UNIT - |
NUMBER SYSTEMS & CODES

INTRODUCTION

Computers,u s e s 16s and Oddsat o mTapses elnts tahed
magnetically on a disk, or as a state itramsistor orvacuum tube. To performuseful operations on
t hese Qdtsheanlddés argadizel@ogesher anto gatterns thatmake up codes. Modern
digital systems do not represent numeric values using the decimalsystem. Instead, they typically use
binary or twobdés complement numbering system.

Tounderstand the digital system arithmetigzge must undestand how digital systems
representnumbers.

The term digital is derived from the way computers perform operations, by counting digits. For
many years, applications of digital electronics westatedto computer systems. Today, digital
technology is appd in a wide range of areas in addition to computers.

Digital Applications such as:

Television,

Communication systems,

Radar,

Navigation and Guidance systems,

Military systems,

Medical instrumentation,

Industrial process control system for counting and controlling items for packaging on a
conveyor line and consumer electronics use digital techniques.

I I I D I I

Over the years digital technology has progressed from vatuioencircuits to discretetransistors
to canplex integrated circuits, some of which contain millions of transistors.

We can concludeyhether an electronic product contains digitatuitry based on the following:

A Does it have an Alphanumeric (shows letters and numbers) display?

A Does it has a nmeory or can it store information?

A Can the device be programmed?
If any one of the above is satisfied, then we can say that the electronic product contains digita
circuitry.

DIGITAL AND ANALOG QUANTITIES:

Electronic circuits can be divided into two broadtegories, digital and analog. Digital
electronics involves quantities with discrete values, and analog electronics involves quantities with
continuous values. Although we will be studying digital fundamentals in Switching theory and Logic
Design, we shdd also know something about analog because many applications require both; and
interfacing between analog and digital is important.
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An analog quantity is one having continuous values. A digital quantity is one having a discrete
set of values. Most thinghat can be measured quantitatively occur in nasine analog form. For
example, the air temperature changes over a continuous range of values.

Example for Analog quantity:

During a given day, the temperature does not go from, say, 70° to 71 ° instargignit takes
on all the infinite values in between. If we graph the temperature on a typical summer day. We woulc
have a smooth, continuous curve similar to the curve shown in Figure below.
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Fig: Graph of an analog quantity (temperature versus time).

Other examples of analog quantities are time, pressure, distance, and sound. Rather the
graphing the temperature on a continuous basis, suppeggust take a temperature reading every
hour. Now we have sampled values representing the temperatiseratedpoints in time (every hour)
over a 24hour period, as indicated in Figure below. We have effectively converted an analog quantity
to a form that can now be digitized by representing each sampled value by a digital code. It is
important to realizehiat Figure below itself is not the digital representation of the analog quantity.
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Fig: Sampleavalue representation (quantization) of the analog quantity.

Each value represented by a dot can be digitized by representing it as a digital code tha
consiss of a series of 1 s and Os.

2|Page
D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.



Digital Advantage:

Digital representation has certain advantages over analog representation in electronicsapplication
Such as

Digital data can be processed and transmitted more efficiently and reliably than, analog data.

Generally, digital devices are easier to design using modern integrated circuits (ICs)

Information storage is easlfor example music when converted to digital form can be stored

more compactly and reproduced with greater accuracy and clarity than isi@edsen it is in

analog form.

A Noise (unwanted voltage fluctuations) does not affect digital data much when compared to
analog signals.

A Devices can be made programmable with digital.

> v

An Analog Electronic System:

A public address system, used to amplifyrs® is one simple example of an application of
analog electronics. The basic diagram in shown in Figure below illustrates that sound waves, whicl
are analog in nature, are picked up by a microphone and converted to a small analog voltage called tl
audio ggnal. This voltage varies continuously as the volume and frequency of the sound changes an
is applied to the input of a linear amplifier. The output of the amplifier which is an increased
reproduction of input voltage goes to the speaker(s). The spefakeges the amplified audio signal
back to sound waves that have a much greater volume than the original sound waves picked up by tl
microphone.

~<——-  Original sound waves

Microphone Reproduced
sound waves
~ & =
- L U’ ‘\l - Linear ammplifier IU‘ " ] i )
Audio signal
Spenker

SHomplified audio signal

Fig: A basic audio public address system.
A System Using Digital and Analog Methods:

The compact disk (CD)layer is an example of a system in which both digital and analog
circuits are used. The simplified block diagram in shown in figure below illustrates the basic principle.
Music in digital form is stored on the compact disk. A laser diode optical systésypcthe digital
data from the rotating disk and transfers it to the digaanalog converter (DAC).

CD drive

Eemy M N
10110011101 Digital-to-analog » Linear amplificr J
Digital data converter Analog y
reproduction /

of music andio Speaker
signal
Sound

waves
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The DAC changes the digital data into an analog signal that is an electrical reproduction of the
original music. This signal is amplified and senthie speaker forstto enjoy. When the music was
originally recorded on the CD, a process, essentially the reverse of the one described here, using
analogto-digital converter (ADC) was used.

Differencesbetweenanalog signal and digital signal:

Analog signal Digital signal
1. It is a continuous signal. 1. Itis a discrete signal.
2. Itis a continuously varying signal. 2. 1t is based on 00:s

3. Analog signal has more influence to noisg 3. Digital signal has less influence to noise.
4. Analay signals are difficult to transmit whe 4. Digital signals are easier to transmit wk

compared to digital signals. compared to analog signals.

5. Cost of analog signal transmission|5. Cost of digital signal transmission is le
expensive. expensive.

6. Less reliable when compared to digi 6. More reliable when compared to digi
signals. signals.

7. Analog signals do not provide continug 7. Digital signals provide better continuo
delivery, when compared to digital signals. | delivery, when comgred to analog signals.

8. Analog signal cannot be stored easily. 8. Digital signal can be stored easily.
9. More errors occur. 9. Only few errors occur.
10. Errors correction is not easy. 10. Error correction is easy.

11. Analog signals require lesgandwidth. | 11. Digital signals require greater Bandwidth.
12. Analog signal has a slower rate | 12. Digital signal has a faster rate of transmiss
transmission when compared to digital signg when compared to analog signal.

Voltage level B V=]
I /\ A /\ /\ X Generates )\ 0Vl
ARV &%\.

Workstation

Example: Example:
A Sound wavesre continuous. A Most computers used such as PCs w
A Sin, cosine signals, triangular & sa using digital signal.
tooth signals. A Morse code.

A REVIEW OF THE DECIMAL SYSTEM

People have been using the decimal (base 10) numbering systemldag gbat theynostly
use.Whenoneseesa number | db e gshinkd@bthevaluel23; rather, fenerates
mental image of how many items this value represents. Inreality, however, the number 123 represents

1:5:102 + 2"101 + 3-100
or 100 + 20 + 3

Each digit appearing to the ledt the decimal point represents a value between zero andnine
times an increasing power of ten. Digits appearing to the right of the decimal pointrepresent a valu
between zero and nine times an increasing negative power of ten. Forexample, the vak@ 123.4
means:

1¥102 + 2%10! + 3%10° + 4¥10-1 + 5%10~2 + 6%10~2
or 100 + 20 + 3 + 0.4 + 0.05 + 0.006
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Binary Formats:

Every binary number contains an infinite number of digitsbits which is short for binary
digits). Because any number of leading zero bits may precede the binary number without changing it
value. For example, one cegpresent the number seven by:

111
00000111
000000000000111

Often several values are packed together into the same binary number. For convenience,
numeric value is assign to each bit position. Each bit is numbered as follows:

1. The rightmost bit in &inary number is bit position zero.
2. Each bit to the left is given the next successive bit number.

An eightbit binary value uses bits zero through seven :X7; Xg X5 X4 X3 X2 X1 Xo
A 16-bit binary value uses bit positions zero through fifteen:
X15 X14 X13 X12 X11 X10 Xg Xg X7 Xe X5 X4 X3 X2 X1 Xo

Bit zero is usually referred to as tlwev orderbit. The leftmost bit is typically called thkigh
orderbit. The intermediate bits are referred by their respective bit numbers. Thedenbit which is
Xolis called LEAST SIGNIFICANT BIT (LSB). The high order bit or left most b#., X15 is called
MOST SIGNIFICANT BIT (MSB).
Data Organization

In mathematics a value may take an arbitrary number of bits. Digital systems, generally work

with some specific number of bits. Common collections are single bits, groups of four bits (called

nibbleg, groups of eight bits (calleloyteg, groups of 16 bit¢calledwordg, and more. The sizes are
not arbitrary.

Bit:
A The small est funito of data on kit binary <co
A Bit, an abbreviation for Binary Digit, can hold either a 0 or a 1.
A A bit is the smallest unit of informatioa computer can understand. Since a single bit is

capable of representing only two different values (typically zero or one) one may get the
impression that there are a very small number of items one can represent with a single bit
That 6s n o fare anrinfingel nunibér efriteams one can represent with a single bit. With
a single bit, one can represent any two distinct items.

Examples include zero or one, true or false, on or off, male or female, and right or wrong.
However, one isiotlimited.
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Nibble:

Anbblei s a coll ection of four bits. | t woul dn
for two items:

A BCD (binary coded decimphumbers and hexadecimal numbers. It takes four bits to represent
a single BCD or hexadecimdigit. With a nibble, one can represent up to 16 distinct values. In
the case of hexadecimal numbers, the values®,3, 4, 5,6, 7,8,9, A, B, C, D, E, and F are
represented with four bits.

BCD uses ten different digits (0, 1, 2, 3, 4, 5, 6, &rfl,9 and requires four bits.

In fact, any sixteen distinct values can be represented with a nibble, ldekewral and BCD
digits canberepresergdwith a single nibble.

> >

Byte:

A Computer memory must be able to store letters, numbers, and symbolsleAbsiray itself
cannot be of much use. Bits are combined to represent some meaningful data.

A A group of eight bits is called a byte. It can represent a character and is the smalles
addressabledatum (data item) on the most of the digital systegn8Q(x 86 microprocessor).

A The mostimportant data type is the byte.

Note: Byte also contains exactly 2 Nibbles.
Word: A word is a group of 16 bits. Bits in a word are numbered starting from zero on up to fifteen.

Double Word:A double word is exactly whaits name implies, a pair of words. Therefore, a double
word quantity is 32 bits long as shown in Fig. below.

Note:This double word can be divided into a high order word and a low order word, or four different
bytes, or eight different nibbles

Binary Equivalents:

1 Nibble (or nibble) = 4 Bits

1 Byte = 2 nibbles = 8 Bits

1 Kilobyte (KB) =2%Bytes = 1024 Bytes

1 Megabyte (MB) =2?°Bytes = 1024 Kilo Bytes = 1,048,576 Bytes

1 Gigabyte (GB) =2*°Bytes = 1024 Mega Bytes = 1,073,741,824 Bytes

o I I I I
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BINARY NUMBERING SYSTEM

Most modern digital systems operate using binary logic. The diyitiéms representlues
using two voltage levelsugually OVand +5/). With two such levels one can represent exactly two
different values. Theseould be any two different values, but by convention we use the values zero
and one. These two values, coincidentally, correspond to the two digits used by the binary numberin
system.

Computers use binary numbers to select memory locations. Each loisadssigned a unique
number called an address. Some Pentium microprocessors, for example, have 32 address lines wh
can select % (4,294,967,296) unique locations.

A The binary number system is another way to represent quantities. ltéstegticaed tharthe
decimal system because it has only two digits.

A The decimal system with its ten digitsdsbaseten system; the binary system with its two
digits is a baséwo system.

A The two binary digits (bits) are and0. The position of d or 0 in a bimry number indicates
its weight or value within the number, just as the position of a decimal digit determines the
value of that digit.

A The weights in a binary number are based on powers of two.

DECIMAL
NUMBER BINARY NUMBER

0 0 0 0 0
| 0 0 0 1
2 0 0 | 0
3 0 0 1 1
4 0 1 0 0
5 0 1 0 1
6 0 1 1 0
7 0 1 | |
8 l 0 0 0
9 1 0 0 1
10 L 0 | 0
11 I 0 1 1
12 L 1 0 0
13 [ 1 0 1
14 l 1 1 0
L5 1 1 1 |

From the above Table, we observe tHatur bits are required to count from zero to 15. In
general, withdbits you can count up to a number equalte 2

Largest decimal number =2"-1
For example, with five bits (n = 5) you can count from 0 t6.812°-1=32-1 =31

Note: The value of a bit is determined by its position in the number.
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The Weighting Structure of Binary Numbers
A binary number is a weighted number.

A The0 rightmost bit is the LSB (least significant bit)in a binary whole number and has a weight
of 2°=1.

The weights increase from right toleft by a power of two for each bit.

The leftmost bit is the MSB (most significant bit); its weight depends on the size of the binary
number.

Fractional numbers can also be represented in binary by placing bitsrighthef the binary
point, just as fractional decimal digits are placed to the right of the decimal point.

The leftmost bit is the MSB in a binary fractional number and has a weight of125.

The fractional weights decrease from left to right bygative power of two for each bit.

The weight structure of a binary number is

> > > D>

S — l‘ ) 1 23 22 21 2{} ) 2—1 2-——2 . i e i
™ Binary point

Wheren is the number of bits from the binary point.

A Thus, allthe bits to the left of the bary point have weights that are positive powers of two, as
previously discussed for whole numbers.

A All bits to the right of the binary point have weights that are negative povfetso, or
fractional weights.

The powers of two and their equivalent e&l weights for an it binary whole number and a 6
bit binary fractional number are shown in Table.

POSITIVE POWERS OF TWO NEGATIVE POWERS OF TWO
{WHOLE NUMBERS) (FRACTIONAL NUMBER)

D Sy e NS L R st 2% 25 2 275
256 128 64 32 16 8 4 2 1 12 14 18 1/16 1/32 1/64
05 025 0125 00625 003125  0.015625

Note: The weight or value of a bit increases from right to left in a binary number.
OCTAL NUMBERS:

A The octal number system provides a convenient way to express binary numbers and codes. Tt
octal number system has a base of 8.

A However, it is used less frequently than hexadecimal in combination with computers and

microprocessors to express binary quagifor input and output purposes.

The octal number system is composed of eight digits, which,dre2, 3, 4, 5, 6, and 7.

To obtain the equivalent octal humber above 7, divide the number with 8 and write the

remainders obtained at each stage from bottom to top to give the equivalent octal number:

10,11, 12, 13, 14, 15, 16, 17, 20, 21...

A Counting in octal is similar to coung in decimal, except that the digits 8 and 9 are not used.
To distinguish octal numbers from decimal numbers or hexadecimal numbers, we will use the
subscript 8 to indicate an octal number.

A For example, 15 in octal is equivalent to 13in decimal andD in hexadecimal. The octal
number is also represented by fAo" or a " Q"

> >
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HEXADECIMAL NUMBERS:

A The hexadecimal number system has sixteen characters; it is used primarily as a compact we
of displaying or writing binary numbers lBcse it is very easy to convert between binary and

hexadecimal.

A As we are probably aware that, long binary numbers are difficult to read and write because it i
easy to drop or transpose a bit. Since cor
06 s , It i's necessary to use these digits
writing a sixteen bit instruction for a m

efficient to use hexadecimal or octal.

A Hexadecimal is widely used in contpu and microprocessor applications because of the
compact representation of | ong string of b

A The hexadecimal number system has a base of 16; i.e., it is composed of 16 numeric an
alphabetic characters.

A Most digital systems process bigadata in groups that are multiples of four bits, making the
hexadecimal number very convenient because each hexadecimal digit represeittsitzady
number.

The hexadecimal number system consists of digésa@d letters A as shown in table below.

DECIMAL BINARY HEXADECIMAL
(4} 0000 4]
1 0001 1
2 0010 2
3 0011 3
4 0100 4
5 0101 5
6 0110 6
7 ot 7
8 1000 8
9 1001 9

10 1010 A
11 1011 B
12 1100 C
13 1101 D
14 1110 E
15 1111 F

A The use of letters A, B, C, D, E, and F to represent numbers may seem strange at first, but kee
in mind that any number system is only a set of sequential symbols. If we understand wha
guantities these symbols represent, then the form of the symbolselvemis less important
once you geadjustedusing them.

A Hexadecimal numbers are designated using the subscript 16 to avoid confusion with decima

numbers. Sometimes you may see an "h" following a hexadecimal number.

Counting in Hexadecimal:

A To obtainthe equivalent hexadecimal number above 15, divide the number with 16 and write
the remainders obtained at each stage from bottom to top to give the equivalent hexadecime
numberas follows: 10,11, 12,13,14,15, 16, 17, 18, 19, IA, IB, 1C, ID, IE, IF22022, 23,
24,25,26,27,28,29, 2A, 2B, 2C, 2D, 2E, 2F, 30, 31,. ..

A With two hexadecimal digits, we can count up tagsRvhich is decimal 255. To count beyond
this, three hexadecimal digits are needed. For instdti6€):¢ is decimal 256 (101).6 are
decimal257, and so forth. The maximurdigit hexadecimal number &FF 15 or decimal
4095. The maximum-digit hexadecimal number (§FFF)16, which is decimal 65,535.
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NOTE:

With computer memories in the gigabyte (GB) range, specifying a memory addiasary is
quite,cumbersome. For example, it takes 32 bits to specify an address in a 4 GB memory. It is mucl
easier to express a -Bt code using 8 hexadecimal digits. Hexadecimal is a convenient way to
represent binary numbers.

NUMBER BASE CONVERSIONS:

The humans use decimal number system while the computer uses binary number systen
Therefore, it is necessary to convert decimal number into its equivalent binary while feeding numbel
into the computer and to convert binary into decimal equivaidmle displaying the result to the
humans. However, dealing with large quantity of binary number of many bits is inconvenient for
humans. Therefore, octal or hexadecimal numbers are used as a shorthand means of expressing la
binary numbers. But it is messary to keep it in mind that the digital circuits and systems work strictly
in binary; we use octal and hexadecimal for the operator convenience.

CONVERSION DECIMAL NUMBER TO ANY RADIX:
Conversion of decimal number to any radix / base can be achievedtwo steps:

A Conversion of integer part to any radix / base number by successive division method &
A Conversion of fractional part to any radix / base number by successive multiplication method.

Steps in successive division method to convert integer pad any radix / base number:
1. Divide the integer part of decimal number by desired base number, store quotient (Q) anc
remainder (R).

2. Consider quotient as the new decimal number and repeat step 1 untill quotient becomes
3. List the remainders from bottom top (i.e. in reverse order).

Steps in successive multiplication method to convert fractional part to any radix / base number:

1. Multiply the fractional part of decimal number by desired radix / base.

2. Store the integer part of the product as carryfeational part as new fractional part.

3. Repeat steps 1 and 2 untill fractional part of product becomes 0 or until you have as many
digits necessary for your application.

4. Write carries from top to bottom to get the desired radix / base number.
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Example:

Steps for converting the decimal number 12 to binary:

A Divide the decimal number by 2 producing a dividend and a remainder. This number is the
LSB (least significant bit of the desired binary number).

A Again divide the dividend obtained above byTRis produces another dividend and remainder.
The remainder is the next digit of the binary number.

A Continue this process of division until the dividend becomes 0. The remainder obtained in the

final division is the MSB (most significant bit of the bigarumber).

2 12 Remainders

, | 6- 0—>1LsB 7 N
3.

> 0
1._

> 1
0. 1—>MSB

Stop when the whole number quotient is 0

Repeated Multiplication by 2:

Note:

To obtain the binary number for a given decimal
number,
Steps:

1. Divide the decimal number by 2 until the quotient is 0.

2. And then , Start writing the Remainders form the
bottom to top to obtain the Binary number.

As we have seen, decimal whole numbers can be converted to binary by repeated division by 2.

Decimal fractions can be converted to binary by repeated multiplication by 2.

For example, to convert the decinfigction 0.3125 to binary, begin by multiplying 0.3125 by
2 and then multiplying each resulting fractional part of the product by 2 until the fractional product is
zero or until the desired number of decimal places is reached. The carry digits, oy gangeated by
the multiplications produce the binary number. The first carry produced is the MSB, and the last carry
is the LSB. This procedure is illustrated as follows:

1
0.3125 X 2 — 0.625 0 41[ I
1

0.625 X 2 =1.25

0.25 X 2 = 0.50 0

0.50 X2 = 1.00 1

MSB 3l & LSB

Carry 0101

\L—I

Continue to the desired number of decimal p]ace.\j
or stop when the fractional part is all zeros.

D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.
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Decimalto-Octal Conversion:

Converting a decimal number to an octal number is obtained by repeated eoyisiBn
methods, which is similar to the method used in the conversion of decimal numbers to binary or tc
hexadecimal.

The decimal number 359 to octal is converted as follows.

Each successive division by 8 yields a remainder that becomes a digit in the equivalent octal numbe
The first remainder generated is the least significant digit (LSD).

550 Remainder
T =44 875 —>0.875 X8 = 7

B

=55 ——>05X8= 4

I

5

—=0.625 —>0.625 X 8= §

8 = |
Stop when w hole number 547 Octal number
quoticnt is zero MED j ’L 15k

Decimalto-Hexadecimal Conversion:

A Repeated division of a decimal number by 16 will produce the equivalent hexadecimal number,
formed by the remainders of the divisions.

A The first remainder produced is the least significant digit (LSD).

A Each successive division by 16 yields a remaindat becomes a digit in the equivalent
hexadecimal number. This procedure is similar to repeated division by 2 for dézibnahry
conversion.

A When a quotient has a fractional part, the fractional part is multiplied by the divisor to get the

remainder.

EXAMPLE 2-28
Convert the decimal number 650 to hexadecimal by repeated division by 16.
Sofubion Hexadecimal
remainder

6

h
S

=40.625 20625 X16=10= A

T

S
<

25— 05X16=8= 8§

T

2

l6—=0.125—*>0.125><16=2= 2
Stop when whole number 2 8 A lexadecimal number
quotient is zero.
l MSD —T LISD

12| Page
D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.



CONVERSION OF ANY RADIX / BASE TO DECIMAL NUMBER:
N=Ana X"+ Ao Xr "2+ o+ AXr T+ AXTr %+ A X T+ ALXTr 2+ & -m XA
Where N = Number in decimal,

A = Digit,

r = Radix / Base of a number system,

n =The number of digits in the integer portion of the number &

m = The number of digits in the fractional portion of the number
Binary-to-Decimal Conversion

The decimal value of any binary number can be found by adding the weights of all bits thahdre 1
discarding the weights of all bits that are 0.

Note:Add t he weights of all/l 16s in a binary numl

I EXAMPLE
Convert the binary whole number 1101101 {o decimal.

Solution  Determine the weight of each bit that is a 1, and then find the sum of the weights to
wet the decimal number.

Weight: 2°2° 24 27 22 21 2
Binarynumber: 1 1 0 1 1 0 1
1101101 = 25 + 25 + 22 + 22 + 2°
— 64 +32+8+4+1 =109

EXAMPLE
Converl the fractional binary number 0.1011 to decimal.

Solution  Determine the weight of each bit that is a 1, and then sum the weights to get the
decimal fraction.

Weight: 2= padl pasiioad
Binary number: O. 1 0 1 1
0.1011 = 27! + 23 + 27¢

= 0.5 + 0.125 + 0.0625 = 0.6875

Octal-to-Decimal Conversion:

Since the octal number system has a base of eight, each successive digit position is a
increasing power of eight, beginning in the righost column with & The evaluation of an octal
number in terms of its decimal equivalent is obtained by multiplying each digit by its weight and
summing the products, as explained below for 2374

Weight: 88 8'g"
Octal number: 2 3 7 4
2374, = (2% 8) + (3 X&) +(7X8)+ (4 x8Y
=(2%X512) + (3X64)+ (TXR) +(4X1)
= 1024 + 192 + 56 + 4 =1276
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Hexadecimatto-Decimal Conversion:

A One way to find the decimal equivalent of a hexadecimal number is to first convert the

hexadecimal number to binary and then convert from binary to decimal.
EXAMPLE

Convert the following hexadecimal numbers to decimal:

(@ 1C, (b) AB5¢

Solution  Remember, convert the hexadecimal number to binary first, then to decimal.

@ 1 C
b
00011100 = 27 + 23+ 22 =16 + 8 + 4 = 28,

b)) A 8 5
b ok L
101010000101 = 2'" +2° + 27 + 22 +2° = 2048 + 512 + 128 + 4 + 1 = 2693,,

A Another way to convert a hexadecimal number to its decimavaeut is to multiply
the decimal value of each hexadecimal digit by its weight and then take the sum of
these products. The weights of a hexadecimal number are increasing powers of 1€
(from right to left). Fora  -dligit hexadecimal number, the whig are

16° 16 16 16°

4096 256 16 1

EXAMPLE

Convert the following hexadecimal numbers to decimal:

(a) E5 (b) B2F8,¢

Solution  Recall from Table . that letters A through I represent decimal numbers 10 through
15, respectively.
@ E5=EXI6) +(5Xx1)=04x16)+ (5x1) =224 +5 = 229,

(b) B2F8,, = (B X 4096) + (2 X 256) + (F X 16) + (8 X 1)
(11 X 4096) + (2 X 256) + (15 % 16) + (8 X% 1)
45,056 + 512 + 240 + 8 = 45816,

i1

Binary-to-Octal Conversion:

Conversion of a binary number to an octal number is the reverse of théodaitary conversion.

The procedure is as follows:

A Start with the righimost group of three bits and, moving from right to left, convert eauh 3
~ group to the equivalent octal digit.
A If the number of bits available for the laftost group is less than 3; add either one or two zeros

to make a complete gup of 3bits. These leading zeros do not affect the value of the binary
number.

EXAMPLE

Converl each of the following binary numbers to octal:

(a) 110101 (b) 101111001 (c) 100110011010 (d) 11010000100
Solution (a) 110101 (b) 101111001
R ik 1L 1
6 5 =654 5 7 1=571
(©) 100110011010 (@ 011010000100
(e P Ll
4 6 3 2=4632 3 2 0 4=3204,
14| Page
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Octal-to-Binary Conversion:

Each octal digit can be represented byktdinarynumber (8= 2° , where 3 represents the number
of bits used t@ncode so it is veryeasy to convert from octal to binary. Each octal digit is represented
by three bits as shown below.

OCTAL DIGIT 0 1 2 3 4 5 6 7

BINARY 000 001 010 011 100 101 110 111
To convert an octal number to a binary number, simply replace each octal digit with the appropriate
three bits.

EXAMPLE 2-31
Convert each of the following octal numbers to binary:

(a) 134 (h) 25,  (¢) 1405  (d) 75264

Solution (a) 1 3
Ll |
001011 010:

Note: Octalis a convenient way to represent binary numbers, but it is not as commonly used as
Hexadecimal

Binary-to-Hexadecimal Conversion:
Converting a binary number to hexadecimal is a straightforward procedure. %irapky/the binary

number into 4bit groups starting at the rightost bit and replacesach 4bit group with the
equivalent hexadecimal symbol.

Convert the [ollowing binary numbers to hexadecimal:

(a) 1160101001010111 (h) 111111000101101001

»n (a) 1100101001010111 (b) 00111111000101101001
L [l LA i
C A 5 71 =CA%7, 3 F 1 6 9 =3F169,

Two zeros have been added in part (b) to complete a 4-bit group at the left.
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Hexadecimalto-Binary Conversion:

To convert a hexadecimal number to a binary number, reverse the process and replace

hexadecimasymbol with the appropriate four bits.

ea

Determine the binary numbers for the following hexadecimal numbers:

(@) 10Ad4,, (b) CF8E,,  (c) 9742,
@1 0 A 4 () C T 8 E @ 9 7 4 2
IR JESNE SN S 2 JE 2N S 2
1000010100100 1100111110001110 1001011101000010

In part (a), the MSB is understood (o have three zeros preceding it, thus forming a 4-

bit group.

It is clear that it is much easier to deal with a hexadecimal number than with the equivalent
binary number. Since conversion is so easy, the hexadecimal system is widely used for representir

binary numbers in pgramming, printouts, and displays.

Note: Conversiorbetween hexadecimal and binary is direct and easy.

Hex to Octal and Octal to Hex Conversion

These conversions are done through the binary conversion. Recall that, a grebpsoéptesent a
hexadecimal digit and a group ob8s represent an octal digit.

Hex to Octal Conversion

1. Convert the given hexadecimal number into binary.

2. Starting from right make groups oft#ts and designate each group an octal digit.

Example. Convert (1A3),;, into octal.
Solution.
1. Converting hex to binary

(1 A3, = 0001, 1010, 0011
2. Grouping of 3-bits
(1A3),, = 020 13]_,0 130 Oil
0 6 4 3
so (1A3);5 = (0643)g= (643)g

Octal to Hex Conversion

1. Convert the given octal number into binary.

2. Starting from right make groups ofbits and designate each group as a Hexadecimaldigit.

Example. Convert (76)g into hexadecimal.
Solution. 1. Converting octal to binary

(76)5 = J11,,110,
7 6
2. Grouping of 4-bits
(76)g = 11 1110 =
ol
3 E
(78)g = (3E)4

D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.
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BINARY ARITHMETIC:

Binary arithmetic is essential in all digital computers and in many other types of digital
systems. To understand digital systemse must know the basics of binary addition,
subtraction,multiplication, and division.

Binary Addition:

The four basic rulefor adding binary digits (bits) are as follows:

Augend | Addend | Carry | Sum | Result
0 0 0 0 0
0 1 0 1 1
1 0 0 1 1
1 1 1 0 10

The procedure of adding 2 binary numbers is same as that of 2 decimal numbers. Addition is
carried out from LSB and it proceeds to higher significant bits, adding the carry resulting from the
addition of two previous bits each time.

A 0+0=0 Sum of 0 wih a carry of 0
A 0+1=1 Sum of 1 with a carry of 0
A 1+0=1 Sum of 1 with a carry of 0
A 1+1=10 Sum of 0 with a carry of 1

Note: Remember, in binary I+= 10, not 2.

Thefirst three rules result in a single bit and in the fourth rule the additionwob 1 6 s vy i e
binary two (10). When binary numbers are added, the last condition create10 a sum of O in a give
column and a carry of 1 over to the next column to the left, as illustrated in the following addition of
11 + 1:

Carry Carry
1 1 <=
o | : ‘
mte AAS) O

A In the right column, 1 4 = 0 with a carry of 1 to the nezblumn to the left. In the mitle
column, 1 + 1 + 0 = 0 with a carry of 1 to the next calumthe left. In the left caimn,
1+0+0=1.

A When there is a carry of tye have a situation in which three bits are beidged (a bitin each
of the two numbers and a carry bit). This situatioexiglainedas follows:

Carry bits —

1 +0+0=01 Sum of 1 with a carry of 0
1 +1+0=10 Sum of () with a carry of 1
1
1

+
L
+
|

=

Sum of 0 with a carry of 1
Sum of 1 with a carry of 1

+
+
I
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EXAMPLE
Add the following binary numbers:

(a) 11 + 11 (by 100 + 10 (e) 111 + 11 (d) 110 + 100

Solution  The cquivalent decimal addition is also shown for reference.

(a) 11 3 (b) 100 4 (c) 111 7 (@ 110 0
L LB X110 +2 2 LS +100 4
110 6 110 6 1010 10 1010 10
Example Add the binary numbers:
(o) I0IC and II0I (B) OITQ and 111X
Solutior.
(-3 ] 1 0 1 ]
e ] 1 1 (1] b
1 o 1 1 b
T
Carry
(€D [ §] C1) - Carry
Lo} 1 1 0]
C+3 1 1 1 1
1 L) 1 o 1
*
Carry

Binary Subtraction:

The four basic rules for subtracting bits are as follows:

Minuend | Subtrahend | Borrow | Difference | Result
0 0 0 0 00
0 1 1 1 11
1 0 1 0 10
1 1 0 0 00

Binary subtraction is also carried out in a similar method to decimal subtraction. The
subtraction is carried out from LSB and proceeds to the higher significant bits. When borrow is 1, as
in the second row, this is to Iseibtracted from the next higher binary bit as is performed in decimal
subtraction.

Actually, the subtraction between two numbers can be performed in three ways,

1. The Direct method,
2. The rdés compl ement met hod, and
3. The(rl) 6s compl ement met hod.

00 =0
1-1 =0
1-0 =1
101 =1 0 - 1 with a borrow of 1

Note:Remember in binary 101 = 1, not 9.

When subtracting numbense sometimes have to borrow from the next column to the left. A borrow

is required in binary only whene try to subtract & from a0. In this case, when a 1 is borrowed from

the next column to the left, a 10 is created in the column being subtracted, and the last of the four bas
rules just listed must be applied.
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Thebinary subtraction and equivalentdecimal subtractions are adollows:

Subtraction Using the Direct Method

The direct method of subtraction uses the concept of borrow. In this method, we

borrow a 1 from a higher significant position when the minuend digit is smaller than the
corresponding subtrahend digit.

Example Using the direct method to perform the subtraction

1001 - 1000.
Solution:
1001
(=) 1000
0001
Example Using the direct method to perform the subtraction
1000 - 1001,
Solution.
1000

=) 1 001
Eodcarry —4 1 1 1 1 1
End carry haes to be ignored.
Answer: 1111 = (2's complement of 0001).
When the minuend is smaller than the subtrahend the result of subtraction is negative

and in the direct method the result obtained is in 2's complement form. So to get back the
actual result we have to perform the 2's complement again on the result thus obtained.

But to tackle the problem shown in Example 1.29 we have applied a trick. When a

EXAMPLE
Perform the following binary subtractions:
(@ 11—-01 () 11 —10
Solution (a) 11 3 (b) 1 3
=01 =1 =19 =2
10 2 01 1
No borrows were required in this example. The binary number 01 is the same as 1.
EXAMPLE
Subtraet 011 from 101.
Solution 101 5
—011 =8
010 2

Let’s examine exactly what was done to subtract the two binary numbers since a
borrow is required. Begin with the right column.

Left column; Middle column:
When a 1 is borrowed,

Borrow 1 from next column
alisleft,so0—0=0. to the left, making a 10 in
\ this column, then 10 — | = 1.
Y
10l Right column:

—011 1-1=0
010——
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Binary Multiplication:
The four basic rules for multiplying bits are as follows:

0X0=0
0X1=0
1x0=0
1X1=1

I > > >

Note:

A Binary multiplication of two bits is the same as multiplication of the decimal digits 0 and
1.Multiplication is performed with binary numbers in the same manner as with decimal
numbers.

A It involves forming partial products, shifting each successive parbauct left one place, and
then adding all the partial produche equivalent deciat multiplications are shown below
for reference.

EXAMPLE
Perform the following binary multiplications:
@ llxIl (b) 101 x 111
Solution (a) 11 3 (b) 111 7
X 11 A3 x10l XS
Partial 11 9 Partial 111 35
products ([ +11 products 000
1001 +111
100011
Example AMultiply the following binary numbers:
feet 0111 and 1101 and (&) 1.011 and 10.01.
Solution.
(a) 0111 = 1101
0 1 1 1 Multiplicand
»x 1 1 o 1 Multiplier
0 1 1 1
0 0 o ] Partial
0 1 1 1 Products
1 1 1
1 0 1 1 o 1 1 Final Product
ib) 1.011 x 10.01
1. i} 1 Multiplicand
x1 0. 0 Multiplier
1 0 1 1
0 0 ] 0 Partial
0 0 0 0 Products
1 0 1 1
1 1 0 0 o 1 1 Final Product
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Binary Division:

Division in binary follows the same procedure as division in decimal. The equivdéemnal
divisions are also given.

Dividend | Divisor Result
0 0 Not Allowed
0 1 0
1 0 Not Allowed
1 1 1

Note: A calculator can be used to perform arithmetic operations with binary numbers as long as the
capacity of the calculator is not exceeded.

EXAMPLE
Perform the following binary divisions:

(@ 110=11 (b) 110+ 10

10 2 11 3
Solution (a) 11)110 3)6 (b) 10)110 2)6
11 6 10 6
[ 100
10
00

Example 1.31. Divide the following binary numbers:

fa) 11001 and 101 and (b)) 11110 and I001.

Solution.
{a) 11001 = 101
1 0 1
1 0 1 [ 1 1 0 0 1
1 0 1
0 0 1 0
1 i)
o o
Answer: 101
(b) 11110 + 1001
1 1.
1 0 0 1 11 1 1 1 0
1 0 0 1
0 1 1 0] 0
1 0 0
1 1
Answer: 11
21| Page
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1'S AND 2'S COMPLEMENTS OF BINARY NUMBERS:

The I's complement and the 2's complement of a binary number are important becaase they
the means forthe representation of negative numbersdigital technology The method of 2's
complementarithmetic is commonly used in computers to handle negative numbers.

Finding the 1's Complement:

The | '"s complement of a binary number isBowd oun
below:

10110010 Binary number
Jilillll
01001101 1"s complement

Note: Change each bit in a numiderget the I's complement.

The simplest way to obtain the I's complement of a binary number with a digital circuit is to
use parallel inverters (NOT circuits), as shown in Figugef@ an 8bit binary number.

1 OF

D

Fig: Inverters used to obtain thebcemplement of a binary number.

Finding the 2' s Complement:
The 2's complement of a binary number is found by adding 1 to the LSB of the I's complement.
2's complement = (I's complement) + 1

Note: Add 1 to the I' complement to get the 2's complement.

Find the 2’s complement of 10110010.

Solution 10110010 Binary number
01001101 I's complement
azn B i Add 1

01001110 2's complement

An alternative method of finding the 2's complement of a binary number is as follows:
1. Start at the right with the LSB and write the bits as they are up to and including the first 1.
2. Take the 1's complememtbthe remaining bits.

Note: Change all bits to the left of the least significant 1 to get 2's complement.
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EXAMPLE
Find the 2°s complement of 10111000 using the alternative method.

Solution 10111000 Binary number
1’s complements TH 01001000 2’s complement

of original bits— .
: T*f These bits stay the same

The 2's complement of a negative binary number can be realized using inverters and anadde
as shownin Figure below. Figure below gives, hovan 8-bit number can be converted toits 2's
complement by first inverting each bit (taking the I's complement) and then adding 1 to the I's
complement with an adder circuit.

Negative number

1 | 1
\/ !
I’s complement Y Y ( \{ AL Y Y J

Input bits
Adder sz:y =
| (add 1)
QOutput bits (sum)
] R i 5 |
2’s complement 0 1 0 1 0 1 i 0

Fig:Obtaining the 2's complement of a negative binary number.

To convert froman|'s or 2's complement back to the true-gamplemented) binary form, use the
same two procedures described previously.

A To go from the I's complement back to true binary, reverse all the bits.
A To go from the 2's complement form back to true bintake the 1's complement of the 2's
complement number and addalthe least sigificant bit.

23| Page
D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.



SIGNED NUMBERS:

Digital systems, such as the computer, must be able to handle both positive and negativ
numbers. A signed binary number consists of both sign and magnitude information. Thesign indicate
whether a number is positive or negative, and the magnitude ialtheeof the number.

There are three forms in which signed integer (whole) numbers can be represented in binary:

1. Sign-magnitude,
2. I's complement, and
3. 2'complement.

Of thesethe 2's complement is the most important and thersgnitude is the leassad. Non

integer and very large or small numbers can be expressed in flpatimgormat.

To explain theeffect of these 3 representations, we consielat Binary representatioas inbelow
table. Carefully observe the differences in three methods.

Decimal Signed 1’s complement 2’s complement
Magnitude

+0 00O0O0 0000 0000
+1 0001 0001 0001
+2 0010 0010 0010
+3 0011 0011 0011
+4 0100 0100 0100
+5 0101 0101 0101
+6 0110 0110 o110
+7 0111 0111 0111
—8 — — 1000
—7 1111 1000 1001
—6 1110 1001 1010
—5 1101 1010 1011
— 1100 1011 1100
—3 1011 1100 1101
—2 1010 1101 1110
—1 1001 1110 1111
—0 1000 1111 —

From the table, it igleart h a t both signed Magnitude and
two zeros+0and 0 whi ch is awkward. This is not the ¢
the reasons that why al/l t h lememtroethedrfar thed purpase af |

signed representation. From the above table, it is @désar thaih signed representatien positive
numbers ang negative numbers can be representedwiliits. Out of 2combinations oh-bits, first
— combinations are used to denote thepositive numbers and—exinbinations represent the
negative numbers.

The Sign Bit:

The leftmost bit in a signed binary number is the sign biticl tells you whether the ndrar
is positive or negativeA O0@sign bit indicates a positive number, andila sign bit indicates a
negative number.
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Sign-Magnitude Form:

When a signed binary number is represented insiggnitude, the lefinost bit is the sign bit
and the remaining bits are the magnitude bits. Magnitude bits are in true (toomplemented)
binary for both positive and negative numbers. For example, the decimal number + 25 is expressed :
an 8bit signed binary number using the sigragnitude form as

0001 1001
Sign bit T T Magnitude bits
The decimal number25 is expressed 4801100|

A Notice that the only difference between + 25 a@8 is the sign bit because the magnitude bits
are in true binary for both positive and negative numbers.

A In the sigamagnitude form, a negative number has the same magnitude bits as the
corresponding positive number but the sign bit is a 1 rather than a zero.

Example: Find the decimal equivalent of the following binary numbers assuming the binary numbers
have been represented in sigmgnitude form.

a. 0101100 b. 101000 c.1111 d.011011
Solution.

(a) Sign bit is 0, which indicates the number is positive.
Magnitude 101100 = (44),,
Therefore (0101100), = (+44), .

) Sign bit is 1, which indicates the number is negative.
Magnitude 01000 = (8),,
Therefore (101000), = (-8),,.

(c) Sign bit is 1, which indicates the number ia negative.
Magnitude 111 = (7),,
Therefore (1111), = (=T},

{d} Sign bit is 0, which indicates the number is positive.
Magnitude 11011 = (27),,
Therefore (011011), = (+27),,.

| &smplement Form:Positive numbers ifi's complement form are representeddhme way as the
positive sigmnagnitude numbers. Negative numbers, however, are the I's complements of the
corresponding positive numbers.

Example: using eight bitsthe decimal numbef5 is expressed as tlhedbcemplement of
+ 25 (00011001) as11100110

In the I's complement form, a negative number is the I's complement of the corresponding
positive number.
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2 6Copmplement Form:

Positive numberdn 2's complement form are represented the same agayn the sign
magnitude and I's complement forms. Negative numbers are the 2's complements of the correspondil
positive numbers.

Example: Theeight bits2 6 s ¢ omp | e me decimal mumber2oid equivalent ta2's
complement of +25 (0001100¢.11100111

In the 2's complement form, a negative number is the 2's complement of the corresponding
positive number.

Note:

Computers use the 2's complement for negative integer numbers in aleticttoperations.
The reason is that subtraction of a number is the same as adding the 2' complement of the number.
Computers form the 2's complement by inverting the bits and adding 1, using special instructions the
produce the same result as the adder

EXAMPLE
Express the decimal number —39 as an 8-bit number in the sign-magnitude. 1’s
complement, and 2’s complement forms.

Solution  First, write the 8-bit number for + 39,
00100111

In the sign-magnitude form. —39 is produced by changing the sign bit to a 1 and
lesving the magnitude bits as they are. The number is

10100111

In the s complement form, —39 1s produced by taking the 1’s complement of +39
(0010011 1).

11011000

In the 2°s complement form, —39 is produced by taking the 2’s complement of +39
(QO1001 1 1) as follows:

11011000 1's complement
+ 1
11011001  2's complement

The Decimal Value of Signed Numbers:
Sign-magnitude:

Decimal values of positive and negative numbers in thersggnitude form are determined
by summing the weights in all the magnitude
positions where there are zerdfie sign is determined by exaration of the sign bifi.e., Left Most
bit).

EXAMPLE
Determine the decimal value of this signed binary number cxpressed in sign-
magnitude: 10010101.

Solution  The seven magnitude bits and their powers-of-two weights are as follows:
28« 93 g% 93 g gl 30
¢ O 1 0 i 0] 1
Summing the weights where there are 1s,

16 +4+1=21

The sign bit is 1; therefore, the decimal number is —21.
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16s Compl ement

A Decimal values of positive numberstime I's complement form are téemined by summing

the weights in all bit positions where the
~00s
A Decimal values of negative numbers are determined by assigning a negative value to the
weight of the sign bit, summi ng al |l t he we
EXAMPLE

Determine the decimal values of the signed binary numbers expressed in 1’s
complement:

(a) 00010111 (b) 11101000
Solution  (a) The bits and their powers-of-two weights for the positive number arc as follows:
97 26 95 94 93 22 ol 90
6 © 0 1 0 1 ¢ I
Summing the weights where there arc Is,
16+412+1=+23

(b) The bits and their powers-of-two weights for the negative number are as follows.
Notice that the negative sign bit has a weight of —27 or —128.

_27 26 25 24 23 22 2 1 20
{ I 1 0 I 0 0O ©
Summing the weights wherc there arc 1s,

—128 +64+32+8=—-24
Adding 1 to the result, the final decimal number is

—24+1=-23

26 €omplement:

Decimal values of positive and negative numberthe2's complement form are determined
by summing the weights in all bit pasibo ns wher e t hrenng those positidnd whera n d
there are zeros. The weight of the sign bit in a negative number is given a negative value.
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EXAMPLE

Determine the decimal values of the signed binary numbers expressed in 2's Complement:
(a) 01010110
(b) 10101010

Solution  (a) The bits and their powers-of-two weights for the positive number are as follows:
27 99 23 23 W 9= b 9
0. 1 0 1 o0 I I @
Summing the weights where there are 1s,

64+ 16+4+2=+86

(b) The bits and their powers-of-two weights for the negative number are as follows.
Notice that the negative sign bit has a weight of —27 = —128.

=21 90 ‘92 9t¥ 23 22 b )0
I ¢ 1 06 1. &6 ¥ 9O

Summing the weights where there are 1s,

—128 +32+8 +2 = —86

From above examples,we can see why the 2's complement form is preferred for
representingsigned integer numbers:

To canvert to decimal, it simply requires a summatodrweightsregardless of whether the number is
positive or negative.

The 10s complement is not preferred because o

A The I's comlement system requires addingtd the summation of weights for negative
~ numbers but not for positive numbers.
A Also, the 1's complement form is generally not used because two representations of zere

(00000000 01111111 )are possible.
Range of Signed Integer Numbers That Can Be Repsented:
We have used-Bit numbers because theb& grouping is common in most computers and has been
given the special name byte. With one byte or eight w#ssan represent 256 different numbers. With
two bytes or sixteen bits, you can represent 3 different numbers. With four bytes or 32 bits, you
can represent 4.295 x ldifferent numbers.
The formula for finding the number of different combinations of n bits is

Total combinations =2

For 2's complement signed numbers, the range of viduesbit numbers is
Range = (2" to +(2""1- 1)

where in each case there is one sign bit antl magnitude bits.
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For example, with four bitswe can represent numbers in 2's complement ranging from

-(2%)=-81t02°-1 = + 7. Similarly, with eight bits you can go from28 to + 127, with sixteen bits
you can go from 32,768 to + 32,767, and so on.

Range of signed intege

Signed integer representation. representations.

Sign magnitude -2 -1)to+ (27 - 1)
16s compl ement -2 -1Dto+(27-1)
26s compl ement (2" Yto+ (21-1)

ARITHMETIC OPERATIONS WITH SIGNED NUMBERS
Subtraction using 16s compl ement :

A Binary subtraction can be performed by ad
minuend.

A If a carry is generated, then the result is positive and in true form. Add carry to the LSB
position to get the final result called end aroucdrry.

A If the subtrahend is larger than the minuend, then no carry is generated. The answer obtained
in 16s complement and is negative. To get
and put a negative sign in front.

Example:

Subtract (110Qfrom (1001)usi ng t he 16s compl ement met ho
method and compare.

Solution.
Direct Subtraction 1's complement method
1001 1001 (+)
-1100 1's complement —» 0011
Carry —» 11101 1100
2's complement o011 I's complement —» 0011
True result 0011 True result -0011

A In the direct method, whenever a larger number is subtracted from a smaller number, the resu
obtained is in 26s compl e me néd trud resulnwe havalto o p
di scard the carry and make the 206s compl er
before the result.

A ln 106s compl ement subtraction, no carry
complement form. To get the truee s u | t we have to make the
obtained and put negative sign before the result.
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Example: Subtract (101Q)from (1001dusi ng the 16s compl ement m
the direct method and compare.

Solution.
Direct Subtraction 1's complement method
1001 1001 (+)
-1010 2% complement — 0110
Carry —» 11111 1111
2's complement 0001 2s complement — 0001
True result -0001 True result -0001

Subtractonusi ng 20s compl ement:

In the last sectionye learned how signed numbers are represented in three differerst In this
section, wewill learn how signed numbers are added, subtracted, multiplied, and divided. Because the
2's complement form for repmsting signednumbers is the most widely used in computers and
microprocessebased systems
Addition:

The two numbers in an addition are the addend and the augend. The result is the sum.
There are four cases that can occur when two signed binary raiartbeadded.

1. Both numbers positive

2. Positive number with magnitude larger than negative number

3. Negative number with magnitude larger than positive nur&ber

4. Both numbers negative

Let's take one case at a time usingit8signed numbers as examples. The equivalent decimal
numbers are showselowfor reference.

Both numbers positive:

00000111 i
=+ 00000100 + 4
00001011 11

Note: Addition of two positive numbers yields a positive number.
The sum is positive and is tledore in true (urcomplemented) binary.

Positive number with magnitude larger than negative number:

00001111 15
+ 11111010 + —6
Discard carry > 1 00001001 o

The final carry bit is discarded. The sum is positive and therefore in trueo(oplemented)
binary.

Note: Addition of a positive number and a smaller negative number yields a positive number.
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Negative number with magnitude larger than positive number:

00010000 16
+ 11101000 + —24
11111006 -8
Thesum i s negative and fomerefore in 206s compl e
Both numbers negative:
11111011 — 5
+ 11110111 + —9
Discard carry —— 1 11110010 —14
The final carry bit is discarded. Teum i s negative and tforerired or e

computer, the negative numbers are stored in 2's compléonemt
The addition process is very simple: Add the two numaedsdiscard any final carry bit.

Note: Addition of a positive number and a larger negative number or two negative numbers yields a
negative number in 2's complement.

Subtraction using 26s compl ement :

A Binary subtraction can be performed by adi
minuend.

A If a carry is generated, discard the carry.

A If the subtrahend is larger than the minuend, then no carry is generated. The answer obtained
i n 20 s emtantip hegatve.

A To get a true answer tesukanduthregadvé sgniofomp | e me

Example: Subtract (011%)from (1101 usi ng the 26s compl ement n
the direct method and compare.

Solution.
Diirect Subtraction 1's complement method
1101 1101 (+)
- 0111 2's complement —» 1001
0110 Carry —» 10110
Discard Carry 0 1 1 0 (Result)
Note: | n @émpl ement subtracti on, no carry I s 0
compl ement f or m. To get the true result w

obtained and put negative sign before the result.

Advantage: The EndAr ound carry operation present in t}
20s compl ement .
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Comparison between 106s and 26s compl ement s

A comparison between 16s and 206s compl ement r

1. T he cdmplement has the advantage of being easier to implement by digitals components
(Vi z i nverter) since only thing to be do
i mpl ement 20s compl ement we have two ways:

A By finding out t haumbedand toeo atdihge todhe tSBoffthe t
16s compl ement, and
A By leaving all leading Os in the LSB positions and the first 1 unchanged, and only then

changing all 1s to Os and vice versa.

2. During subtraction of t wo n u mb econsplement isa
advantageous since only one arithmetic add
arithmetic additions when an endround carry occurs.

3. The 16s complement has an additional di sac
a | Os and one with all/l ls. The 26s compl
explained as follows:

We consider the subtraction of twe egual binary numbers 1010 — 1010,
Using 1's complement:
1010
+ 0101 (1's complement of 1010)
+ 1111 {(negative zero)
We complement again to obtain (— 0000) (positive zero).
Using 2's complement:
1010
+ 0110 {2's complement of 1010}
+ 0000
In this 2's complement method ne guestion of negative or positive zero arises.

Overflow Condition:
A When two numbers are added and the number of bits required to represent the sum exceeds t
number of bits in the two numtse an overflow results as indicated by an incorrect sign bit.
A An overflow can occur only when both numbers are positive or both numbers are negative. The
following 8-bit example will illustrate this condition.

01111101 125
+ 00111010 + 58
10110111 183

Sign incorrect
Magnitudc incorrect

In this example the sum of 183 requisght magnitude bits. Since there are seven magnitude
bits in the numbers (one bit is the sign), there is eyéato the sign bit which prtuces the overflow
indication.

Numbers are Added Two at a Time:

Now let's look at the addition of a string of numbers, added two at a time. This can be
accomplished by adding the first two numbers, then adding the third number to the sum of the firs
two, then adding the fourth number to this result, and so on. Thigwscomputers add strings of
numbers. The addition of numbers taken two at a tiras fellows:
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EXAMPLE
Add the signed numbers: 01000100, 00011011, 00001110, and 00010010.

Solution The equivalent decimal additions are given for reference.

68 01000100
= 27 + 00011011 Add 1s1 two numbers
95 01011111 Ist sum
+ 14 4 00001110 Add 3rd number
109 01101101 2nd sum
+ 18 + 00010010 Add 4th number
127 01111111 Final sum

Subtraction:
Subtraction is a special case of addition. For example, subtracting +6 (the subtrahend) from +
(the minuend) is equivalent to addir@jto +9. Basically, the subtraction odion changes the sign of
the subtrahend and adds it te thinuend. The result of a gtdiction is called the difference.
The sign of a positive or negative binary number is changed by taking its 2's complement.

For example, when you take the 2's complement of the positive number 0000010Q€-gbt
11111100, which is4 as the following surof-weights evaluation shows:

-128+64+32+16+8+44

As another example, when you take the 2's complement of tlagiveegumber 11101102 (
19),we get00010011, whiclare+ 19 as the following surof-weights evaluation shows:

16+2+1=19

Since subtraction is simply an addition with the sign of the subtrahend changed, the process i
stated as follows:

To subtract two signed numbers, take the 2's complement of the subtrahend and add. Discard any fin
carry bit.
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EXAMPLE:

Perform each of the following subtractions of the signed numbers:
(a) 00001000 — COOCOOLI (b) 60001100 — 11110111

(cy 11100111 — 00010011 (d) 10001000 - 11100010

Solution  Like in other examples, the equivalent decimal subtractions are given for reference.
(a) Inthiscase, 8 —3 =8 + (—3) = 5.

00001000 Minuend (+8)
+ 11111101 2’s complement of subwrahend (—3)
Discard carry—— 1 00000101 Difference (+5)

(b) In this case, 12 — (—9) = 12 + 9 = 21.

00001100 Minuend (+12)
+ 00001001 2’s complement of subtrahend (+9)
60010101 Difference (+21)

(¢) In this case, —25 — (+19) = —25 + (—19) — —44.

11100111 Minuend (—25)
+ 11101101 2’s complement of subtrahend (- 19)
Discard carry—— 1 11010100 Difference { —44)
(d) In this case, —120 — (—30) = —120 + 30 = —90.

10001000 Minuend {(—120)
+ 00011110 2’s complement of subtrahend (+30)
10100110 Dilference (—90)

Octal Arithmetic: 706s and 8 0 sAritBoetitp | e me n t

Subtraction using 706s Compl ement

The 706s compl ement of an octal number can b
7. The 86s compl ement can be o bresadf eaehddigibiry thes u b
number from7. Thd 6s and 86s compl ement of the octal d

A The method of subtraction using 706s compl e
_ binary system. Here also the carry obtairgeaidded to the result to get the true result.
A And as in the previous case, if the minuend is larger than subtrahend, no carry is obtained an

the resul't is obtained in 76s compl ement |
~ complement over theesult obtained and put negative sign in front.
A Similarly, the method of subtraction using

method in binary system. Hea¢sothe carry obtained is discarded to get the true result.

A And as in the previousase, if the minuend is larger than subtrahend, no carry is obtained and
the result is obtained in 806s compl ement
complement over the result obtained and put negative sign in front.

Octal Digit | 7 6Complement |8 6 s Co mp

ORLrINWi~OO|N

N[OOI WIN|IFL|O
RINW OO |00
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Subtraction Using 7's Complement

Example Subtract (372}, from (453}, using the 7s complement method. Also
subtract using the direct method and compare.
Solution.
Direct Subtraction T's complement method
453 4563 (+}
-3 72 Ts complement —» 405
61 1060
Add Carry — 1
(6 1), (Result)
Example Subtract (453), from (372), using the 7's complement method. Also
subtract using the direet method and compare.
Solution.
Direct Subtraction T's complement method
372 372 4]
453 T's complement —» 324
1717 716
Discard Carry T17 T's complement —» 61

80s compl eme n(61)
True result : (-61)% True result : (-61)

Note: In the direct method, whenever a larger number is subtracted from a smaller number, the resu
obtained is in 86s complement form and opposi
carry and make the 806s @aumpyéaregatvadigniofrontt he r esu

Subtraction using 806s Compl ement

Example Subtract (256}, from (461), using the 8% complement method. Also
subtract using the direct method and compare.
Solution.
Direct Subtraction 8's complement method
461 461 (+)
- 2586 &8s complement —» 522
203 Carry —» 1203
Discard Carry (2 0 3), (Result)
Example Subtract (461), from (256), using the 8% complement method. Also
subtract using the direct method and compare.
Solution.
Direct Subtraction 8's complement method
256 256 (+)
- 461 8's complement —» 317
15765 576
Discard Carry 575 8's complement —» 203
8's complement 2 03
True result (-203), True result (—203),

Note: In the direct method, whenever a larger number is subtracted from a smaller number, the resu
obtained is in 86s complement form and opposi
carry and make the 806s @aulmpuaregatvadignfoohrt t he r esu
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Hexadecimal Addition:

Addition can be done directly with hexadecimal nursbdryy remembering that the
hexalecimal digits O through 9 are equivalent to decimal digithrough 9 and that hexadel
digits A through F are equivalent to decimal numbers 10 througAd&ition of twohexadecimal
numbergs asfollows:

EXAMPLE .
Add the lollowing hexadecimal numbers:

(a) 23, + 16,  (b) 58, + 22,  (¢) 2B + 84, (d) DF,, + AC,,

Solution (a) 23 tight column: 33+ 6;6 =310+ 616= 9= %6

+16,, left column: 2,4+ Lig =210+ Lio = 310 = 346
396
(by 58, right column: 86 + 2, = 8¢ + 25 = 10,y = A
+ 22|ﬁ lefl column: Slb ar 2I6 B 5|0 a 210 = 710 = 716
TA
(c) 2B right column: By + 4 =115+ 45 =15,=F
+ 846 left column: 2,0 + 8, = 2,5 + 8;p = 10,, = A}
AF,
(dy DF, rightcolumn: Fj,+ C, =15+ 12, =27,
+ AC,, 270 — 16, =11, = B g with a 1 carry

18B,, leftcolumn: D+ A+ 11 = 13,0+ 10,6+ 1,0 = 244
24,0 — 16, = 8, = 8, with a 1 carry

Hexadecimal Subtraction:

Weknow that, the 2's complement allowss to subtract by adding binary numbers. Since a
hexadecimal number can be used to represent a binary number, it can also be used to represent the
complement of a binary number.

There are three ways to get the 2's complement of a hexadecimal numidssd Meé$ the most
common and easiest to use. Methods 2 and 3 are alternate methods.

Method 1:  Convert the hexadecimal number to binary. Take the 2's complement of the binary
number. Convert the result to hexadecimal. The&h®wvn inFigurebelow.

Hexadecimal R 2’s .cnm.plcmenl 2 S complt:r_nent
in binary in hexadecimat
Example:
2A 00101010 11010110 D6

Fig: Obtaining the2's complement of a hexadecimal number, Method 1.
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Method 2:

This isshownin Figurebelow.

Subtract the hexadecimal numbeorfr the maximum hexadecimal nhar and add 1.

Subtract from

Hexadecimal

maximum

1’s complement

in hexadecimal
plus 1

2°s complement
in hexadecimal

Example:

2A

FF —-2A

D5 +1

Fig:Obtainingthe 2's complement of a hexadecimal number, Method 2.

Method 3:

Write the sequence of single hexadecimal digits. Write the sequence in reverse below

the forward sequence. The I's complement of each hex digit is the digit directly below
it. Add 1 tothe esulting number to get the 2's complement. Theh@vnin Figure.

Hexadecimal

e (=]
] -
oN
N w
N
>
(=35 §
0 ~2
~N &
(= V]
n >
P ]
w O
N T
~ vy
(=Fl |

1's complement
in hexadecimal
plus 1

2’s complement

in hexadecimal

Example:

2A

D5 +1

D6

Fig:Obtainingthe 2's complement of a hexadecimal number, Method 3.

EXAMPLE

Solution

Subtract the following hexadecimal numbers:

(a) 84,5 — 2A4
(a) 2A,c = 00101010

2’s complement of 2A,, = 11

84,¢
+ D6,
f5A

The difference is 5A .

(b) 0B,z = 00001011
2’s complement of OB, = 11

The difference is B8, ..

D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.

(b) C3i6 — 0By

010110 = D6,

Add
Drop carry, as in 2’s complement addition

110101 = IS,

C3y6
+ F54¢ Add
B8, Drop carry

(using Method 1)

(using Method 1)
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156s and 166s complement Arithmetic:

Thel 56 s ¢ o mofpalhexadecimial number can be found by subtracting each digit in
the number from 15. The 166s compl ement <can b
the rest of each digit in the number from 15.

Subtraction using 156s compl ement

Example Subtract (2B1) from (3A2}, using the 155 complement method. Also
subtract using the direct method and compare.
Solution.
Direct Subtraction 15 complement method
3A2 3A2 (+)

- 2B1 15's complement —» D4 E

F1 10F0

Add Carry — 1

(F 1}, (Result)

Example Subtract (3A2),, from (2B1)},, using the 15s complement method. Also
subtract using the direct method and compare.

Solution.

Direct Subtraction 15's complement method

2B 1 Z2B1 (+)
— 3A2 15's complement —# C 5 D
1FOF FOE

Discard Carry FOF 15's complement — F 1
16 complement F 1
True result (-F1),, True result —=F1),

In the direct method, whenever a larger number is subtracted from a smaller number,
the result obtained is in 16's complement form and opposite in sign. To get the true result
we have to discard the carry and make the 16’s complement of the result obtained and put
a negative sign before the result.

Subtractonusi ng 166s compl ement

Example Subtract (1FA),, from (2DC),, using the 18% complement method. Also
subtract using the direct method and compare.
Solution.
Direct Subtraction 16’3 complement method
2DC 2DC {+)
- 1FA 16's complement —» E 06
E 2 Carry 10E 2
Discard Carry {E 2},  (Result)
Example Subtract (2DC),, from (1FA),, using the 16% complement method. Also
subtract using the direct method and compare.
Solution.
Direct Subtraction 16's complement method
lFA 1FA (+)
-2DC 16's complement —* D24
101E F1E
Discard carry 1E 16's complement —#
16's complement E 2
True result (-E2),, True result (-E2),,
38| Page
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Types of binary codes:

Binary codes are codes which are represented in binary system with modification from the origina
ones. The classification of binary codes is as follows:

Codes
Weighted Non-weighted Reflective Sequential Alphanumeric  Error detecting
codes codes codes codes codes and correcting
codes
,L l + Excess - 3 - 2421 + 8421 + ASCII « Parity
; + Gra « 5211 » Excess - 3 * EBCDIC * Hamming
Binary BCD . Fivey- bit « Excess - 3 * Hollerith
BCD codes
8421
. 2421
- 3321
+ 4221
+ 5211
+ 5311
* 5421
?3;11 Fig. Classification of codes
+7421
<8421
S.No | Particulars | Weighted codes Non1 weighted codes
. In this code, each bit position is assigr In this code, no specific weigh
1. Weight o . : . o
a specific weight. are assigned to bit positions.
: . .| Each position within the binar
Each bit position represents a fix . : .
2. Value value number is noassigned any fixe
' value.
41 Bit BCD code, 4221, 5211, 842 .
3. Examples 6421, 842-1. XSi 3 code and Gray code.
- These codes are used in:
These codes are used in: S :
. i . . (@) To perform certain arithmeti
(a) Data manipulation during arithmet e o
. operationg(i.e., used in K Map
operations. RPN
o simplification).
4 Applications (b) For input/output operations in digit
o P but op 9 (b) Shift position encoders
circuits.
(c) To represent the decimal digits | (c) Used for error detecting
calculators, voltmeters etc. purpose.
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Weighted binary codes are those which obey the positional weighting principles, each position
of the number represents a specific weight. The binary counting sequence is an example.

Decimal | 8421 | 4221 | 5211 | 74

0000 | 0000 | 0000 | 0000
0001 | 0001 | 0001 | 0111
0010 | 0010 | 0011 | 0110
0011 | 0011 | 0110 | 0101
0100 | 1000 | 0111 | 0100
0101 | 0111 | 1000 | 1010
0110 | 1100 | 1001 | 1001
0111 | 1101 | 1100 | 1000
1000 | 1110 | 1110 | 1111
1001 | 1111 ] 1111 | 1110

OO N0 WINF| O

8421 code/BCD code:

The BCD (Binary Coded Decimal) is a straight assignment of the binary equivalent. It is
possible to assign weights to the binary bits according to their positions. The weights in the BCD cod
are 8,4,2,1.

Example: The bit assignment 1001 can be seentdweights to represent the decimal 9 because

1x8+0x4+0x2+1x1 = 9.

Weights 8 4 2 1 Result
Binary No. 1 0 0 1

Equivalent 1X8 + 0X4 + 0 X2 + 1X19
Decimal No.

2421 code

This is a weightedode; its weights are 2, 4, 2 and 1. A decimal number is representdstin 4
form and the total four bits weight is 2 + 4 + 2 + 1 = 9. Hence the 2421 code represents the decime
numbers from O to 9.

5211 code:

This is a weighted code; its weights ar5]1 and 1. A decimal number is represented it 4
form and the total four bits weightis 5 + 2 + 1 + 1 = 9. Hence the 5211 code represents the decime
numbers from O to 9.

Reflective code Selfi Complementing codes

A code is said to be reflectivande, if thecodeword of the96 s compl ement of
e, 9N can be obtained from the code word of N I
i.e.,the codeword for 9 isthe complement for cod® 8 for 1, 7 for 2, 6 for 3 and 5 for 4 asdon.
CodesA21], 2421 5211,642-3 and excesS are reflective, whereas the 8421 code is not.

Advantage: Self i complementig codes have an advantage that their logical complement is the same
as the arithmeticomplement.
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Sequential code: In sequential codes,each succeeding code is one binary number greatey than it
preceding code.e., each succeeding codiéfers by one.

Examples 8421 and Exces3 codes whereas the 2421 and 5211 codes arsemiential codes
Non-Weighted code:

Non weighted codes are codes that are not positionally weighted. That is, each position within the
binary number is not assigned a fixed value.

Excess3 code:

Excess3 is a non weighted code used to express déciomabers. The code derives its name from the
fact that each binary code is the corresponding 8421 code plus 0011(3).

Example: 1000 of 8421 = 1011 in ExceS8s

Decimal digit Xs-3 code
0 0011
1 0100
2 0101
3 0110
4 0111
5 1000
6 1001
7 1010
8 1011
9 1100
10 01000011
11 01000100
12 01000101
13 01000110
14 01000111
15 01001000
Example: FindtheXS3 code and its 96s complement for
(@). (592}
Sol) (592)0
BCD of 592: 0101 1001 0010
0011 0011 0011
XS-3 (592) 1000 1100 0101

90s compl eme Q111 6011 20A®@ (XS3 code is seitomplementary codes. i.e.,
Reflectivecodes)
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(b).  (403)g

BCD of 403: 0100 0000 0011
0011 0011 0011

XS-3 (403) 0111 0011 0110

906s compl eme @000 &100 20013 (XS3 code is seitomplementary codes. i.e.,
Reflective codes)

Note: Il n the above two exampl ie3code tnonberd dainedainectl e n
by interchanginigersh6s to 06s and vVvice

XS-3 Addition:

A Addtwo XS-3 numbers.
A Ifcarry = 1,add00113) to the sum of 2 digité.e., append or add 3 zerms
the left of carry and add 0011 }3And if any carry occurs by adding 0011 (3),
add it to the next higher order bit position.

= 0 subtracD011Q).
Example:
1. 8+6

8 1011 (XS-3for 8)

+ 6 1001 (XS-3for 6)

14 0001 0100
0011 0011

0100 0111 (XS-3 for 14)
L @)

1 0100 (XS-3for1)
+ 2 0101 (XS-3for 2)

3 1001 (No carry,so subtracB)
0011

0110 (XS-3for 3)
3)
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l & dd 23 & 4& using XS-2 naefrod.
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: A dd &6 : " -
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XS — 3 No @ §ésgp i o 1 l oo\ el ]
XS -3 Ne @ FS6 lo Lo loco |teol
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Fs ¢ i B H L B0 [ FORLY 6811
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XS-3 Subtraction

A Complement the subtrahend
A Add the complemented subtrahend to minuend
A Ifcarry = 1, Result is positive. Ad8011@) and end around carry
= 0, Result is negative. Subtra@011(3) and the result is in excés8 negative
number and to get its true form complement the result and put negative in front.

Example:
1. 8-5
XS-3for5 : 1000
Complement for 5in X8 :0111
XS1 3 for8 : 1011
Complement of subtrahend : 0111
10010
+ 0011
0101
1
0110 (XS-3for 3)
Note: In excessi 3 , 90s compl ement and compl ementi 30f

subtraction method is also knownasexée8s s ubt racti on using 906s cor
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XS-3 for 8 : 1011
Complement for 8 in X8 :0100
XSi 3for5 : 1000
Complement of subtrahend : 0100
1100
- 0011

1001 (XS-3for- 3)
sub {;o. e an L~
B Su b brat 28 o 4 UJH‘V;@ xXS—2 oehed

D’fc_ot_ﬂwhv_d
A, b

- 28

e

| &
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t-e o | ol to |1

4's com penert™ : 10 LD olon =
CF Sw!,\‘fo‘/\w,‘
%t/fzf Add e Cﬂ)mﬁl?ﬁen:wﬁ:;‘ Sué:"ffawu;c) 23
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Note:
A BCD and 2421 are weighted codes.
A XS-3is an uaweighted code.
A 242l1and XS3 are self complementary codes. i.e., Reflective codes.
A Such codes have the property that 906s comp
changing 16s to 06s & 006s to 16s in the <co
Example:
(395)0is represented in X8 as : 01101100 1000
The 906s compl e md0it0110d 108® 5 whish 6i 4 obtained by
complementing each bit of tleede.
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Gray code:

A The Gray code is neweighted and is not an arithmetic code; that is, there are no specific
weights assigned to the bit pasits.

A The important feature of the Gray code is that it exhibits only a single bit change from one

code word to the next in sequence. This property is important in many applications, such as

shaft position encoders, where error susceptibility increaséstkat number of bit changes

between adjacent numbers in a sequence.

A The gray code is a reflective digital code which has the special property that any two
subsequent numbers codes differ by only one bit. This is also called-distaitce code. In
digital Gray code has got a special place.

The Gray Code:
Note: The single bit change characteristic of the Gray code minimizes the chance for error.

Table is a listing of the-Bit Gray code for decimal numbers 0 through 15. Binary numbers are
shown in thetable for reference. Like binary numbers, the Gray code can have any number of bits.
Notice the singlébit change between successive Gray code words. For instance, in going from decima
3 to decimal 4, the Gray code changes from 001 O to 0110, whilerthey lsiode changes from 0011
to 01 00, a change of three bits. The only bit change is in the third bit from the right in the Gray code
the others remain the same.

DECIMAL BINARY GRAY CODE | DECIMAL BINARY GRAY CODE

O 0000 0000 8 1000 1100
1 0001 0001 9 1001 1101
2 0010 0011 10 1010 1111
3 0011 0010 11 1011 1110
a4 0100 0110 12 1100 1010
5 0101 O111 13 1101 1011
6 0110 0101 14 1110 1001
37 0111 0100 15 FI1L 1000

Binary-to-Gray Code Conversion:

Conversion between binary code and Gray code is sometimes useful. The following rules
explain how to convert from a binary number to a Gray code word:

1. The most significant bit (leftnost) in the Gray code is the same as the corresponding MSB in
the binay number.
2. Going from left to right, add each adjacent pair of binary code bits to get the next Gray code
bit. Discard carries.
For example, the conversion of the binary number 10110 to Gray code is as follows:
—>

= > 0 + — i > O Binary

-
- -
O -

1 1
1 1 Gray
The Gray code is 11101.
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Gray-to-Binary Conversion:

To convert from Gray code to binary, use a similar method; however, there are some
differences. The following rules apply:

1. The most significant bit (lefnost) in the binary code is the same as the corresponding bit in
the Gray code.

2. Add each mary code bit generated to the Gray code bit in the next adjacent position. Discard
carries.

For example, the conversion of the Gray code word 11011 to binary is as follows:

1 1 O 1 | G

| A A = i
ko 1 - y

1 O ek 1~ v Binary

The binary number is 10010.
Application

The gray code is used in applicatiomtere the sequence of binary numbers may produce an
error during the transition from one number to the next. If the binary numbers are used, a change fror
0111 to 1000 may produce an intermediate erroneous number 1001 if the right most bit takes n
longerto change in value than the other Bits.

This above problem can be eliminated by using Gray code.

BINARY CODED DECIMAL (BCD):

Binary coded decimal (BCD) is a way to express each of the decimal digits with a binary code.
There are only ten code groujpsthe BCD system, so it is very easy to convert between decimal and
BCD. Because we like to read and write in decimal, the BCD code provides an excellent interface t
binary systems. Examples of such interfaces are keypad inputs and digital readouts.

Note: In BCD, 4 bits represent each decimal digit.
The 8421 Code:

The 8421 code is a type of BCD (binary coded decimal) code. Binary coded decimal means
that each decimal digit, O through 9, is represented by a binary code of four bits. The designation 842
indicates the binary weights of the four bit§ (22, 2* ,2°). The ease of conversion between 8421
code numbers and the familiar decimal numbers is the main advantage of this code. All that we hav
to remember are the ten binary combinations ithptesent the ten decimal digits as shown in Table.
The 8421 code is the predominant BCD code, and when we refer to BCD, we always mean the 842
code unless otherwise stated.

DECIMAL DIGIT 0 L 2 3 4 5 6 7 8 9
BCD 0000 0001 0010 0011 0100 0101 O0110 OL11 1000 1001
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Invalid Codes: With four bits, sixteen numbers (0000 through 1111) can besepted in the 8421
code. Only ten of these are used. The six code combinations that are not used are 1010, 1011, 11t

1101, 1110, and 1111 are invalid in the 8421 BCD code.

To express any decimal number in BCD, simply replace each decimal digittléth
appropriate 4it code, as shown below.

EXAMPLE
Convert each of the following decimal numbers 10 BCD:

() 35 (b) 98  (¢) 170  (d) 2469

Solution (a) 3 5 (Mb) 9 8

bl 0

00110101 70011000
© 1 7 0 d 2 4 6 9
Ly Ly 1l
000101110000 0010010001101001

It is equally easy to determine a decimal number from a BCD number. Start at thenoght
bit and break the code into groups of four bits. Then write the decimal digit represented bybegach 4

group.

EXAMPLE
Convert each of the following BCD codes to decimal:
(a) 10000110 (b) 001101010001 (¢) 1001010001110000
Solution  (a) 10000110 (b) 001101010001 (c) 1001010001110000
1 !l I 1 A
8 6 3RS 9 4 7 0
BCD Addition:

BCD is a numerical code and can be used in arithmetic operations. Addition is the most
important operation because the other three operations (subtraction, multiplication, and division) cal
be accomplished by the use of addition.

Stepsfor addition of two BCD numbers:
1. Add the two BCD numbers, using the rules for binary addition.
2. If a 4-bit sum is equal to or less than 9, it is a valid BCD number.
3. If a 4-bit sum is greater than 9, or if a carry out of thieitdgroup is generated, & ian invalid

result. Add 6 (0110) to the-Hit sum in order to skip the six invalid states and return the code
to 8421. If a carry results when 6 is added, simply add the carry to the-biexfrdup.
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| EXAMPLE
i Add the following BCD numbers:

(a) 0011 + 0100 (b) 00100011 + 00010101
(c) 10000110 + 00010011 (d) 010001010000 + 010000010111

Solution  The decimal number additions are shown for compartson.

(a) 0011 3 (b) 0010 0011 23
+ 0100 _+4 + 0001 0101 1S
0111 7 0011 1000 38
© 1000 0110 86 (d) 0100 0101 0000 450
+ 0001 0011 + 13 + 0100 06001 0111 + 417
1001 1001 99 1000 0110 0111 867

Note that in cach case the sum in any 4-bit column does not exceed 9, and the results
arc valid BCD numbers.

EXAMPLE
Add the following BCD numbers
(a) 1001 + 0100 (b) 1001 + (001
(¢) 00010110 + 00010101 (d) 01100111 + 01010011

Solution  The decimal number additions are shown for comparison.

(a) 1001
£ 0100
1101 Invalid BCD number (>>9) 13
__ +010 Add 6
0001 0011 Valid BCD number

{ 2
1 3

(b) 1001
+ 1001 +
[ 0010 Invalid because of carry 18
#0110 Add 6
0001 1000 Valid BCD number

o

\O \O

|

J;

1 8
{¢) 0001 OIlO 16
+ 0001 0101 +15
¢ 1011 Right group is invalid (>9), 31

left group is valid.
+ 0110 Add 6 to invahid code. Add
carry. 0001, to next group.
0011 0001 Valid BCD number

l l

3 1
(d) 0110 0111 67
+ 0101 0011 + 53
1011 1010 Both groups are invalid (>9) 120

+ 0110 + 0110 Add 6 to both groups
0_09; g{};g m Valid BCD number
) l
2 0

—
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BCD Subtraction:

There are two methods thzdan be followed for BCD subtraction.

METHOD 1.

Il n order to subtract any number from anot |
the subtrahend to the minuend. We can use tl
operation.

The 90 snentaf agedingal number can be found by subtracting each digit in the number
from 9. The 106s complement can be obtained b
digit in the number from 9.

The 90s and 1006s Compl @tn®inshowo ih tabletbedowd eci mal di

DecimalDigit | 96s Comp,106s Com
0 9 10
1 8 9
2 7 8
3 6 7
4 5 6
5 4 5
6 3 4
I 2 3
8 1 2
9 0 1
Subtraction Using 9's Complement
Example Subtract (358}, from (582),, using the 9% complement method. Also
subtract using the direct method and compare.
Solution.
Direct Subtraction 9's complement method
592 59012 (+}
- 358 9's complement —* 641
234 1233
Add Carry —> 1
(2 3 4),, (Result)
Example Subtract (592),, from (358}, using the 9% complement method. Also
subtract using the direct method and compare.
Solution.
Direct Subtraction 9's complement method
3568 abH 8 (+)
- 592 9's complement —» 407
-1 766 765
Discard carry 776 9s complement —# 234
10's complement 2 3 4 True result (-234),,
True result (-234)
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Subtraction Using 10's Complement

Example Subtract (438) , from (798),, using the 10°s complement method. Also
subtract using the direct method and compare.
Solution.
Direct Subtraction 105 complement method
T98 T98 (+)
- 438 10’ complement — 562
360 Carry  —» 1360
Discard Carry (3 6 0),, (Result)
Example Subtract (798), from (438)  using the 10°s complement method. Also
subtract using the direct method and compare.
Solution.
Direct Subtraction 10's complement method
438 438 (+)
- T98 10's complement —#» 202
1640 640
Diiscard carry 640 10°'s complement —* 360
10’z complement 3 6 0 True result (-360),,
True result (-360),,
Example Carry out BCD subtraction for (893) — (478) using 95 complement method.
Solution.
9z complement of 478 is 999
— 478
521
Direct method 893
— 478
415
Now in BCD form we may write 1000 1001 0011

+ 0101 0010 0001
1101 1011 0100 Left and middle proups are invalid
+ 0110 0110 Add 6
1 0100 0001 0100
T ——————»1 End around carry
0100 0001 0101
Hence, the final result is (0100 0001 0101}, or (415},

52| Page
D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.



Example Carry out BCD subtraction for (768) — ( 274) using 10 complement

method.
Solution.

10's complement of 274 is 9910

Direct method

Now in BCD form we may write

Ignore Carry —+

Hence, the final result is (0100

Total result positive

- 274
726
768
- 274

—_—

0111 0110 1000
+ 0111 0010 0110

1110 1000 1110 Left and right groups are invalid
+ 0110 0110 Add 6
1 0100 1001 0100

1001 0100), or (494),,.

736 0111 0011 0110
—273 1101 1000 1100 +— 1's complement of 0010 0111 0011
+ 463 1 0100 1011 0010
1 « 1
0100 1100 0011
0000 101¢ 0000
0100 10110 0011
4 T 6 3
——  —  Ignore this carry 1
Total result negative
427 0100 0010 0111
—-572 1010 1000 1101 +— 1%s complement of 0101 0111 0010
145 1110 1010 0100
1 “""l
v o
o001 0100 1011 Transfer 1's complement of adder 1 output
0000 0000 1010
0001 0100 10101
1 4

s

Ignore this carry 1
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DIGITAL CODES:

Many specialized codes are used in digital systems. BCD is also one of the digital codes; some cod
are strictly numeric, like BCD, and others are alphanumeric; that is, they are used to represer
numbers, letters, symbols, and instructions.

Alpha numeric codes:

A For communication, we not only require numbers. But, also other symbols known as  non
numeric data.

A The binary codes that can be used to represent all the letters of the alphabet, numbers ar
mathematical symbols, punctuation marks, are known as alphanumeric codes or characte
codes. These codes enable us to interface the-ayppit devices like the kboard, printers,
video displays with the computer.

The most commonly used Alpha numeric codes are:

+ ASCII (American standard code for information interchange) &
+ EBCDIC (Extended Binary code for Decimal Interchange code)

ASCII codes: (American standard code for information interchanges)

A ASCIl is the abbreviation for American Standard Code for Information Interchange.
Pronounced "askee,” ASCII is a universally accepted alphanumeric code used in most
computers and other electronic equipment. Most competgoards are standardized with the
ASCIIl. When we enter a letter, a number, or control command, the corresponding ASCII code
goes into the computer.

It is a Zbit code representing ’ 2 128 different characters.

ASCII has 128 characters and symbols represented Hyitdinary code, Actually, ASCII can

be considered as aAd& code with the MSB always O.

This 8bit code is 00 through 7F in hexadecimal. The first thintg ASCII characters are nen
graphic commads that are never printed or displayed and are used only for control purposes.
These codes represent 26 upper case letters (A to Z), 26 lowercase letters (a to z), 10 numbe
(0 to 9), 33 special characters and symbols and 33 control characters.

Exampes of the control characters are "'null," "line feed," "start of text," and "escape."

The other characters are graphic symbols that can be printed or displayed and include th
letters of the alphabet (lowercase and uppercase). The ten decimal digiteapan signs and

other commonly used symbols form the ASCII code.

> > > D>

Note: A computer keyboard has a dedicated microprocessor that constantly scans keyboard circuits 1
detect when a key has been pressed and released. A unique scan code is produced by

Computer software representing that particular key. The scan code is then converted to al
alphanumeric code (ASCII) for use by the computer.
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ASCII code: It is a 7- Bit code in which the decimal digits are represented by the BCD code.

_spoIMSBGs
000(0) |001(1) |010(2) |011(3) |100(4) |101(5) |110(6) |111(7)
0000 (O)) NUL | DLE !

0001 (1) | SOH
0010 (2)| STX
0011 (3)| ETX
0100 (4)
0101 (5)
0110 (6)
0111 (7)
1000 (8)
1001 (9)
1010(10)
1011(11)
1100(12)
1101(13)
1110(14)
1111(15) / o)

*VAO\QOO\OG}ZH:SI'
OOIN|O|O R~ WIN|FR|O

N-<><E<C—|U)E:O'U
NK[|X|s|<|c|~*|o|-lao

+

WA

@
A
B
C
D
E
=
G
H
|
J
K
L
M
N

ODB_W‘_'_':T@_"(D o0 |||

Table: ASCII code.
ASCI| Control Characters:

A The first thirtytwo codes in the ASCII table above represent the control characters. These are
used to allow devices such as a computer and printer to communicate with each other whe
passing information and data.

A The control characters and the contrelyKunction that allows them to be entered directly
from an ASCII keyboard by pressing the control key (CTRL) and the corresponding symbol
are also shown in the table. A brief description of each control character is also given.
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ASCII control characters:

NAME DECIMAL HEX KEY DESCRIPTION
NUL 0 00 CiRL @ null character
SOH 1 01 CIRL A start of header
STX 2 02 CTRL B statt of text
ETX 3 03 CTRL C cnd of text
EOT 4 04 CTRL D end of transmission
ENQ i 05 CTRL E enquire
ACK 6 06 CTRL. F acknowledge
BEL 7 07 CTRI.G bell
BS 8 08 CTRI.H backspace
HT 9 09 CTRLI horizontal tab
LE 10 0A CTRL Y line feed
VT 11 0B CTRL K vertical tab
FE 12 0C CTRI.L form feed (new page)
CR 13 0b CTRL M carriage rcturn
SO 14 OE CTRL N shift cut
Sl 15 OF CTRL O shift in
DLE 16 10 CTRL P data fink escape
DC1 17 11 CTRLQ device control 1
DC2 18 12 CTRL R device control 2
DC3 19 13 CTRL S device control 3
DC4 20 14 CTRL T device control 4
NAK 21 15 CTRL U negative acknowledge
SYN 22 16 CTRIL V synchronize
ETB 23 17 CTRL W end of transmission block
CAN 24 18 CTRL X cancel
EM 25 19 CTRLY end of medium
SUB 26 1A CTRI. Z substitute
ESC 27 1B CTRL. | escape
S 28 1C CTRL / file separator
GS 29 1D CTRL } group scparator
RS 30 1E CTRI. ~ record separator
us 31 1¥ CTRI. _ unil separator
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EBCDIC code:

A The extended binary code decimal interchange code i$ it §ixed length character set.
A With 8T Bits there will be 9= 256 codes possible.
A In EBCDIC codes, only 139 out of 256 are used andrémeaining codes are assigned to
~ special characters.
A In EBCDIC code the LSB is designated asahd MSB as p Therefore, the higher bit; lis
_transmitted first and lower order bigib transmitted last.
A Itis mainly used with large computer systems fik@nframes.
Most Significant Byte (MSB)
LS8 |0000/0001| 0010 |0011|01000101/0110|0111/1000/1001{101011011/1100/1101/1110/1111
T l@lm @@ @66 (7)) B9 (A (B (€ D ](E)]IF)
0000 (0) | NUL DS SP | & 0
0001 (1) S0Ss / a | j Al 1
0010 (2) FS ' b | k | s B | K|[s |2
0011 (3) ™ c | 1 |t cl LT3
0100 (4)| PF |RES| BYP | PN d | m|u D|M]|U/| 4
0101 (5)| HT | NL | LF | RS e | n | v E|N|V|S5
0110 (6) | LC | BS | EOB | UC flo| w Flo|w]|®6
0111 (7)| DL | IL | PRE |EOT g | p | x G| P | X |7
1000 (8) _ h | q |y HiQl| Y | 8
1001 (9) i r | oz Il { R | Z |9
1010 (A) CC | SM e | !
1011 (B) $ | . | #
1100 (C) < | | %
1101 (D) ( ) _ > i
1110 (E) 2=
1111 (F)| CU1 |CU2| CU3 | ?
Table Partial EBCDIC table
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ERROR DETECTION AND CORRECTION CODES:

Binary information may be transmitted through some communication medium, e.g. using wires
or wireless media. A corrupted bit will have its value changed from 0 to 1 or vice velsaabte to
detect errors at the receiver end, the sender sends an exparibyti§if) with the original binary
message.

Binary
Message

SENDER - Reciever

v, Erroy
Detecting Bit
(Parity Bit)
Parity Method for Error Detection:

A parity bitis an extra bit included with threbit binary messag® make the total numbef
16s i n t Iinclwingnie pasity lmjteithe¢ odd or even. If thearity bitmakes the total
number of 16s an odd (even) number, it is cal
Table below gives:

A Idea about how parity bits are attached to a code;

A Lists the prity bits for each BCD number for both even and odd parity. The parity bit for each
BCD number is in the P column.

EVEN PARITY ODD PARITY
PARITY BIT | BCD | PARITY BIT | BCD
0 0000 1 0000
1 0001 0 0001
1 0010 0 0010
0 0011 1 0011
1 0100 0 0100
0 0101 1 0101
0 0110 1 0110
1 0111 0 0111
1 1000 0 1000
0 1001 1 1001

The parity bit can be attached to the code at either the beginning or the end, depending on syste
design.

A The tot al number of 106s, including the par
A The tot al number of 106s including the par.i
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Detecting an Error:

A

A

At the receiver end, an error is detected if the message does not match have the proper parity
(odd/even).

Parity bits can detect the occurrence 1, 3, 5 or any odd number of errors in the transmitted
message. At the receiver end, an error is detecthd ihessage does not match have the

proper parity (odd/even). No error is detectable if the transmitted message has 2 bits in error
since the total number of 106s wil/l remai n
In general, a transmitted message witarenumber of errors cannot be detected by the parity

bit.

Parity bit is used for the detection of a single bit error (or any odd number of errors, which is

very unlikely) but cannot check for two errors in one group.

Example:

For example, let's assuntieat we wish to transmit the BCD code 0101. (Parity can be used

with any number of bits; we are using four for explanation) The total code transmitted, including the
even parity bit, is

| —Even parity bit
00101
T BCD code

Now let's assume that an error occurs in the third bit fronethé.ke., the 1 becomes a 0).

| Even parity bit

00001
2T
L Bit errror
EXAMPLE
Assign the proper even parity bit to the following code groups:
(a) 1010 (b) 111000 (¢) 101101
(d) 1000111001001 (e} 101101011111
Solution  Make the parity bit either 1 or 0 as necessary to make the total number of Is even. The
parity bit will be the left-most bit (color).
(a) 01010 (b) 1111000 (c) 0101101
(d) 0100011100101  (e) 1101101011111
EXAMPLE

An odd parity system receives the following code groups: 10110, 11010, 110011,
L0101 110100, and 1100010101010. Determine which groups, il any, are in error.

Solution  Since odd parity 1s required, any group with an even number of s is incorrect, The
following groups are in error: 110011 and 1100010101010.

59| Page

D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.



Error-correcting codes not only detect errors, but also correct them. This is used normally in
Satellite communication, where tuamound delay is very high as is the probability of data getting
corrupt.

There are twamethods for adding bits to codes to either detect a sbhiglerror or detect and
correct a singkbit error.

1. The parity method of error detection.

2. The Hammingmethod of singlesrror detection and correction (When a bit in a given code
word is found & be in error, it can be corrected by simply invertingartyl double bit error
detection

The Hamming Error Correction Code:

It is one of the most common errors correcting code developed by R.W.Hantaimgiing code
adds a minimum number of bits to the data transmitted in a noisy channel, to be able to correct evel
possible ondit error. It can detect (not correct) it errors and cannot distinguish betweehitl
and 2bits inconsistencies. It can'in general detect 3(or morebits errors.

A We know thata single parity bits appended fodetection of singkbit errors in a code word.
A single parity bit can indicate that there is an error in a cegeonp of bits. In order to
correct a deteed error, more information is required because the position of the bit in error
must be identified before it can be corrected. More than one parity bit must be included in a
group of bits to be able to correct a detected error.

A In a 7bit code, there arseven possible singkgt errors. In this case, three parity bits can not
only detect an error but can specify the position of the bitror.eThe Hamming codes one
such code usefdr detection of error ansingle-error correction.

A FEC is suitedor data communication systems, when acknowledgements are impossible, such
as when simplex transmissions are used to transmit messages to many receivers or when tl
transmission, acknowledgement and retransmission time is excessive.

A However, the additioof FEC bits to each message waste time itself.
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Construction of a *bit Hamming code for detection oferror and singleerror correction:

Number of Parity Bits:

If the number of data bits is designated d, then the number of parity bits, p, is determined by the
following relationship:

2P O  d+p+l

For example, if we have 4 data bits, then p is found by trial and error using the above equation. Le

p=2. Then )
2 0 42v1
4 o 7

Si nce 2ptheQelationghip in above equation is not satisfied. We have to try again. Let p=3.
Then

23 o) 4+3+1

8 o) 8, this value of p satisfies the relationship of equation above, so 3 parity
bits are required to provide simglerror correction for 4 data bits. It should be noted that error
detection and correction is provided for all bits, both parity @atd,in a code group; i.e., the parity
bits also check themselves.

Placement of the Parity Bits in the Code:

The dataand parity bits must be arranged properly in the code. In the above example the code
is composed of the four data bits and the three parity bits. Thadsttbit is designated bit 1, the next
bit is bit 2, and so on as follows:

Bit 1, bit 2, bit 3, bi4, bit 5, bit 6,and bit7

The parity bits are located in the positions that are numbered corresponding to aspeweirsgpf
two (i.e., 1, 2, 48¢é ), as indicated;

=11 2t=2 22=4 =8

Py P, Ds Pa Ds Ds Dy Ps Do D1o

P1, P>, D3, P4, Ds, Dg, D7

The symbol RPdesignates a particular parity bit, angd@signates a particular data bit.
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Assignment of Parity Bit Values:

A Finally, we must properly assign a 1 orvBluesto each parity bit. Since each parity bit
provides a check on certain other bits in the total code, we must know the value of these other
in order to assign the parity bit value.

A To find the bit values, first number each bit position in binary, thatrige the binary number
for each decimal position number, as shown in the second two rows of Table below. Next,
indicate the parity and data bit locations, as shown in the first row of Table below.

A Notice that the binary position number of parity bit Fas a 1 for its righmost digit. This
parity bit checks all bit positions, includinigelf thathas s in the same location in the binary
position numbers. Therefore, parity bt €hecks bit positions 1, 3, 5, and 7.

Bit position table for a 7-bit error correction code:

BIT DESIGNATION P1 P, Ds | P» | Ds | Ds | Dy
BIT POSITION 1 2 3 4 5 6 7

BINARY POSITION
NUMBER 001 | 010| O11 | 100 | 101 | 110 | 111

Data Bits ()
Parity Bits (R)

A The binary position number for parity bi, Ras a 1 for its middle bit. It checks all bit
positions, includingt, that have 1s in this same position. Therefore, parity bit P2 checks bit
positions 2, 3, 6, and 7.

A The binary position number for parity bif Ras a 1 for its leftnost bit. It check all bit
Positions including itself, that have 1s in this same position. Therefore, parity titeleks bit
positions 45, 6, and 7.

A In each case, the parity bit is assigned a value to make the number of 1s in the set of bits
It checks either oddre@ven, depending on which is specified.
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THE FOLLOWING EXAMPLES MAKE THIS PROCEDURE CLEAR.

Idea about how parity bits are attached to a code:

EXAMPLE 1: Determine the Hamming code for the BCD number 1001 (data bits), usingagn
Solution:

Step 1:Find the number of parity bits required. We Use trial and error method. Let p = 3. Then

2P o] d+p+1
23 O  4+3+1 (True)

Therefore 3 parity bits are sufficient.
Total code bit§Length of Hamming code)= d+p

= 7

Step 2:Construct a bit position table, as shown below, and enter the data bits. Parity bits are
determined in the following steps.

BIT DESIGNATION Py P, Ds | P, | Ds | Dg | Dy
BIT POSITION 1 2 3 4 5 6 7
BINARY POSITION NUMBER 001 | 010 | 011 | 100 | 101 | 110 111
Data Bits (Dy) 1 0 0 1
Parity Bits (Py) 0 0 1

Step 3:Determine the parity bits as follows:

A Bit PI checks bit positions, B, § and 7 and it must be a 0 to make the total number of 1s (2)
even in this group to obtain even parity.

A Bit P 2 checks bit positions 2, 3, 6, and 7 and must be a 0 to make the total number of 1s (2
even in this group to obtain even parity.

A Bit P 3 checks bit positions %, § and 7 and must be a 1 to make the total number of 1s (2)
even in this group tobtain even parity.

Step 4:These parity bits are entered in Table, and the resulting combined code is called
HammingCode0011001.

EXAMPLE 2: Determine the Hamming code for the data bits 10110 using odd parity.
Solution:

Step 1:Determine the number of parity bits required. In this case the number of data bits, d, is five.
We Usetrial and error method. Let p = 4. Then

PO0d+p+1

2’05+4+1 (True)
Therefore 4 parity bits are sufficient.
Total code bits=5+4=9
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Step 2: Construct a bit position table, as shown below, and enter the data bits. Parity bits are
determined in the following steps.

BIT DESIGNATION Py P2 Ds P4 Ds Ds D~ Ps Do

BIT POSITION 1 2 3 4 5 6 7 8 9
BINARY POSITION

NUMBER 0001| 0010| 0011| 0100| 0101| 0110| 0111| 1000| 1001
Data Bits (Dy) 1 0 1 1 0
Parity Bits (Py) 1 0 1 1

Step 3:Determine the parity bits as follows:

A Bit P1 checks bit positions 1,3,5, 7 and 9 and it must be a 1 to make the total number of 1s (3
odd in this group to obtain odd parity.

A Bit P 2 checks bit positions 2, 3, 6, and 7 and must be a 0 to make the total number of 1s (3
odd in this group to obtaiodd parity.

A Bit P 3 checks bit positions %, § and 7 and must be a 1 to make the total number of 1s (3)
odd in this group to obtain odd parity.

A Bit P4 checks bit positions 8 and 9 and must be a 1 to make the total number of 1s (1) odd it
this group to obtain odd parity.

Step 4:These parity bits are entered in Table, and the resulting combined code is called
Hamming Code: 101101110.

Detecting and Correcting an Error usingthe Hamming Code:

The Hamming method for constructing an efgorrection code is dsllows:

Detection of error bit position and correction:

Each parity bit, along with its corresponding group of bits, must beke for the proper parity. If
there are three parity bits in a code word, then three parity checks are made. If there are four pari
bits, four checks must be made, and so on. Each parity check will yield a good or a bad result. Th
total result of althe parity checks indicates the bit, if any, that is in error, as follows:

Step 1:Start with the group checked by P1

Step 2:Check the group for proper parity. @drepresents a good parity check, @hdrepresents a
bad check.

Step 3:Repeat step 2 for each parity group.
Step 4: The binary number formed by the results of all the parity check designates the position of the

code bit that is in error. This is the error position code. The first parity check generates the leas
significart bit (LSB). If all checks are good, there is no error.
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EXAMPLE 3: Assume that the code word 0011001 is transmitted and that 001 0001 is
received. The receiver does not "know" what was transmitted and must look for proper parities tc
determine if the code is correct. Designate any erromésbccurredh transmissionfieven parity is

used.

Solution: First, make a bit position table, as indicated below
BIT DESIGNATION P1 P D3 P4 Ds De D,
BIT POSITION 1 2 3 4 5 6 7
BINARY POSITION
NUMBER 001 | 010| 011 | 100 | 101 | 110 111
Received Code 0 0 1 0 0 0 1

First parity check:

Bit PI checks positions, B, 5, and 7.

Ther e agirethistgowup. 1 6

Parity check iS gO0€h--------=-mmmmm e A 0 (LSB)

Second parity check:
Bit P 2 checks positions 2,8, and 7.
There are twd ®in this group.

Third parity check:

Bit P 3 checks positions 4, 5, 6, and 7.

There is one in this group.

Parity check is baeh----------====mmm oo A 1 (MSB)
Result:

The error position code is 100 (binary four). This says that the bit in position 4 is in error. It is a 0 and
should be a 1. The corrected code is 001100 1, which agrees evitrtkmitted code.

EXAMPLE 4: The code 101101010 is received. Correct any errors. There are four parity bits,
and odd parity is used.

Solution:

First, make a bit position table as indicated below

BIT DESIGNATION | Py P, Ds P4 |D5 |D6 |D7 | P8 |D9

BIT POSITION 1 2 3 4 5 6 7 8 9
BINARY POSITION

NUMBER 0001| 0010| 0011| 0100| 0101| 0110| 0111| 1000/ 1001
Received Code 1 0 1 1 0 1 0 1 0

First parity check:

Bit PI checks positiong, 3, 5, 7, and 9.

There are twd ®in this group.

Parity check is bagh------------=-mommm oo A 1 (LSB)
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Second parity check:

Bit P 2 checks positions 2, 3, 6, and 7.

There are twd $in this group.

Parity check is Daeh--------=-m-mmm oo Al

Third parity check:
Bit P 3 checks positions 4, 5, 6, and 7.
Ther e agirethistgowup. 1 6

Fourth parity check:

Bit P 4 checks positions 8 and 9.

There is ond. in this group.

Parity check iS gO0h--------=-=-mmmm oo A 0 (MSB)

Result:

The error position code is 0111 (binary seven). This says thdditthve position 7 is in error. The
corrected code is therefore 101101110.

EXAMPLE 5: Determine the Hamming code for the data bits 1011 using even parity.

Solution:

Step 1:Determine the number of parity bits required. In this case the number of data bits, d, is five.
We Use trial and error method. Let p = 4. Then

20 d + P + 1
2* 0 5 + 4 + 1 (True)

Therefore 4 parity bits are sufficient.
Lengthof Hamming codeTotal code bits =5+4=9

Step 2: Construct a bit position table, as shown below, and enter the data bits. Parity bits are
determined in the following steps.

BIT DESIGNATION Py P2 D3 P4 Ds Ds Dy

BIT POSITION 1 2 3 4 5 6 7
BINARY POSITION

NUMBER 001 | 010 | 011 | 100 | 101 | 110 | 111
Data Bits (D) 1 0 1 1
Parity Bits (Py) 0 1 0

Step 3:Determine the parity bits as follows:

A Bit P, checks bit positions 1,3&nd 7, and it must be a 1 't
even in this group to obtain even parity.

Parity bit P, checks : 3 5 7 - 1
1 1 1 ( Number o0f=1106s =
to make it even parity)
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A Bit P, checks bit positiong, 3, 6, and 7 and must be a 0 to make the total number of 1s (2)
even in this group to obtain even parity.

Parity bit P, checks : 3 6 7 - 0
1 0 1 ( Number o0E0106s =
to make it even parity)

A Bit P 4 checks bitpositions 4, 5, 6, and 7 and must be a 0 to make the total number of 1s (2)
even in this group to obtain even parity.

Parity bit P4 checks : 5 6 7 - 0
1 0 1 ( Number of 4206s = 2
to make it even parity)

Step 4:These parity bits are entered in Table, and the resulting combined code is called
Hamming Code :101101110.

BIT DESIGNATION P1 P, D3 P4 Ds Ds Dy
BIT POSITION 1 2 3 4 5 6 7
BINARY POSITION
NUMBER 001 | 010 | 011 | 100 | 101 | 110 | 112
Data Bits (Dy) 1 0 1 1
Parity Bits (Py) 0 1 0
Hamming code 0 1 1 0 0 1 1
Correction of single bit errors if any:
BIT DESIGNATION Py P, D3 Py Ds Ds D; | Error position
BIT POSITION 1 2 3 4 5 6 7 | Bitvalue
BINARY POSITION
NUMBER 001 | 010 | 011 | 100 | 101 | 110 | 111
Received code 0 1 1 0 0 1 1
For Py P, checks locations 1,3,5,7. C1=0(LSB)
There are four 106s I
Qparity check for even parity is correct a
indicate it with 060606
For P,: P, checks locations 3,6,7. C,=0
There are two 10s in
(parity check for even parity is correct a
indicate it with 060606
For Py: P,checks locations 5,6,7. C,=0(MSB)
There are two 10s in
(parity check for even parity is correct a
indicate it with 606
The resultanbit position thais in erroris Cy4 C, Ci = 0 0 0
i.e No errors.
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Single error correction and Double error detection:

Hamming code explained above provides the detection and correction of only a single error.
With a slight modification, it is possible to construct a hanghtode for single error correction and
double error detection. A one more parity bit is added to the hamming code obtained to make sure th.
the hamming code (including all/l parity bits)
not used indetermining the values of the other parity bits. The resulting hamming code makes single
error correction and detects double error detection.

Resulting hamming code after adding overall parity bit is as follows:

BIT DESIGNATION | OP | Dy Ds Ds P4 Ds P2 P1

Hamming code 0 0 1 1 0 0 1 1
Case 1:
) OP (Overall parity) === A correct
i) Check for correction - A cC4 C2 cC1
0 0 0

If (i) & (ii) are satisfied, No Error.
Case2:

i) OP (Overall parity) ~ -------- A In correct, Single Error
i) Check forcorrection ~  ------- A C4 C2 cC1

1 0 1 (8"bitin error)
If (i) & (ii) are satisfied, Single Error and that can be corrected by detecting error bit position.
Case 3

i) OP (Overall parity) ~ -------- A correct
i) Check for correction ~ ------- A C4 C2 cC1

0 1 O (Other than 0
If (i) & (ii) are satisfied, Double Error and that cannot be corrected.

Example : 6 Finding no. of bits required for hamming code:

A2k O n+k+1

A2k O 12+k+1

A2k O 13+k

A for k=5 the egationholdstrue. sono. of parity bits required=5
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Hamming code:

Pas| Ds | Dg D7 Ps Dg Dig D11 D12 Diz Disa Dis| Pis D
dESIgnatloJ 4 5 De D7 Fg 9 Di1o Di1| D12 D13 Dig Dis| Fie 17

Bit loc No. 71819 1111213 | 14| 15| 16 | 17

Binary 1oc|000100100013010001030110011110071001101¢1013110¢1103111G11131000(10001

DataBits 1 0| 1] 1 Oojofloj1]0f(O0]1 0

ParityBits | 1 | O 0 0 0

Rules for finding the parity bits:
A P = (3,5,7,9,11,13,15,17)

(1,0,1,0,0, 0,1, 0) =1
A P, - (3,6,7,10,11,14,15)

(1,1,1,0, 0, 0, 1) =0
AP = (5,6,7,12,13,14,15)

(0,1,1,1, 0, 0, 1) =0
A Pg - (9,10,11,12,13,14,15)

(0,0,0,1,0,0, 1) =0
A P - (17)

(0) =0

Error detection:

A Hamming code :10100110000100 100
A Errorin bit 6 :10100010000100100.
A C (P1,3,5,7,9,11,13,15,17)

(1, 1,0,1,00, 0, 1, 0) =0
A G (P2,3,6,7,10,11,14,15)

(0, 1,0,1,0, 0, 0, 1) =1
A C4 (P4,5,6,7,12,13,14,15)

(0, 0,0,1,1, 0, 0, 1) =1
A Cg (P8,9,10,11,12,13,14,15)

(0,0,0,0,1,0,0, 1) =0
A Ci (P16,17)

(0, 0 =0
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Correction C16 cs ca co c1 Deuma_tl equivalent  of
code correction code

0 0 1 1 0 6

Example 7:Determine which Bit, if any, is in error in the even parity. Hamming coded character is
1100111. Decode the message.

BIT DESIGNATION P, P, D3 P, Ds Ds D; | Bit Value
BIT POSITION 1 2 3 4 5 6 7 Error
BINARY POSITION "
NUMBER 001 | 010 | 011 | 100 | 101 | 110 | 111 | Position
Received Data 1 1 0 0 1 1 1
P, checks Bit Positions 1,3,5 1 0 1 1 C: = 1
& 7 for even Parity check (LSB)
P, checks Bit Positions 2,3,6 _
& 7 for even Parity check 1 0 1 1 ]C=1
P, checks Bit Positions 4,5,6 0 1 1 1 C, = 1
& 7 for even Parity check (MSB)

The resultant bit position that is in error i$C,4 C, C: = 1 1 1

This means that the bit in position7 is in error. So, the correction is done by simply changing
1to O.

Hence the correcteccode: 1 1 0 0 1 1 0.
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BOOLEAN ALGEBRA AND SWITCHING FUNCTIONS

OUTLINE

Fundamental postulates of Boolean Algebra,
Basic theorems and properties,

Switching functions,

Canonical and Standard forms,

Algebraic simplification Digital logic gates,
Properties of XOR gates,

Universal gates,

Multilevel NAND/NOR realizations.

> I I > I T D D

Why Boolean algebra?

>

It is highly desirable to find the simplest circuit implementation (Logic) with less number of
gates owires.

We can use the Boolean minimization process to reduce the function (expression) to its
simplest form.

The result is an expression with the less number of literals and requires less number of wire:
for the final gate implementation. If number of terin the expression is reduced, then the
number of gates reduces.

A So, simplification plays an important role in digital designs, which reduces the hardware
required, i.e. the number of gates and number of wires required. And it also reduces cost
power reqired and increases the speed of the digital system.

p>N

>

Boolean algebra:
Basic mathematics for the study of logic desigBaslean algebra.

Boolean algebra is a mathematical system for the manipulation of variables that can have one of tw
values.

A Infomal | ogic, these values are Atrueo and A0
Aln digital systems, these values are fAono
A Boolean expressions are created by performing operations on Boolean variables.
A Common Boolean operators include AND, OR, &l@IT.
A Networks of Logic gates allow us to manipulate digital signals
A Can perform numerical operations on digital signals such as addition, multiplication
A Can perform translations from one binary code to another.
(OR)

Boolean algebra may be defined asea of elements, a set of operators, and a number of unproved
axioms or postulates.
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Common Postulates in Algebraic Structure

Closure
Associative Law
Commutative Law
Identity Element
Inverse
Distributive Law

I v > > >

AXIOMATIC DEFINITION OF BOOLEAN ALGE BRA

A In 1854, George Boole developed an algebraic systemm d e a | wi thdw calddé a
Boolean algebra

Aln 1904, E. V. Huntington devel oped some p
606called Boolean algebr a.

A In 1938, Claude EShannon introduced a t&@lued Boolean algebra calleditching algebra
that represented the properties of biable electrical switching circuits.

Definition: Boolean algebra is an algebraic structure defined by a set of eleemgether with
two binary operators, + and . , provided that the following (Huntington) postulates are satisfied:

Postulates:

1. (a) The structure islosedwith respect to the operator +.
(b) The structure islosedwith respect to the operator . .

2.(a) The element O is adentity element with respect to +; thatisy 0 =0 +x = x.
(b) The element 1 is ddentity element with respectto . ; thatis,1 =1 x=X.

3. (a) The structure isommutative with respect to +; that ix,+y =y + x.
(b) The structure isommutative with respect to . ; that i%,. y =y .X.

4. (a) The operator. a8stributive over +; thatisx. (y+2z) = (x.y) + (X. 2).
(b) The operator + idistributive over . ;thatisx+ (y.2) =X +Yy) . X + 2).

5. For every elementf B, there exists an elemexityB (called thecomplementof x) such that
(a)x+x'=1 and
(b)x x'=0.

6. There exist at least two elemeRrty ¥ Bsuch thak not equal toy.

Comparing Boolean algebra wighiithmetic and ordinary algebra (the field of real numbers), we note
the following differences:

1. The distributive law of + over. (i.ex, + (y.z2) = X +y). (x + 2) ) Is valid in Boolean algebra,
but not for ordinary algebra.

2. Boolean algebra does not hamdditive or multiplicative inverses; therefore, there are no
subtraction or division operations.

3. Thecomplementoperatoiis not available in ordinary algebra.

4. Ordinary algebra deals with the real numbers, which constitute an infinite set of elements. But
twoZalued Boolean algebra deals with finite set of elemBr{ts 0 6 a n d B& {04} .
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Two valued Boolean algebra:

A twoZalued Boolean algebra is defined on a set of two elemBrtg0, 1}, with rules for the two
binary operators + and .as showrihe following operator tables:

X y X-y X y X +y X X

] 0 0 o 0 0 0 1
0 1 0 0 1 1 1 0
1
1

1 0 0 1 0
1 1 1 1 1

These rules are exactly the same as the AND, OR, and NOT operations, respectively.

1. That the structure islosedwi t h respect to the two operat
606 or o6yBS and (1, 0)
2. ldentity element:

@o6 +06
X+0=0+x
1+0= 0+1=1;
0+0= 0+0=0;

(0)6. 6

O rFr X O
il Sl Y
Imn 1 qn
[l e
or X

.1=1
. 0 =0;
e twdentity elements) for + and 1 for .

ishes t

ab

—
=25

This es

3. Thecommutativdaws are clear from the symmetry of the binapgrator tables.

(@ X+Y=Y+X

X +Y

Rk Oo|oX
ROk |o|<
=

PR OoloX
ROk |o|<
=R
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() X.Y=Y.X

XY

RR|ojo|X
ROk |o|<
R|lOo|lo|o

Y. X

R ROo|o|X
oo
=ll=]{=)

4. (a) Thedistributivelaw
X.(yt+z2)=(Kx.y) +(.2:

X v z y+z x-(y+2) x-¥ | x-z | (x-y)+(x-2)

0] [0} 0 0 0 0 0 0
0] 0 1 1 4] 0 0 (4]
) 1 0 1 0 0 0 0
0] 1 1 1 4] 0 0 (4]
0 0 0 0 0 0 0
[0} 1 1 1 0 1 1
1
1 1 1 1 1 1 1

[ S —
—
—_—
-
[
—
—
-
-

(b) Thedistributivelaw of + over .is similar to the one shown above.
5. From the complement table, it is easily shown that
(@)x+x'=1,since0+b=0+1=1and1+E=1+0=1.
(b)x .x'=0,since0.b=0.1=0and1.=1.0=0.
6. Postulate 6 is satisfied because theAwted Boolean algebra has two elemeditéand @4
with 6 1ript equal taa

DUALITY :

Definition of duality: A dual of a Boolean expression is derived by replacing AND operations by ORs,
OR operations by ANDs, constars®y s, and &5 by @s (everything else is left unchanged).

Steps are to be followed to obtain the Duality of a Boolean expression.

A Changing OR to AND sign
A Changing AND to OR sign
A Compl ementing any 606 by 616, 016 by a 0606

Principle of duality: If a statemet is true for an expression, then it is also true for the dual of the
expression.
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Basic Theorems and Properties of Boolean algebra

Theorem 1:
(@) x+x=x;
(b) x . x=x;
THEOREM 1(a): x + x = x.
Statement

Y+xr=(x+x)-1
= (X + x)x + x")
= x + xx'
=x+0
=X
THEOREM 1(b): x-x = x.

Statement

Xx=xx+0
= xx + xx’
= x{x + x")
= x-1
f— _'t_
Theorem 2:
@x+1=1;
(b)x. 0=0;
THEOREM 2Z2(a): x + 1 = 1.

Statement
1=1-(x + 1)

=(x + x"Mx + 1)

=x +x"-1

=x + x'

=1

THEOREM 2(b): x. 0 = 0 by duality.
Theorem 3:

Justification

postulate 2(b)
S5(a)
4(b)
5(b)
2(a)

Justification

postulate 2(a)
5(b)
4{a)
5(a)
2(b)

Justification

postulate 2(b)
S(a)
4(b)
2({b)

Sia)

(a) Involution:  (x%)*=x
X xl (Xl)l
0 1 0
1 0 1

Theorem 4: Associative

@x+(y+2z)=(x+y)+z
b)x.(y.2)=(x.y).z
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Theorem 5: Demorgans Theorem

@ x+y)'=x.y,
(b) (x . y)'=x"+yh

(a)
x y|x+y|l(x+y) x|y [ xY
0 0 0 1 1 1 1
0 1 1 0 1 0 0
1 0 1 0 0 1 0
1 1 1 0 0|0 0
(b)
A|lB| (AB)! | Al+B?
0|0 1 1
0|1 1 1
110 1 1
1|1 0 0
Complement of a function:
The complement of a function F i$&Fis obtained by:
A lnterchanging 06s for 16s & 16s for 06s in

A The complement of a function may be derieved algebraically through Demorgans theorem.
Theorem 6: Absorption

() x +xy =Xx;
(b) x. (x +y) =X

THEOREM 6(a): x + xy = x.

Statement Justification
xX+xy=x-1+xy postulate 2(b)
=x(1+y) 4(a)
=x(y +1) 3(a):
=x-1 2(a)
=X 2(b)

THEOREM 6(b): x(x +y) =x by duality.

NOTE: The postulates are basic axioms of algebraic structure and need no proof. The theorems
proved by using postulates.
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Consensus therorem:

(i) AB + AC + BC = AB+ AC

Proof: | AR+ AC+BC=AB+AC+BC-1

= AB+AC +BC(A+ A) (A+A=1)
= AB+ AC + ABC + ABC
= AB(1+C)+ AC(1 + B) (s1+B=1=1+C)
= /iB+1_iC-
(i) (A+B)(A+C)(B+C)=(A+B)(A+C)

Proof: (A+BYA+CYB+C)=(A+BYA+CHB+C +0)
=(A+BX{A+CYB+C+ AA)
=(A+BYA+CYB+C+ A(B+C+ A)
s [ A+BC=(A+B)YA4A+C)]
=(A+B{A+B+CYA+CYA+C+ B)
=(A+BY(A+C)
[o A(A+ B) = A)

Recognition of consensus term:

Stepl:Find pair of terms, one of which contains a variable & other contains its complement.

Step 2: Find a ¥ term which should contain the remaining variables from pair of terms eliminating
selected variables and its complement.

Operator Precedence:

The operator precedence for evaluating Boolean expressions is:
Parentheses,

NOT,

AND, and
OR.

PwpnPE
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BOOLEAN FUNCTIONS:

A A Boolean function can be represented in a truth table. The number of rows in the truth table
2", wheren is the number of variables in the function. The binary combinations for the truth
table are obtained from the binary numbergdynting from 0 through™1.

A Table below shows the truth table for the functibn There are eight possible binary
combinations for assigning bits to the three variaklgs andz. The column labeleB; contains
either O or 1 for each of these comdgions. The table shows that the function is equal to 1 when
x =1 or when yz= 01 and is equal to O otherwise.

Truth Tables for F, and F,

X ¥ 4 Fy F,
0 ] 0 0 0
0 ] 1 1 1
0 1 0 0 0
0 1 1 0 1
1 ] 0 1 1
1 ] 1 1 1
1 1 0 1 0
1 1 1 1 0

A A Boolean function can be transformed from an algebraic expression into a circuit diagrar
composed of logic gates connected in digalar structure.

A The logicircuit diagram (also called a schematic) Fdr is shown in Fig. below. There is an
inverter for inputy to generate its complement. There is an AND gate for the y&rrand an
OR gate.

FIGURE
Gate implementation of F; = x + y'z

'
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OTHER LOGIC OPERATIONS:

For n variables, there ag&" functions. Thus, for two variables) = 2, the number of possible Boolean

functions is 2*? = 16.

Truth table for the 16 functions ofi2variables is shown below.

Truth Tables for the 16 Functions of Two Binary Variables

x y |Fo Fi F2 F;3 F4 Fs Fs F; Fg Fo Fio Fii Fiz2 Fi3 Fiq Fis
0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
1 0 o o 1 1 o o0 1 1 O O 1T 1 O0 0 1 1
1 1 o 1 o0 1 o0 1 o0 1 O 1 O 1T O 1 0 1
Boolean Expressions for the 16 Functions of Two Variables
Operator
Boolean Functions Symbol Name Comments
Fh,=20 Null Binary constant 0
Fy=xy x-y AND xandy
F, =xy’ x/y Inhibition x, but not y
Fs=x Transfer X
Fy=x'y y/x Inhibition y, but not x
Fs=y Transfer y
Fe=xy" +x'y x®y Exclusive-OR x or y, but not both
FF=x+y x+ty OR xory
Fs=(x +y) xly NOR Not-OR
Fo=xy +x'y' x®y) Equivalence x equals y
Fip=y' y' Complement Not y
Fh=x+y' xCy Implication If y, then x
Fi, =x' x' Complement Not x
Fz=x"+y xDy Implication If x, then y
Fiy = (xy)' xTy NAND Not-AND
Fis=1 Identity Binary constant 1

Example: find the dual of the following equalities

1) XY+Z=0

Sol) X+YZ =1

2) a (b+c)=ab+ac

Sol) a+(bc)=(@+b)(a+c)

Duality is very important property of Boolean Algebra

D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.
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Minimization (Simplification) of Boolean Expressions

Example 1. Prove that AB + BC + BC = AB + C,

Solution AB + BC + BC= AB+C(B + B)
= AB+C-1
= AB +C

2. A-B+ A B+A-B=(A+A)-B+A-B
=1-B+A-B
=B+ A-B
=B+A (- A+A-B=A+ B)

Example 3. Simplify the given expression A+ A- B+A-B

Solution A+ A-B+A-B=Al+B)+A-B
- A-1+A-B
= A+ B

Example 4a. Complement the expression 4B+ CD.

Solution AB+CD = (AB)-(CD)

Example . 5. Simplify the expression AB + AC + ABC(AB +C).

Solution AB + AC + ABC(AB +C)= AB+ AC + ABC-AB+ ABC-C
= AB+AC+ ABC [C-C=Cand B-B =0]
= AB+A+C + ABC

=AB+A+C +BC [+ A+AB=A+B]
=A+AB+C +CB

=A+B+C+B

=A+C+1 [+ B+B-=1]

=A+1

=1

Example:

1. Expand the given Boolean function using sh
F(A B,C,D)=AB"+ (AC +B) D

Sol) F(A, B, C,D) AB'+(AC+B)D
A[1.B*+(1.C+B)D]+A'[0.B'+ (0.C +B) D]
AB'+(C+B)D]+A'[BD]
AB'+A(C+B)D +A'BD
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2. Expand the given Boolean function using sh
F(A B, C,D)=A'C+(B+AD)C

Sol) F(A, B, C,D) =AC+ (B +AD)C
=A[1'.C+(B+1.DXC]+A'[0*.C+ (B +0.D)C]

=A[0.C+(B+D)C]+A'[1.C+ (B +0.D)C]
= A (B+D) C + A'(C + BC)
Switching functions / Boolean function
A Boolean algebra is an algebra that deals with binary variables and logic operations.
A A Boolean function described by the algebraic expression consists of binary variables, th
constantsD&& 41§ and logic operation symbols.
For a given value of binary variables, the function is equal to 1 or 0.

Examples:

Four variable Boolean functionsis shown below:

Product terms

1

f(A.B,C,D) = Pls. + B G+

T

I (1)
Literals

In this boolean function, the variables are appeared either in a complemented form or e
uncomplemented form callddteral .

Literal: Literal is a binary variable that can occur either in complemented or un complemented form.

A product term is defined as either a literal or a product of literals.

The above function contains 6 literals and 3 product terms.

Example:

Sum terms

f(A,B,C, D)= é‘(:;ﬂa.%iﬂ'wﬁ; “ BN Tty S TR s .t. <E’vﬁc
l T T TT e

Literals
Sum term: It is defined as either a literal or a sum of literal.

The Boolean function can be expressed in @my of the two forms, depending on arrangement
of literals and terms.

Page81of 111
D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.



Boolean function is of two types:

1. SOP (sum of products) &
2. POS (product of sums).

Sum of products

The sum of products is a Boolean function containing AND terms (product terms) of onerer
literals each.

Products of sums

The products of sum is a Boolean function containing OR terms (sum terms) of one or more litera
each.

Eg: (A6+C) (AB+COB) (A+B+C6D)

Algebraic forms of switching functions

A Sum of products form (SOP)
f(A,B,C,D)=ABC+ BD+ACD
A Product of sumsform (POS)

f(A,B,C,D)=(A+B+C)(B+C+D)A+C+D)

Logic representations:

(a) truth table (b) boolean equation

from 1-rows in truth table:

F <XY'ZD+ X'YZ HKXY'Z ¥ XYZ' + XYZ
oo F<YZ> XY +YZ

from O-rows in truth table:

F =
Definitions:
Literal : A variable or complemented variable (e.g., X or X')
Product term : Single literal or logical product of literals (e.g., X or X'Y)
Sum term : Single literal or logical sum of literals (e.g. of (X' +Y))
Sum-of-products  : Logical sum of product terms (e.g. X'Y + Y'Z)
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Product-of-sums  : Logical product of sum terms (e.g. (X + Y')(Y + 2))

Normal term : Sumterm or product term in which no variable appears more than once
(e.g. X'YZ but not XX or X'YZX'
(X+Y+Z)butnot (X +Y +2Z + X))
Minterm : Normalproduct term containing all variables (e.g. XYZ")
Maxterm : Normalsum term containing all variables (e.g. (X +Y + Z))
Canonical sum :Sumof mintermsf r om truth table rows produc

Canonical product :Producbof maxterms from truth table row

Product and Sum Termsi Definitions:
Definitions:

Literal: A Boolean variable or its complement
X X6 A Bo

Product term:

A literal or the logical product (AND) of multiple literals:

X XY XYz X60YZd6 AOGBC

Note: X(YZ)'

Sum term:

A literal or the logical sum (OR) of multiple literals:

X X0 + X+Y+Z X6+Y+Z0 Adb+B+C

Note: X+(Y+2)'
SOP & POSi Definitions:

Sum of products (SOP) expressionThe logic sum (OR) of multiple product terms:
AB + A6C + B6 + ABC
ABO6C + B6DO + AOBCDO

Product of sums (POS) expressionthe logic product (AND) of multiple sum terms:
(A+B) . ( A6G+C).BO.( A+B+C)
(A6 + BO ++ CD). ( C
Note:
SOP expressions ==>|@vel AND-OR circuit
POS expressions ==>|@vel ORAND circuit
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Minterms and Maxterms

Minterm:

Each individual term in a standard SOP form is called minterm.

For n variable there are"ginterms.

Minterm |Designation | Bil Combination
XY’Z1? mf} 000
XYL ml 001
xXYZ’ m2 010
X’YZ m3 011
XY*Z’ m4d 100
XY’Z mS 101
XYZ’ mbé 110
XYZ m7 111

Example: if X, Y and Z are the input variables, the minterms are:

X6YO6ZO XEYY¥FXYOZOXOYXH¥OZ

Standard or canonical SOP:

In the SOP form, all the individual minterrds not contain all the literals. If each term in a SOP form

contains all t he

Maxterm:

XYZOo XYZ

|l iterals then the SOP form

Each individual term in a standard POS form is called Maxterm.

For n variable there are"2naxterms.

Maxterm Bit Combination | Desipnmation
X+Y+Z 00 MO
X+Y+2° 001 M1
X+Y +Z 010 M2
X+Y +2? 011 M3
X+Y+Z 100 M4
X+Y+Z? 101 M5
X+Y’+Z 110 Mé
X+Y +2 111 M7

D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.
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Example: if X, Y and Z are the input variables, the maxterms are:

X6+YOD+Z6O XO+XO0+X+ZXXYOBYZXKHFYO+ZX+Y+ZO X+Y+

Standard or canonical POS :

It each term in a POS form contains all the literals then the POS fdmmowan as Standard or canonical
POSO.

Deriving Boolean Expression from Truth Table:

Input Qutput Minterm

AB C F term designation
00O 1 A'BC mO

0O 0 1 0 A'B'C m-1
010 0 A'BC m2
o1 1 1 A'BC m3
100 0 AB'C m4
101 0 AB'C m5S
110 0 ABC’ mo6
11 1 0 ABC m7

Sum of minterms form:

A Boolean function is equal to the sum of minterms for which the output is one.
The sum of minterms (also called the standard SOP) form
Example:F=Sm (0, 3)

Deriving Boolean Expression from Truth Table:

Input  Qutput Minterm Maxterm
AB C F term Designation| term Designation
000 1 A'BC mO A +B+C MO
001 0 AB'C m1 A+B+C M1
010 0 A'BC’ m2 A+B+C M2
011 1 A'BC m3 A+B+C M3
100 0 AB'C’ m4 A +B+C M4
101 0 AB'C m5 A'+B+C M5
110 0 ABC’ m6 A +B +C M6
111 0 ABC m7 A +B +C M7
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Product of Maxterms:
A Boolean function is equal to the product of Maxterms for which the output is 0.

The product of Maxterms (also called the standard Product of Sums) form
Example: F=PM(1,2,4,5,6,7)

Truth table vs. minterms&maxterms:

Row x b £ F AMirnrterrn Maxterm
0 0O 0O 0 Fi(, 0.0 R X+¥ +F
1 0 0 1 Foo. o, 10 L ) X+¥+Z°
2 0 1 0 Fi. 1 .00 Xy . Z X+Y¥Y'+ F
3 0 1 1 Fid,1.1% X% . Z X+Y"+7°
4 1 0 0 Fil .00 R '+¥+ 7
5 1 0 1 Fil.0. 11 -y . ZF K+ + 77
3] 1 1 0 Fil.1.00 ®x.¥ .Z7 K+ '+ F
r 1 1 1 Fil.1.13 x-¥ - £ K'+¥ '+ Z7
Shortcut notation
Fow r L] L] L] L] 7 L] 7
S F=XY2Z + XYZ+ XYZ + XYZ + XYZ
1 1
Yo e =2(0,3,4,6,7)
3 0 ] 1 1
4 1 1] ()] 1
o F=(X+Y+Z)X+Y +Z)(X +Y +2)
AR =TI(1, 2, 5)

Note equivalences:
(0,3,4,6,7)=11(1,2,5)

£(0,3,4,6,7)'==(1,2,5)=T11(0, 3,4, 6, 7)
I1(1,2,5]=11(,3,4,6,7)=(1, 2, 5)
ExclusiveOR (XOR) Function

A XOR is often denoted by the symtsol

Logic operation of XOR

A XsyY=X'Y. +xY*!
A Equal to 1 ifonly x is equal to 1 or ibnly y is equal to 1, but not when both are equal to 1
A It.s complement, exclusiviOR (XNOR), is often denoted by the symlG‘)J
Logic operationof X - NOR
A X &y =xYy+Xxy?
A Itis equal to 1 iboth x and yis equal to 1 or if both are equal to O
A Seldom used igeneral Boolean functions
A Particularly useful in arithmetic operations and error detection and correction circuits
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Digital logic gates:

A Logic gates are the basic elements that make up a digital system. The electronic gate is a circ
that is able to opate on number binary inputs in order to perform a particular logical function.
The type of gates available are NOT, AND, OR, NAND, NOR,/IE3R & EXT NOR.

A The gate is a digital circuit with one or more input voltages but only one output voltage. By
conrecting the different gates in different ways, we can build circuits that perform arithmetic
and other functions also.

A The operation of a |l ogic gate can be easi
table is a table that shows all the inpubutput possibilities of a logic circuit. The truth table
indicates the outputs for different possibilities of the inputs.
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