𝑠 –  𝑎)}   =   𝑒𝑎𝑡  𝐹(𝑡)   =  𝑒𝑎𝑡  𝐿−1{ 𝑓(𝑠)} 
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PROBLEMS 
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Sol::   havewe  
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           Then 

 2s2+5s-4 = A(s+2) (s-1) + Bs (s-1) + Cs (s+2) 

For s = 0, we get A = 2, for s = 1, we get C = 1 and for s = -2, we get B = -1.  Using these values in 

(1), we get 
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  Then 

 4s + 5  = A(s + 2) + B(s + 1) (s + 2) + C (s + 1)2 

For s = -1, we get A = 1, for s = -2, we get C = -3 

Comparing the coefficients of s2, we get B + C = 0, so that B = 3.  Using these values in (1), we get 
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  Hence 

     s3 = A(s + a) (s2 + a2) + B (s-a)(s2+a2)+(Cs + D) (s2 – a2) 

For s = a, we get A = ¼; for s = -a, we get B = ¼; comparing the constant terms, we get 



 

 123 

D = a(A-B) = 0; comparing the coefficients of s3, we get 

1 = A + B + C and so C = ½.  Using these values in (1), we get 
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EXERCISE 

I.Find Inverse Laplace Transform of the following  

1.     
4

𝑆−4
         2.    

4𝑆

𝑆2−4
       3.

5𝑆+1

𝑆2+16
       4.     

𝑆2−3𝑆+4

𝑆3          5.   
√𝑆+9

𝑆
7
2

 

6.      
3𝑆−10

4𝑆2−9
+

9𝑆−50

16−𝑆2       7.     
1

2𝑆2+3
 

II. Find the Inverse Laplace Transform of the following  

1.  
1

(𝑠+1)(𝑠−2)
      2.   

1

(𝑠+1)(𝑠+2)(𝑠+3)
    3.

1

(𝑠+1)(𝑠2+1)
     4.   

𝑠

(𝑠+2)(𝑠2+1)
     

5.    
4𝑠+5

(𝑠−1)2(𝑠+2)
       6.

𝑠2

(𝑠−1)(𝑠2+1)
      7.   

𝑠2+10𝑠+13

(𝑠−1)(𝑠2−5𝑠−6)
 

ANSWERS   

I. 

 1.   4𝑒4𝑡    2.  4𝑐𝑜𝑠ℎ2𝑡    3.  5𝑐𝑜𝑠4𝑡 +
1

4
𝑠𝑖𝑛4𝑡     4.   1 − 3𝑡 + 2𝑡3     

5.       
1

2
𝑡2 +

24

5
√𝜋𝑡

5
2⁄       6.          

3

4
𝑐𝑜𝑠ℎ

3𝑡

2
−

5

3
𝑠𝑖𝑛ℎ

3𝑡

2
− 9𝑐𝑜𝑠ℎ4𝑡 +

25

2
𝑠𝑖𝑛ℎ4𝑡 

7.   
1

√6
𝑠𝑖𝑛√

3

2
𝑡 

II. 

1.   
1

3
𝑒2𝑡 −

1

3
𝑒−𝑡    2.       

1

2
[𝑒−𝑡 − 2𝑒−2𝑡 + 𝑒−3𝑡]     3.     

1

2
[𝑒−𝑡 − 𝑐𝑜𝑠𝑡 + 𝑠𝑖𝑛𝑡] 

4.    −
2

5
𝑒−2𝑡 +

2

5
𝑐𝑜𝑠𝑡 +

1

5
𝑠𝑖𝑛𝑡     5.   

2

3
𝑒𝑡 + 3𝑡𝑒𝑡 + 𝑒−2𝑡        

6.        
1

2
𝑒𝑡 +

1

2
(𝑐𝑜𝑠𝑡 + 𝑠𝑖𝑛𝑡)        7.   −

12

5
𝑒𝑡 +

2

7
𝑒−𝑡 +

109

35
𝑒6𝑡 

 

4.13    EVALUATION OF L-1[e-as  f(s)] 

We have, if  𝑳{𝑭(𝒕)}  =  𝒇(𝒔), then 𝑳{𝑭(𝒕 − 𝒂) 𝑯(𝒕 − 𝒂)}  =  𝒆−𝒂𝒔 𝒇(𝒔), and so  

L
-1

[e
-as

 F(s)] = f(t-a) H(t-a) 
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EXERCISE 

I. Find the Inverse Laplace Transform of the following  

1. 
1

(𝑠−3)5     2   
𝑠

(𝑠+2)3    3.  
𝑠+2

𝑠2+2𝑠+2
    4.   

𝑠+2

𝑠2−4𝑠+13
      5.  

𝑠−1

𝑠2−6𝑠+25
 

6.    
𝑠+1

𝑠2−𝑠+1
     7.    

𝑠

𝑠4+𝑠2+1
     8.     

𝑠

𝑠4+64
 

ANSWER   

1.    
1

24
𝑡4𝑒3𝑡       2.     (𝑡 − 𝑡2)𝑒−2𝑡     3.     𝑒−𝑡[𝑐𝑜𝑠𝑡 + 𝑠𝑖𝑛𝑡]    

4.   𝑒2𝑡 (𝑐𝑜𝑠3𝑡 +
4

3
𝑠𝑖𝑛3𝑡) 

5.    𝑒3𝑡 (𝑐𝑜𝑠4𝑡 +
1

2
𝑠𝑖𝑛4𝑡)    6.      𝑒

𝑡

2 [𝑐𝑜𝑠 (
√3

2
𝑡) + √3𝑠𝑖𝑛 (

√3

2
𝑡)] 

7.    
1

8
𝑠𝑖𝑛2𝑡  𝑠𝑖𝑛ℎ2𝑡      
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4.14 INVERSE TRANSFORM OF DERIVATIVE 

If   𝑳
−𝟏

{𝒇(𝒔)} = 𝑭(𝒕)  then 𝑳
−𝟏

{𝒇
𝒏

(𝒔)} = (−𝟏)
𝒏

𝒕𝒏𝑳
−𝟏

{𝑭(𝒕)} 

Proof:  

We have 𝐿{𝑡𝑛𝐹(𝑡)} = (−1)𝑛 𝑑𝑛

𝑑𝑠𝑛
[𝑓(𝑠)] 

There fore   (−1)𝑛𝑓𝑛[𝑠] = 𝐿{𝑡𝑛𝐹(𝑡)} 

𝐿−1{(−1)𝑛𝑓𝑛(𝑠)} = {𝑡𝑛𝐹(𝑡)} 

(−1)𝑛𝐿−1{𝑓𝑛(𝑠)} = {𝑡𝑛𝐹(𝑡)} 

𝐿−1{𝑓𝑛(𝑠)} = (−1)𝑛𝑡𝑛𝐹(𝑡) 

 

PROBLEMS 
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4.15      𝐈𝐍𝐕𝐄𝐑𝐒𝐄 𝐋𝐀𝐏𝐋𝐀𝐂𝐄 𝐓𝐑𝐀𝐍𝐒𝐅𝐎𝐑𝐌 𝐎𝐅 [
𝑭(𝑺)

𝑺
] 

Proof:: 
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EXERCISE 

I. Find the Inverse Laplace Transform of the following  

 1.  𝑙𝑜𝑔 (
𝑠−𝑎

𝑠−𝑏
)      2.     𝑙𝑜𝑔 (

𝑠+𝑎

𝑠+𝑏
)     3.    𝑙𝑜𝑔 (1 −

𝑎

𝑠
)     4.    𝑙𝑜𝑔 (

𝑠2+1

𝑠(𝑠−1)
) 

5.    𝑙𝑜𝑔 (
(𝑠+1)(𝑠+3)

(𝑠+2)(𝑠−3)
)     6.    𝑙𝑜𝑔 (

𝑠+1

𝑠
) 

II. Find the Inverse Laplace Transform of the following  

1.       𝑒−𝜋𝑠 (
𝑠

𝑠2+9
)     2.   

𝑒𝑠

𝑠+1
      3.  𝑒2𝜋𝑠 (

𝑠+2

𝑠2+4
) 

ANSWERS   

I.
  

1.  
𝑒𝑏𝑡−𝑒𝑎𝑡

𝑡
     2.        

𝑒−𝑏𝑡−𝑒−𝑎𝑡

𝑡
      3.        

1−𝑒𝑎𝑡

𝑡
        4.       

𝑒𝑡+1−2𝑐𝑜𝑠𝑡

𝑡
 

5.−
1

𝑡
[𝑒−𝑡 + 𝑒−3𝑡 − 𝑒−2𝑡 − 𝑒3𝑡]   6.   

1−𝑒−𝑡

𝑡
 

II      𝟏.  − 𝒄𝒐𝒔𝟑𝒕 𝒖(𝒕 − 𝝅)        2.    𝒆−(𝒕+𝟏)𝒖(𝒕 + 𝟏)      3.    (𝒄𝒐𝒔𝟐𝒕 + 𝒔𝒊𝒏𝟐𝒕)𝒖(𝒕 + 𝟐𝝅) 
 

 

5.1    UNIT STEP FUNCTION:  

 

In many Engineering applications, we deal with an important discontinuous function H (t-a) defined 

as follows : 










at

at
atH

,1

,0
)(  

               

where a is a non-negative constant. 

 

This function is known as the unit step function or the Heaviside function.  The function is named 

after the British electrical engineer Oliver Heaviside.  The function is also denoted by U(t-a).  The graph 

of the function is shown below: 

 

 

 

       H(t-a) 

 

 

  1 

 

  0                   a         t 
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Note that the value of the function suddenly jumps from value zero to the value 1  as at    from the 

left and retains the value 1 for all t>a.  Hence the function H(t-a) is called the unit step function. 

 

In particular, when a=0, the function H(t-a) become  H(t), where 










0,1

0,0
)(

t

t
tH                       

     

Transform of Unit step function: 

By definition, we have 

                  L{H(t-a)} = 


 
0

)( dtatHe st
 

                                  =  


 

a

a

stst dtedte
0

)1(0  

                                 = 
s

e as

 

In particular, we have   L {H(t)} = 
s

1
 

Also,          )(1 atH
s

e
L

as








 


    and  )(

11 tH
s

L 








 

 

HEAVISIDE SHIFT THEOREM 

 

Statement :-  

L {F(t-a) H(t-a)} = e-as L{F(t)} 

 

Proof :-  We have 

       L {F(t-a) H(t-a)} = 



0

)()( dteatHatF st
 

                                = 


 
a

st dtatFe )(  

Setting   t-a = u, we get 

      L{F(t-a) H(t-a)} = duuFe uas )(
0

)(





 

 = e-as  L{ F(t)} 
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This is the desired shift theorem. 

 

Problems 

 1 . Find L{[et-2 + sin(t-2)] H(t-2)} 

     Sol : 

     Let 

  F(t-2) = [et-2 + sin(t-2)] 

     Then 

 F(t) =  [et + sint] 

     so that 

 L {F(t) }= 
1

1

1

1
2 


 ss

 

     By  Heaviside shift  theorem, we have 

 

 L{F(t-2) H(t-2)} = e-2s L{F(t)} 

     Thus, 

    












 

1

1

1

1
)2()2sin(

2

2)2(

ss
etHteL st

 

 

 2. Find L{(3t2 +2t +3) H(t-1)} 

     Sol :    

     Let 

 F(t-1) = 3t2 +2t +3 

     so that 

 F(t) = 3(t+1)2 +2(t+1) +3 = 3t2 +8t +8 

     Hence 

 
sss

tFL
886

)}({
23
  

     Thus 

 L{(3t2 +2t +3) H(t-1)} = L{F(t-1) H(t-1)} 

            = e-s L {F(t)} 

            = 









sss
e s 886

23
 

 

 3. Find L{e-t H(t-2)} 

     Sol :     

    Let  F(t-2) = e-t ,     so that,   F(t) = e-(t+2) 

    Thus, 
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 L {F(t) }= 
1

2





s

e
 

    By shift theorem, we have 

  
1

)}({)2()2(
)1(2

2







s

e
tFLetHtFL

s
s

 

     Thus 

  
1

2(
)1(2







s

e
tHeL

s
t

 

 

 4. Let                  F(t) =        f1 (t) ,   t  a 

                       f2 (t),    t > a 

 

     Verify that 

 f(t) = f1(t) + [f2(t) – f1(t)]H(t-a) 

Sol : 

 

     Consider 

  f1(t) + [f2(t) – f1(t)]H(t-a) = f1(t) +    f2 (t) – f1(t),   t > a 

      0 ,             t  a 

 

                                                        f2 (t),   t > a 

                                              =         f1(t),    t  a   =  f(t),  

 

Given . Thus the required result is verified. 

 

 

 5. Express the  functions 










2,4

21,t
)(

2

tt

t
tf  in terms of unit step function and hence find their 

Laplace transforms. 

Sol: 

 

 
 

 Here,   

           f(t) = t2 + (4t-t2) H(t-2) 

    Hence, 

          L {f(t)} = )2()4(
2 2

3
 tHttL

s
   

    Let 
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          (t-2) = 4t – t2 

    so that 

          (t) = 4(t+2) – (t+2)2 = -t2 + 4 

    Now, 

         
ss

tL
42

)}({
3
  

    Expression (i) reads as 

     L{ f(t)} =  )2()2(
2
3

 tHtL
s

  

 

                  = )(
2 2

3
tLe

s

s   

       = 







 

3

2

3

242

ss
e

s

s
 

   This is the desired result. 

 6 .Express the  functions 













tt

tt
tf

,sin

0,cos
)(  in terms of unit step      

     function and hence find their Laplace transforms. 

Sol: 

.  Here  f(t) = cost + (sint-cost)H(t-)   

Hence, 

 L {f(t)} = )()cos(sin
12




tHttL
s

s
  

Let 

  (t-) = sint – cost 

Then 

 (t) = sin(t + ) – cos(t + ) = -sint + cost 

so that 

 L{(t)}= 
11

1
22 





s

s

s
 

Expression (ii) reads as  

 L {f(t)} =  )()(
12

 


tHtL
s

s
 

          = )}({
12

tLe
s

s s 


 

          = 

















1

1

1 22 s

s
e

s

s s
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EXERCISE  

 

              Express the following functions  in terms of unit step function and hence find their Laplace 

transforms. 

 

1.    22
3

 tHt       2.   23  tHe t
     3.  22 tHt    4.  5)5(2  tHte t

 

 

5.    11
3

 tHt    6.  atHe ta 
    7.  33  tHe t

 

 

   


























































2,3sin

2,2sin

0,sin

).10

2,sin

2,1

0,cos

)().9

2,0

21,2

10,0

).8

tt

tt

tt

tf

tt

t

tt

tf

t

t

t

tf  

 

 

ANSWERS 

 

1. 
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    2.  
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  3. 
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e s

 6. 
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7. 
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e s

     8.  ss ee
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22     9. 
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1

1 2
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10. 
































4

2

9

3

1

1

4

2

1

1
22

2

222 ss
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s

ss 
 

 

 

5.2  UNIT IMPULSE FUNCTION OR DIRAC’S DELTA FUNCTION 

 

 

             The idea of a large force (like earthquake) acting for a very short duration of time is of 

practical importance as, for instance, in the collision of two bodies. To deal with such situation, we 

introduce a function called the Impulse function which is a discontinuous force function. 

 Thus unit impulse function is considered as the limiting form  of the function 

   

 






























otherwise

atafor
or

atfor

atafor

atfor

atf

,0

,
1

)(

,0

,
1

,0

)(
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As 0 it is clear from figure that as 0 , the height of shaded strip increases indefinitely  and 

the width decreases in such a way that its area is always unity. 
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e

dtedte

dtatfedtatfe

dtatfeatfL

sas
a

a

st

a

st

a

a

st

a

st

a

a

st
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11

)0(
1

)()(

)()(
0

 

The limit of )( atf  as 0 is denoted by )( at  and is called the Dirac delta function.  

Laplace transform of Dirac delta function: 

1

/ε 

fε(t

-a) 

a a

+ε 

t 

o 
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)()(

0

0

s

ee
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tfLLimatL

sas












 

asas

s
as

ee

talruleusigLHospi
s

e
Lime













1

,
0





 

Thus unit impulse function )( at  is defined by  

 

                          









atfor

atfor
at

0
)(  

 

Such that )0(1)(
0




adtat  

 

5.3  PERIODIC FUNCTION 

 

           A function f(t) is said to be a periodic function of period T > 0 if f(t) = f(t + nT) where 

n=1,2,3,…..  The graph of the periodic function repeats itself in equal intervals. 

 

For example, sint, cost are periodic functions of period 2 since sin(t + 2n) = sin t,          cos(t + 

2n) = cos t. 
 

The graph of f(t) = sin t is shown below : 

 

 

Note that the graph of the function between 0 and 2 is the same as that between 2 and 4 and so on.        

The graph of f(t) = cos  t is shown below : 
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Note that the graph of the function between 0 and 2 is the same as that between 2 and 4 and so on. 

 

Theorem: 

 

Let f (t) be a periodic function of period T. Then 

 





T

st

ST
dttfe

e
tfL

0

)(
1

1
)}({  

Proof : 

 

By definition, we have 

 L{f(t)} =  
 

 
0 0

)()( duufedttfe sust
  

          =   


 ....)(.......)()(

)1(2

0

Tn

nT

su

T

T

su

T

su duufeduufeduufe  

          =  








0

)1(

)(
n

Tn

nT

su duufe  

Let us set u = t + nT,   then 

 L{ f(t)} =  


 

 
0 0

)( )(
n

T

t

nTts dtnTtfe  

Here 

 f(t+nT) = f(t), by periodic property 

Hence 

  






T

st

n

nsT dttfeetfL
00

)()()}({  
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  = 


 










T

st

ST
dttfe

e
0

)(
1

1
,  

 identifying the above series as a geometric series. 

Thus 

 L{f(t)}= 


 










T

st

sT
dttfe

e
0

)(
1

1
 

This is the desired result. 

 

1. For the periodic function f(t) of period 4, defined  

                     

     by  









42,6

20,3
)(

t

tt
tf  ,    Find L{ f(t)}. 

 

Sol:    Here,   period of f(t) = T = 4 

    We have, 

 L {f(t)} = 


 










T

st

sT
dttfe

e
0

)(
1

1
   

                          = 


 










4

0

4
)(

1

1
dttfe

e

st

s
 

              = 









 




4

2

2

0

4
63

1

1
dtedtte

e

stst

s
 

              = 
































































 

4

2

2

0

2

0

4
6.13

1

1

s

e
dt

s

e

s

e
t

e

ststst

s
 

              = 
 








 





 2

42

4

213

1

1

s

see

e

ss

s
 

      Thus, 

 L{f(t)} = 
)1(

)21(3
42

42

s

ss

es

see
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 2. A periodic function of period 


2
 is defined by 

 

              Esint,   0  t < 



 

    f(t) = 

         0 ,        



  t   



2
 

     where  E and  are positive constants.  

 Show that  

 L{f(t)} = 
)1)(( /22 wsews

E





 

 

Sol:    Here  T = 


2
.  Therefore 

 L {f(t)} = 








/2

0

)/2(
)(

1

1
dttfe

e

st

s
    

                          = 









/

0

)/2(
sin

1

1
tdtEe

e

st

s
 

              =  







/

0

22)/2(
cossin

1















tts

s

e

e

E st

s
 

              = 
22

/

)/2(

)1(

1 

 

 







 s

e

e

E s

s
 

             = 
))(1)(1(

)1(
22//

/















see

eE
ss

s

 

           = 
))(1( 22/ 


   se

E
s

 

This is the desired result. 

 

 3. A periodic function f(t) of period 2a,  a>0 is defined by 

    E ,  0  t  a 

         f(t) =           

 -E, a < t  2a 

 

    show that 
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 L {f(t) }= 








2
tanh

as

s

E
 

   Sol:    Here T = 2a.  Therefore 

 L { f(t) }= 




a

st

as
dttfe

e

2

0

2
)(

1

1
 

          = 









  




a a

a

stst

as
dtEedtEe

e
0

2

21

1
 

         =   )(1
)1(

2

2

asassa

as
eee

es

E 





 

        =   
)1)(1(

)1(
1

)1(

2
2

2 asas

as
as

as ees

eE
e

es

E





 





 

        = 
























2
tanh

2/2/

2/2/ as

s

E

ee

ee

s

E
asas

asas

 

This is the result as desired. 

 

 4. Find the Laplace Transform of the periodic function  

 

 f(t) = t for 0 < t < 4 and  f (t+4) = f(t) . 

 

Sol: Here,  period of f(t) = T = 4 

    We have, 

 L {f(t)} = 


 










T

st

sT
dttfe

e
0

)(
1

1
   

                          = 


 










4

0

41

1
tdte

e

st

s
 

              =  

4

0

241

1














 s

e

s

e
t

e

stst

s
 

              = 






























 22

44

4

1
0

4

1

1

ss

e

s

e

e

ss

s
 

      Thus, 

 L{f(t)} = 
)1(

)41
42

44

s

ss

es

ese







 

 

 

 5. Find the Laplace Transform of the  function  
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at
a

a
t

tf

2
,1

2
0,1

)(      and     f ( t + a ) = f ( t ) . 

Sol: 

 

Here,  period of f(t) = T = a 

    We have, 

 L {f(t)} = 


 










T

st

sT
dttfe

e
0

)(
1

1
   

                          = 


 










a

st

as
dttfe

e
0

)(
1

1
 

              = 


















 





a

a

st

a

st

as
dtedte

e
2

2

0

11
1

1
 

              = 











































a

a

st

a

st

as s

e

s

e

e
2

2

0
1

1
 

              = 



























































 s

e

s

e

ss

e

e
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as

as

as

22 1

1

1
 

      Thus, 

 L{f(t)} = 
























 s

ee

e

as

as

as

221

1

1
 

6. Find the Laplace transform of the square wave function of period 2a  

   K,   0 < t < a 

Defined as    f(t) =   

         -K,   a < t < 2a       

 

Sol:    Here,  period of f(t) = T = 2a 

    We have, 
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 L {f(t)} = 


 










T

st

sT
dttfe

e
0

)(
1

1
   

                          = 


 










a

st

as
dttfe

e

2

0

2
)(

1

1
 

              = 









 




a

a

st

a

st

as
dtkedtke

e

2

0

21

1
 

              = 








































a

a

st
a

st

as s

e
k

s

e
k

e

2

0

21

1
 

              = 






 





 s

ee

e

k asas

as

12

1

2

2
 

 

 = 
 













 





 s

e

e

k as

as

2

2

1

1
 

 

 = 
  

 












 





 s

e

ee

k as

asas

2
1
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      Thus, 

 L{f(t)} = 
 
 as

as

es

ek








1

1
 

 

 

EXERCISE  

 

1. Find })({ tfL , where f(t) is a periodic function of period 2   and it is given by 

   













2,0

0,sin
)(

t

tt
tf   

2.  Find })({ tfL , where f(t) is a periodic function of period T   and it is given by 

   Ttwhen
T

k
tf  0,)(   

3. Find }sin{ tL    

4.   Find })({ tfL , where f(t) is a periodic function of period b2   and it is given by 

   btttf  0,)(  and btbtbtf 2,2)(   

5. Find the Laplace Transform of the function  
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21,1

10,1
)(

t

t
tf   , f ( t + 2 ) = f ( t ) . 

6. Find })({ tfL , where f(t) is a periodic function of period T   and it is given by 

   
















Tt
T

T

Et
E

T
tE

T

Et

tf

2
,

4
3

2
0,

4

)(   

7. Compute })({ tfL ,  if 
2)( ttf  , 0 < t < 2 and  f ( t+2)= f ( t ) 

 

ANSWERS  
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2
tanh

1
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 6. 
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1
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5.4  CONVOLUTION  
 

The convolution of two functions f(t) and g(t) denoted by f(t)   g(t) is defined as  

 f(t)   g(t) =  

t

duugutf
0

)()(  

Property :  f(t)    g(t) = g(t)   f(t) 

 

Proof :-  By definition, we have 

 f(t)   g(t) =  

t

duugutf
0

)()(  

Setting t-u = x, we get 

 f(t)   g(t) =  

0

))(()(
t

dxxtgxf  
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        =  

t

tftgdxxfxtg
0

)()()()(  

This is the desired property.  Note that the operation   is commutative. 

 

CONVOLUTION THEOREM  
 

Statement: If f(t) and g(t) are piece-wise continuous functions for 0t . And are of exponential order 

then   

 L{f(t)   g(t)} = L{f(t) }. L{g(t)} = )()( sgsf


 or  )(. sgf 






 

 

 

Proof :-  Let us denote 

 f(t)    g(t) = (t) =  

t

duugutf
0

)()(  

Consider 

  


 
0 0

)]()([)}({

t

st dtugutfetL   

              =  


 
0 0

)()(

t

st duugutfe    (1) 

We note that the region for this double integral is the entire area lying between the lines u =0 and u = 

t.  On changing the order of integration, we find that t varies from u to  and u varies from 0  to . 

 

 u 

 

                                      u=t 

 t=u  t =  

 

 0 u=0 t 

Hence (1) becomes 

 L{(t)} =  








 
0

)()(
u ut

st dtduugutfe  

            =  
 












0

)( )()( dudtutfeuge
u

utssu
 

            =  
 











0 0

)()( dudvvfeuge svsu
  , where v = t-u  
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            =  
 



0 0

)()( dvvfeduuge svsu
 

           = L{ g(t)} . L{ f(t)} 

Thus 

 L {f(t)} . L{ g(t) }= L[f(t)   g(t)] 

This is desired property. 

 

 

      







t

duugutftgtfsGsFL

soandsGsFtgLtfL

0

1 )()()()(

)()()}({)}({g(t)  f(t)L

 thenG(s),  L{g(t)} and F(s)  L{f(t)} if have, We

theorem nconvolutio using by F(s) of transform Inverse

    

 

 transformLaplace inversefor   theoremnconvolutio  thecalled is expression This  

PROBLEMS 

 

Employ convolution theorem to evaluate the following: 

  











bsas
L

1
)1( 1

 

Sol. Let us denote 
bs

sG
as 





1

)(,
1

  F(s)  

       get  weinverse,  theTaking  

                                
-bt-at  e, g(t)  ef(t)   

       Therefore , by convolution theorem , 

 

         
  

   


 










t

ubaat

t

buuta- dueeduee
bsas

L
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1 1
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e
e
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 1

 

 

  














222

1)2(
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s
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Sol. Let us denote  

     
2222

)(,
1

  
as

s
sG

as
F(s)





  then  
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      at , g(t) 
at

 f(t) cos
a

sin
  

Hence by convolution theorem 

 

 
 

 






















t

t

-

du
auatat

a

duauuta
aas

s
L

0

0

222

1

,
2

2sinsin1

cossin
1

 

By using compound angle formula 

 

 
a
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a

auat
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t

2

sin

2

2cos
sin

2a

1

0













  

  











11
)3(

2

1

ss

s
L  

 Sol.  

Here    
1

)(,
1

1
  

2 





s

s
sG

s
F(s)  

therefore 

 t , g(t)  ef(t) t sin  

By convolution theorem, we have                  

 

  
 

t
u

tut- uu
e

eduue
ss

L

0

2

1 cossin
2

sin
11

1























  

 

         ttette
e tt

t
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2

1
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2
 

 

 

 

4. Using Convolution theorem, evaluate 
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1
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1

sss
L . 

Sol. Since 1
1

)( 1 








 

s
Ltf  and 
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s
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s

L
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1

1
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1
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1
)(

2
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2
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2
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 ∴By Convolution theorem, we get 
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 )(*)()(*)(
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1
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uu uduelduueduutfug
0 0 0

sin.sin)()(  
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e

0

0

)]cos(sin[
2

1
)cossin(

11












 



 

 )cos(sin1[
2

1
)]10.(1)cos(sin[

2

1
ttette tt    

5.  Using Convolution theorem, find
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Sol. Let
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1
)(
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sf
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22

1
)(
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sg


 . Then 
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   sin at and at
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Ltg sin
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t t
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a
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0 0

)(sin
1

.sin
1

)()(  

 = duauatau
a

t

)sin(sin2
2

1

0

2
  

 =  

t

duatatau
a

0

2
]cos)2[cos(

2

1
 

        

 










 atu

a
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a
cos

2

)2sin(

2

1
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 at

a
attat

aa
sin

2

1
cossin

2

1

2

1
2

 

 = )cos(sin
2

1
3

atatat
a

  

 Note: Find inverse Laplace transform of 
222 )5(

1

s
  

 Sol. Put a=5 in the above problem. 

)cos()cos(sinsin2 BABABA 
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6. Apply Convolution theorem to evaluate
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 ∴By Convolution theorem, 
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[Integration by parts] 
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Alternate Method: Let 
2)2(

1
)(




s
sf  and 

2

1
)(




s
sg . 

Then f(t)= e-2t.t and g(t)=e2t 

By Convolution theorem, 
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7.  Using the Convolution theorem , find 

      (i) 
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1

)( as

s
L       (ii) 













))(( 2222

2
1

bsas

s
L  

(iii) 












22

1

)1(ss

s
L

       

(iv) 












)2)(1(

11

sss
L

 
Sol.  

(i) 












222

1

)( as

s
L =













2222

1 1
.
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s
L  

 Let 
22

)(
as

s
sf


  and

22

1
)(
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sg


 . Then 

And  ),(sin
11

)}({
22

11 tgat
aas

LsgL 









   say 

∴By the Convolution theorem, we have 

 





















t

duutaau
a

at
a

at
as

s
L

0

22

1 )(sincos
1

sin
1

*)(cos
)(

 

 

t

duauatauauatau
a

0

)]sin()[sin(
2

1
  

tt

atau
a

uat
a

duatauat
a 00

)2cos(
2

1
.sin

2

1
)]2sin([sin

2

1








 

 

at
a

t
at

a
at

a
att

a
sin

2
cos

2

1
cos

2

1
sin

2

1









  

Note: Taking a=1, the above problem becomes t
t

s

s
L sin

2)1( 22

1 










  

(ii)
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1
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2
1 .

))(( bs

s
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s
L

bsas

s
L  

Let
22

)(
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s
sf


  and 

22
)(
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s
sg


  

 

Then f(t) =cos at and g(t)=cos bt 

btat
bsas

s
L cos*cos

))(( 2222

2
1 










   

=   

t t

duutbauduutbau
0 0

)(cos.cos2
2

1
)(cos.cos  
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t

dububtaububtau
0

)]cos()[cos(
2

1
 

dubtubabtuba

t

]})cos[(]){cos[(
2

1

0

   

t

ba

btuba

ba

btuba

0

})sin{(})sin{(

2

1

















  















 )sin(sin

1
)sin(sin

1

2

1
btat

ba
btat

ba
 






































baba
bt

baba
at

11
sin

11
sin

2

1
 

=
22

sinsin

ba

btbata




 

Note:1. Putting a=2 and b=3 in the above problem, we obtain 

)3sin32sin2(
5

1

)9)(4( 22

2
1 tt

ss

s
L 











  

2. Putting a=2 and b=5 in the above  problem , we obtain. 

)2sin25sin5(
21

1

52

5sin52sin2

)25)(4( 2222

2
1 tt

tt

ss

s
L 
















  

(iii) Since t
s

L 








2

1 1
 and ,

1

)1(

1 1

2

1

2

1  


















te

s
Le

s
L t  

∴By Convolution theorem, we get  
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.
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(IV )Using convolution theorem, we get 
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L
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L
0

)(211 )1.(
2

1
.

)1(

1

)2)(1(

1
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u
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e

edueee
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2
222

2
)(  

12
2

2
2

2

2

1

2

1

2

1

2
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2
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e
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8. Using convolution theorem, find the Inverse Laplace Transform of
22 )1)(4(

1

 ss
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Sol.  























1

1
.

)1)(4(

1

)1)(4(

1
2

1

22

1

sss
L

ss
L  

 Consider 












22

1

)1)(4(

1

ss
L  

 Since )(2sin
2

1

4

1
)}({

2

11 tft
s

LsfL 









  

 And ),(
1

1
)}({ 11 tge

s
LsgL t 










   

 ∴ By Convolution theorem, we get 

 )(*)(
)1)(4(

1
2

1 tftf
ss

L 










  

 duueduutguf

yuttt )(

00

2sin
2

1
)()(



   

 = duuee

t
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0

2sin
2

1
 

 =

t
u

t uu
e

e

0

22
2cos22(sin

212

1














 
 

 = 







 )20(

5

1
)2cos22(sin

52

1 5

tt
e

e t

 
 

 = ]22cos22[sin
10

1 teyt 
 

 

Applying Convolution theorem again , we get 

 
























1

1
.

)1)(4(

1

)1)(4(

1
2

1

22

1
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L

ss
L

 
 

 = 


t

utu dueeuu
0

)()22cos22(sin
10

1
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0 0 0

22cos22sin
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t
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0

0
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0
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)(2)2sin22(cos

21
2)2cos22(sin

2110
 

 

 =































)0(2)01(
5

1
)2sin22(cos

5
2)20(

5

1
2cos2(sin

510
ttt

e
tt

ee ttt

 
 

 = ]102)2sin22(cos22)2cos22(sin[
50

tttette
e tt

t




 

 

 

 = ]104)2sin42cos22cos22(sin[
50

ttttte
e t

t




 
 

 = ]104)2cos42sin3([
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ttte
e t

t




 
 

 = )]2cos42sin3(104[
50

ttet
e t

t




 
 

EXERCISE 

 

By employing convolution theorem, evaluate the following : 
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1
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ANSWER 
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1)10(1cos

2
)5(

sinhsin
2

1
)9()2cos(cos
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1
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sinh
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cossin
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1
)7()2cos(cos
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1
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1
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5.5  APPLICATIONS OF LAPLACE TRANSFORMATION 

 

 SOLUTION OF ORDINARY DIFFERENTIAL EQUATIONS WITH CONSTANT 

COEFFICIENTS 

 

 Ordinary linear differential equations with constant coefficients can be easily solved by the 

Laplace transform method, without the necessity of first finding the general solution and then evaluating 

the arbitrary constants. This method is , in general , shorter than our earlier methods and is especially 

suitable to obtain the solution of linear non-homogeneous ordinary differential equation with constant 

coefficients. 

Let us consider a linear differential equation with constant coefficients 

 

)(... 12

2

21

1

1 tFya
dt

dy
a

dt

yd
a

dt

yd
a

dt

yd
nnn

n

n

n

n

n

 







     (1) 

 

Where F(t) is a function of independent variable t. 

Let 1

1

10 )0(.....,)0(,)0( 

  n

n cycycy        (2) 

Be the given initial or boundary conditions , where c0,c1,c2.....cn-1  are constants. 

If a1,a2,........an  are constants ,then we use 

    )0()......0()0()()( 121)(   nnnnn ffsfstfLstfL                  (3) 
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Taking Laplace Transform of both sides of(1) and applying (3) and using conditions (2) , we obtain 

an algebraic equation known as “subsidiary equation “, from which  )()( tyLsy  is  obtained .The 

required solution y(t) is obtained by taking the Inverse Laplace Transform of )(sy . 

 

Working rule to solve differential equation by  Laplace Transform Method. 

 

 Take the Laplace Transform of both sides  of the given differential equation 

 Use the formula 

(i)   )0()()( ysystyL   

(ii)   )0()0(.)()( 2 yyssystyL   

(iii)   )0()0(.)0(.)()( 23 yysyssystyL   

 Replace  )0(),0(),0( yyy  with the given initial conditions. 

 Transpose the terms with minus signs to the right. 

 Divide by the coefficient of y , getting y  as a known function of s. 

 Resolve this functions of s(obtained in step5) into partial functions. 

 Take the Inverse L.T of  y  obtained in step 5. This gives y as a function of t which is the 

required solution of the given equation satisfying the given initial conditions. 

PROBLEMS 

 

1.  Using Laplace transform, solve 5)54( 2  yDD  give that 0)0(,0)0(  yy . 

Sol. Given differential equation can be written as  

                        554  yyy  

 Taking Laplace transform of both sides , we get 

            }5{}{.5}{.4}{ LyLyLyL   

 i.e.,  }1{.5}{.5)]0(}{.[4)]0()0(.}{[ 2 LyLyyLsyysyLs   

 Using the given conditions, it reduces to 
8

5
}{)542(  yLss  

 
54

41

)54(

5
}{

22 







ss

s

ssss
yL (resolving into partial fractions) 

 ∴

































 

1)2(

2)2(1

54(

)4(1
2

11

2

1

s

s
L

s
L

ss

s

s
Ly  

 Inverse Laplace transform 

 











 

1

2
.1

2

12

s

s
Le t

(Using First shifting theorem) 
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 )sin2(cos1
1

2

1
.1 2

22

12 tte
ss

s
Le tt 













   

 The special advantage of this method in solving  differential equations us that the initial 

conditions are satisfied automatically. It us unnecessary to find the general solution and then  determine  

the constants using the initial conditions. 

 

2. Using Laplace transform method, solve. .01,30,2cos6)1( 2  twhenDyyifttyD  

Sol. Given equation is tyy 2cos6  

 Taking Laplace Transform on both sides of the equation, we get 

 }2{cos6}{}{ tLyLyL   

 Using the given conditions y=3,Dy=1 at t=0, we get 

 
4

6
13}{)1(

2

2




s

s
syLs  

 Or 
1

1

1

3

)1)(4(

6
}{

2222 








ss

s

ss

s
yL  

 
1

1
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2

1

5

1

1

1

3

41
2

2222222 
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s

s

s
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s

s

s

s

s
 

 Taking Inverse Laplace transform, we get 

 ttt
s

L
s

s
L

s

s
Ly sin2cos2cos5

1

1

4
2

1
5

2

1

2

1

2

1 































 

 
 

3. Using Laplace transforms solve  1)0(2)0(.5)65( 2  XandXthatgiveneXDD t
. 

Sol.  Given equation is texxx 565       (1) 

 Taking Laplace Transform of both sides of (1), we get 

 }{.5}{6}{.5}{ teLxLxLxL   

 i.e.,  
1

5
}{6)]0(}[[5)0()0(}{2




s
xLxxsLxsxxLs  

 Putting the values wegetxandx ,1)0(,2)0(   

  
1

5
}{62}{[{512}{2




s
xLxsLxxLs  

 i.e., 
1

5
112}{)65( 2




s
sxLss  

 i.e., 112
1

5
}{)65( 2 


 s

s
xLss  
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 or  
65

112

)65)(1(

5
}{

22 







ss

s

sss
xL

 

 





















 

)3)(2(

112

)3)(3)(1(

1
.5 11

ss

s
L

sss
Lx

 

 = 
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.5 11
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sss
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 (Resolving into partial fractions) 
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1
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2

1
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1
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1
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1 11111

s
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s
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s
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s
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ttttt eeeee 3232 57
4

1

3

1

12

1
5  










 

 


















  5

4

5

3

5
7

12

5 312 tt eee

 

 

ttt eeex 32

4

15

3

16

12

5  

 
4. By using Laplace transform .solve the initial value problem 0)0(0)0(,2cos  yandytty  

Sol. Given initial value problem is 0)0(0)0(,2cos  yandytty  
 Taking Laplace Transform of both sides of the equation, we get 

 }2cos{}{ ttLyL 
  

 }2{cos)1()0()0(.}{.,. 2 tL
ds

d
yysyLsei    

 =
22

2

2 )4(

4

4
)1(

















s

s

s

s

ds

d
  

 Using the given conditions, it reduces to 
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2
2

)4(

4
}{






s

s
yLs  

 i.e.,
222

2

)4(

4
}{
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s
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2
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)4(

4
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s
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 Consider 
222

2

)4(
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 Let 
2222222

2

)4(4

4

)4(

4















s

FEs

s

Cs

s

B

s

A

ss

s
  (2) 

 
22222222 )()4()()4()4(4 sFEsssDCssBsAss   

 = )()4)(()168()168( 232232424 FsEssDsCsssBssAs   

 = )()44()168()168( 2323452435 FsEsDsCsDsCsssBsssA   

 = BAsFDBsECAsDBsCAs 16)16()48()48()()( 2345   

  

 Comparing like coefficients, we get 

 A+C=0      .... (3) 

 B+D=0      .... (4) 

 8A+4C+E=0     .... (5) 

 8B+4D+F=1     .....(6) 

 16A=0⇒A=0     .... (7) 

 
4

1
416  BB     .....(8) 

 From (3) and (7), we get 

 C=0 

 From (4) and (8), we get 

 
4

1
 BD  

 From (5), E=-(8A+4C)=0 

 From (6), F=1-(8B+4D)=1-(-2+1)=1+1=2 

 Substituting all these values in(2), we get 

 
2222222

2

)4(

2

)4(4

1

4

1

)4(
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sssss

s
   ....(9) 

 From (1) and (9), we get 
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1
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4
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4
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s
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s
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s
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 ]cos22[sin
)2(2

1
.22sin

2

1
.

4

1

4

1
3

ttttt 


  

 


















  )cos(sin

2

1

)(

1
3222

1 atatat
aas
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 ttt
t

tttt
t

2cos
4

1
2sin

4

1

4
)2cos22(sin

8

1
2sin

8

1

4
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 )2cos2(sin
4

1
tttt 

 

5. Solve  .1
2

,1)0(,sin9
2

2












xxthatgiventx

dt

xd
 

 

Sol:  Given equation can be written as 

 

                 txx sin''   

Take Laplace transform on both sides, we get 

                 tLxLxL sin}{}''{   

i.e,  
1

1
}{)0()0(}{

2

'2




s
xLxxsxLs  

Using the given condition, it reduces to 

 

})0('{
1

1
}{9}{

2

2 bxtaking
s

xLbsxLs 


         

 

i.e,   bs
s

xLs 



1

1
}{9
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or 
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1
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s
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Take Inverse Laplace transform on both sides, we get 
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)1........(3sin
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3

1
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1

3sin
3

3cos3sin
3

1
sin
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1

tbttx
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Given 1
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x  
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)2........(
6

5

336

1
1

2

3
sin

8

1

3

1

2

3
cos

2
sin

8

1
1
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Hence the solution is  

 

 )2()1(3sin
6

5
3cos3sin

3

1
sin

8

1
andfromttttx 








  

 

 

6.  Solve by using Laplace transform method 

 

    2  y(o)   t y   y ,  te  

Sol: Taking the Laplace transform of the given equation, we get   

                            

                      
 2

1

1
}{}{




s
tyLoytysL  

Using the given condition , we get 

                     
 2

1

1
2}{1s




s
tyL  

So that 
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2

1

342
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s

ss
tyL     

Taking inverse Laplace transforms, we have  
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This is the solution of the given equation.   

 

 

Solve by using Laplace transform method : 

 

7. 0)()(,sin32  oyoytyyy  

Sol: 

Taking the Laplace transform of the given equation, we get 

 

             

          
1

1
)}({3)()}({2)()()}({

2

2




s
tyLoytyLsoyosytyLs  

 
1

1
32)}({

2
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s
sstyL  (or) 

   131

1
)}({

2 


sss
tyL  

 

(or) 
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1
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A
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1

5

1
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3

1

40

1

1

1

8

1
2

1

s

s

ss
L  

By using method of partial sums and using the given condition , we get 

 

               ttee tt sin2cos
10

1

40

1

8

1 3  
   

 

 (8) Solve .00,4,32
2

2

  tat
dt

dx
xthatgiventex

dt

dx

dt

xd t
 

 

Sol: Given equation can be written as 

 

                 
ttexxx  3'2''  

Take Laplace transform on both sides, we get 

                
ttexLxLxL  3}{}'{2}''{  



 

 160 

   
 2

'2

1

3
}{)0(}{2)0()0(}{




s
xLxxsLxxsxLs  

Using the given condition , it reduces to 
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2
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}{8}{24}{
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Take Inverse Laplace transform on both sides, we get 
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9. Solve the differential equation 

 .2)0(,1)0(,124 13

2

2

 xxthatgivenex
dt

dx

dt

xd t
 

 

Sol: Given equation can be written as 

 

                 
texxx 3' 124''   

Take Laplace transform on both sides, we get 

                }{}{12}{4}''{ 3' teLxLxLxL   

i.e,    
3

1
}{12)0(}{4)0()0(}{ '2




s
xLxsxsLxxsxLs  

Using the given condition, it reduces to 
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3

1
}{124}{42}{2




s
xLxsLsxLs         

 

i.e.   6
31

1
}{)6(2 


 s

s
xLss  

 

or 
  2

1

)6)(3(2

1
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xL  

 

Take Inverse Laplace transform on both sides, we get 
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CCinsPut

BBinsPut

AAinsPut
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Substituting the values of A,B and C in (2), we get 
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Hence the solution is  

ttt eeex 332
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10. equation  the,satisfyingpath  a along moving is particleA  

                  025
dt

dx
6

dt

xd
  

2

2

 x

 transformLaplace using t any timeat  particle  theofnt displaceme  thefind 10, is speed initial  theand

 20at x is particle  theofposition  initial  theIf   t.at time particle  theofnt displaceme  thedenotesx 

where

  

Sol: Given equation may be rewritten as  

                          025x(t)(t)6x'(t)'x'     

 Here the initial conditions are 10.  (o) x'20,  x(o)   

Taking the Laplace Transform of the equation, we get 

    
256

13020
x(t)L013020256ssx(t)L
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So that    
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1
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70320
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problem.given   theofsolution  desired  theis This

2

4sin
354cos20

3
3 te

te
t

t


 
 

 














 L

Rt

at ee
aL-R

E
 is t any timeat current       that theShow 

 R. resistance and L inductance ofcircuit  a  to0at t applied is Ee A voltage (11) -at

 

Sol.  

              The circuit is an LR circuit.  The differential equation with respect to the circuit is  

)(tERi
dt

di
L    

Here L denotes the inductance, i denotes current at any time t and E(t) denotes the E.M.F.   

It is given that E(t) = E e-at.  With this, we have 

 

Thus, we have 

                                        
atat EetiRtLiorEeRi
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EXERCISE  

 

Solve the following Differential equations using Laplace Transforms: 
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ANSWERS 
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