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UNIT – II 

MINIMIZATION OF SWITCHING FUNCTIONS 

 

Objectives 

 

This section presents a technique for simplifying logical expressions.  

 

 Define Karnaugh and establish the correspondence between Karnaugh maps and truth 

tables and logical expressions. 

 Shows how to use Karnaugh maps to derive minimal sum of products and product-of-sums 

expressions. 

 Introduce the concept of "don't care" entries and show how to extend Karnaugh map 

techniques to include maps with don't care entries. 

 TABULAR METHOD or QUINE – MCCLUSKEY METHOD or COMPUTER 

MINIMIZATION TECHNIQUE. 

 

Karnaugh Maps 

 

 Karnaugh maps also called K-maps can be thought of as a representation of sides of a    n-

dimensional hypercube representing logic functions  

 K- Map is also called as vietch diagram. 

 Provide a straightforward procedure for minimizing Boolean functions 

 The simplified expressions are always in one of the two standard forms: 

 

 Sum of Products (SOP) 

 Product of Sums (POS) 

 

 A K-map is a convenient tool of minimizing logic functions up to 6 variables (practically 

4). 

 K- Map is graphical method of simplification. 

 K- Map is represented in Gray code sequence. 

 K- Map is a trial and error graphical method. 

 It contains squares called as cells or grids. 

 For n – variable K-Map, there are 2 
n
 possible squares or cells or Grids. 

 For Example: n = 3 – variable has 2
n
 i.e. 2 

3
 cells. 

 K-Map cells are labeled so that horizontal adjacent squares differ in only in 1 variable. 

 Vertical adjacent squares also differ only in 1 variable. 

 A K-map is a re-arrangement of a truth table such that the adjacent minterms/maxterms 

differ in one position only. 

 The Boolean functions also can be simplified by map method as Karnaugh map or K-map. 

 The map is made up of squares, with each square representing one minterm of the 

function. 

 This produces a circuit diagram with a minimum number of gates and the minimum 

number of inputs to the gate. 

 It is sometimes possible to find two or more expressions that satisfy the minimization 

criteria. 
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Why Logic Minimization? 

 

 Minimize the number of gates used, 

 Reduce gate count = reduce cost, 

 Minimize total delay (critical path delay), 

 Reduce delay = improve performance, 

 Satisfy design constrains, 

 Maximum fan-in and fan-outs, 

 Remove undesired circuit behavior & 

 

Minimization of Boolean expressions 

 

 The minimization will result in reduction of the number of gates (less number of terms) 

and the number of inputs per gate (less number of variables per term) 

 The minimization will reduce cost, efficiency and power consumption.  

 

One – variable, Two variable, Three variable & Four variable K-Map: 

 

 The basis of this method is a graphical chart known as karnaugh map (K - map). It contains boxes 

called cells. Each of the cells represents one of the 2
n 
possible products that can be formed from n 

variables. Thus, a 2 – variable map contains 2
2
 = 4 cells, a 3 – variable map contains 2

3
 = 8 cells 

& 4 – variable map contains 2
4
 = 16 cells and so on. 

 

 
The product terms are assigned to the cells of the K – map by labeling each row and each column 

of the map with a variable, with its complement to indicate „0‟ and true variable to indicate „1‟ as 

shown in figure below.  

Figure below shows the way to label the rows and columns of a 1,2,3 & 4 variable maps and the 

product term corresponding to each cell. 
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 It is important to note that when we move from one cell to the next cell along any row or 

from one cell to the next along any column, one and only one variable in the product term 

changes (to a complemented or to an un complemented form).  

 For example, in figure (b) above, the only change that occurs while moving along the 

bottom row from AB
1
 to AB is the change from B1 to B. similarly; the only change that 

occurs in moving down the right column from A1B to AB is the change from A
1
 to A.  

 Irrespective of the number of variables the labels along each row and column must lead to 

sigle change rule.  

 We know that the Gray code has same properties (only one variable change when we 

proceed to the next number or previous number) hence Gray code is used to label the rows 

and columns of K – map as shown in figure below. 

 

NOTE:  

 

 Note that the minterms are not arranged in a binary sequence, but similar to the Gray code. 

 For simplifying Boolean functions, we must recognize the basic property possessed by 

adjacent squares. 

 

 
 

 

In case of POS expression the sum terms are assigned to the cells of the K – map by labeling each 

row and each column of the map with a variable, with its complement to indicate „1‟ and true 

variable to indicate „0‟ as shown in figure below.  

Figure below shows the way to label the rows and columns of a 1,2,3 & 4 variable maps and the 

sum term corresponding to each cell. 
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Another way to represent 1,2,3 & 4 – variable map for pos expressions: 

 

 
 

NOTE: 

 

 Note that the minterms are not arranged in a binary sequence, but similar to the Gray code. 

 For simplifying Boolean functions, we must recognize the basic property possessed by 

adjacent squares. 
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Plotting a K – Map: 

 

We know that logic function can be represented in various forms such as truth tables, SOP 

Boolean expression and POS Boolean expression.  

 

Procedure to plot the given logic function in any form on the K – map: 

 

Representation of truth table on K – map: 

 

Cell: The smallest unit of a K – Map, corresponding to one line of truth table. The input variables 

are the cells co-ordinates and the output variable is the cell content. 

 

Figure below shows K – maps plotted from truth tables with 2,3,4 – variables. From figure 

we notice that the terms which are having output „1‟, have the corresponding cells marked with 

1‟s and remaining with 0‟s. 

 

 
 

Note: we can verify the data in each cell by checking the data in the column Y for particular row 

number and the data in the same cell number in the K - map 
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Representing Standard SOP on K – Map: 

 

A Boolean expression in the sum of product form can be plotted on the K – map by placing a „1‟ 

in each cell corresponding to a term (minterm) in the sum of product expression. Remaining cells 

are filled with 0‟s.  

 

Example: 1 Plot Boolean expression Y = ABC
1
 + ABC + A

1
B

1
C on the K – map. 

 

 
 

Example: 2 Plot Boolean expression  

Y = A
1
BC

1
D

1
 + AB

1
CD

1
 + A

1
BCD

1
 + AB

1
CD + ABC

1
D on the K – map. 
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Representing Standard POS on K – Map: 

 

A Boolean expression in the product of sum form can be plotted on the K – map by placing a „0‟ 

in each cell corresponding to a term (maxterm) in the product of sum expression. Remaining cells 

are filled with 1‟s.  

 

Example: 1 Plot Boolean expression  

Y = (A + B
1 

+ C)(A + B
1
 + C

1
)(A

1
 + B

1
 + C)(A + B + C

1
) on the K – map. 

 

 

Sol: Y =  (A + B
1 
+ C) . (A + B

1
 + C

1
) . (A

1
 + B

1
 + C) . (A + B + C

1
) 

   (0     1      0)     (0    0       0 )     (  1      1       0) (  0     0     1) 

  

 
 

Example: 2 Plot Boolean expression 

 

Y = (A + B
 
+ C + D

1
)(A + B

1
 + C

1
 + D)(A + B + C

1
 + D

1
)(A

1
 + B

1
 + C

 
+D

1
)(A

1
 + B

1
 + C

1
 + D) 

on the K – map. 

 

Sol: 

 

Y = (A + B
 
+ C + D

1
)(A + B

1
 + C

1
 + D)(A + B + C

1
 + D

1
)(A

1
 + B

1
 + C

 
+D

1
)(A

1
 + B

1
 + C

1
 + D)       

        (0     0    0       1 )(0    1       1       0 )(0    0      1      1) (  1      1       0    1) (1       1      1      0 ) 
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GROUPING CELLS FOR SIMPLIFICATION: 

 

 Representation of any form of Boolean function on K – map is seen. The minterms are 

marked by 1‟s and maxterms are marked by 0‟s. once the Boolean function is plotted on 

the K – map, we have to use grouping technique to simplify the Boolean function given in 

any form. 

 The grouping is nothing but combining terms in adjacent cells. Two cells are said to be 

adjacent if there is only one variable difference between the co-ordinates of two cells. For 

example, the cells for minterm ABC & A
1
BC are adjacent. The simplification is achieved 

by grouping adjacent 1‟s or 0‟sin a group of 2
i
, where i = 1,2,3,4………,n and n is the 

number of variables.  

 When adjacent 1‟s are grouped then we get result in the sum of product form;  & When 

adjacent 0‟s are grouped then we get result in the product of sum form. 

 

Various grouping rules are shown in figure below: 

 

 

 
 

Simplification of the number of adjacent squares for a 3 – variable:  

 

 A larger number of adjacent squares are combined; we obtain a product term with fewer 

literals. 

 1 square   = 1 minterm  = three literals. 

 2 adjacent squares  = 1 term = two literals. 

 4 adjacent squares  = 1 term  = one literal. 

 8 adjacent squares encompass the entire map and produce a function that is always 

equal to 1. 

 

 It is obviously to know the number of adjacent squares is combined in a power of two such 

as 1, 2, 4, and 8. 
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Grouping two adjacent 1’s (pair): 

 

Figure below shows the K – map for a particular three variable truth table.  

 

The below K – map contains a pair of 1‟s that are horizontally adjacent to each other; the first 

represents A
1
B

1
C and the second represents A

1
BC.  

 
 

Note that in these two terms only the B variable appears in both normal and complemented form 

(A
1
 and C remain unchanged). Thus these two terms can be combined to give a resultant term that 

eliminates the B variable since it appears ib both uncomplemented and complemented form. The 

above is theoretically proved as follows: 

 

Y  = A
1
B

1
C + A

1
BC 

   = A
1
C (B

1 
+ B) 

   = A
1
C 

 

 
 

Pair : A pair is a group of two adjacent cells in a K – map, it cancels one variable in a K – map 

simplification. 
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Grouping four adjacent 1’s (Quad): 

 
 

 
 

From the above K – map we can easily notice that when a quad is combined two variables 

are eliminated. 

 

For example, in fig. (c)  : we have following terms with four variables: 

 

 Y = A
1
BC

1
D + A

1
BCD + ABC

1
D + ABCD 

  = A
1
BD (C

1
 + C)  + ABD (C

1
 + C) 

  = A
1
BD   + ABD 

  = BD (A
1
 + A) 

  = BD 

 
 

 

Quad: Quad is a group of 4 adjacent cells in a K – map, it cancels two variables in a K – Map 

simplification. 
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Grouping eight adjacent 1’s (Octet): 

 

Form figure below, we can observe that when an octet is combined in a four variable map, 

three of the four variables are eliminated because one variable remains unchanged. 

  

For example, in K – map shown in fig. (a), we have the following terms: 

 

Y =A
1
BC

1
D

1
 + A

1
BC

1
D + A

1
BCD + A

1
BCD

1 
+ ABC

1
D

1
 + ABC

1
D + ABCD + ABCD

1
 

 = A
1
BC

1
 (D

1
 + D) + A

1
BC (D + D

1
) + ABC

1 
(D

1 
+ D) + ABC (D + D

1
) 

 = A
1
BC

1
 + A

1
BC + ABC

1
 + ABC 

 = A
1
B (C

1
 + C) + AB (C

1
 + C) 

 = A
1
B + AB 

 = B (A
1
 + A) 

 = B 

 

 
 

Octet: Octet is a group of 8 adjacent cells in a K – map, it cancels three variables in a K – Map 

simplification. 

 

Illegal grouping: 
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Prime implicants and Essential prime implicants: 

 

Prime implicant: 

 

 A prime implicant is a product term obtained by combining the maximum possible number 

of adjacent squares in the map. 

 

Example: Obtain the prime implicant for given Boolean expression using K – map.  

F (A,B,C) = ∑ m (0,1,3,5,7) 

 

 
F (A,B,C) = A

1
B

1 
+ C 

 

Therefore, the prime implicants for given boolean expression are: A
1
B

1 
and C 

 

 

 This shows all possible ways that the three minterms(m3,m9,m11) can be covered with 

prime implicants. 

 

F  = BD+B‟D‟+CD+AD 

    = BD+B‟D‟+CD+AB‟  

= BD+B‟D‟+B‟C+AD 

= BD+B‟D‟+B‟C+AB‟  

 
 

Fig: Simplification using Prime Implicants. 
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Essential prime implicants: 

 

Definition:  If a minterm in a square is covered by only one prime implicant, then the prime  

implicant is said to be essential. 

 

Or 

 

The minimum number of prime implicants required to include all 1‟s present in the K – map is 

called essential prime implicants. 

 

Steps to be followed to identify the essential prime implicants: 

 

1. Plot the K – map and place 1‟s in those cells corresponding to the 1‟s in the truth table or 

sum of product expression, place 0‟s in other cells, 

2. Check the K – map for single 1‟s which are not adjacent to any other 1‟s, and these 1‟s are 

called isolated 1‟s and group them separately, 

3. Check for those 1‟s which are adjacent to any one other 1 and group such pairs, 

4. Check for quads and octets of adjacent 1‟s even if it contains some 1‟s that have already 

been grouped; however there should be at least one 1 that has not yet been grouped. 

 

Example: 1  

 

 
 

Example: 2  Obtain the exxential prime implicants of the following Boolean expression. 

  F (A,B,C,D) = ∑ m (1,5,6,7,11,12,13,15) 
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Example: 3 

 

 
 

Fig: Simplification using Essential Prime Implicants. 

 

Minimal SOP form: 

 

 The combination / grouping of pairs, Quad and Octet on a K - map can be used to obtain a 

simplified expression.  

 A pair of 1‟s eliminates one variable, a quad of 1‟s eliminating two variables and an octet 

of 1‟s eliminates three variables.  

 In general, when a variable appears in both complemented and uncomplemented form 

within a group that variable is eliminated from the final expression. Variables that are 

same in all within the group must appear in the final expression.  

 Each group gives us a product term and summation of all product term gives the final 

Boolean expression.  

 Therefore we can say that each product term is an implicant of the function. All the 

implicants of a function determined using a K – map are the prime implicants. 

 

Generalized procedure to simplify Boolean expression using K – map technique: 

 

1. Plot the K – map and place 1‟s in those cells corresponding to the 1‟s in the truth table or 

sum of product expression, place 0‟s in other cells, 

2. Check the K – map for single 1‟s which are not adjacent to any other 1‟s, and these 1‟s are 

called isolated 1‟s and group them separately, 

3. Check for those 1‟s which are adjacent to any one other 1 and group such pairs, 

4. Check for quads and octets of adjacent 1‟s even if it contains some 1‟s that have already 

been grouped; however there should be at least one 1 that has not yet been grouped. 

5. Combine any pairs necessary to include any 1‟s that have not yet been grouped, 

6. Form the simplified expression by adding product terms of all the groups. 
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Example: 1 Minimize the expression: Y = AB
1
C + A

1
B

1
C + A

1
BC + AB

1
C

1 
+ A

1
B

1
C

1
 

 

Sol: 

 

Step 1: Fig. below shows the K – map for three variables and it is plotted according to the give 

expression. 

 
 

Step 2: There are no isolated 1‟s. 

Step 3: 1 in the cell 3 is adjacent only to 1 in the cell 1. This pair is combined and referred to as 

group 1. 

Step 4:  There is no octet but there is a quad. Cells 0,1,4 and 5 form a quad. This quad is 

combined and referred to as group 2. 

 
 

Step 5: All 1‟s have already been grouped. 

Step 6:  Each group generates a term in the expression for Y. In group 1, B variable is eliminated 

and in group 2 variables A and C are eliminated and we get the final simplified expression as 

follows: 

 

Y  = A
1
C + B

1
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Example: 2 Minimize the expression:  

Y = A
1
BC

1
D

1
 + A

1
BC

1
D + ABC

1
D

1
 + ABC

1
D + AB

1
C

1
D + A

1
B

1
CD

1
  

 

Sol:  

 
Y = A

1
B

1
CD

1
 + AC

1
D +BC

1
 

 

Example: 2 Reduce the following 4 – variable function to its minimum sum of product 

form:  

Y = A
1
 B

1
CD

1
 + ABCD

1
 + AB

1
CD

1
 + A B

1
CD + AB

1
C

1
D

1
 + ABC

1
D

1
 +      

               A
1
B

1
CD + A

1
B

1
C

1
D

1
 

 

Sol:  

 
 

 Y = B
1
D

1
 + AD

1 
+ B

1
C 
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Example: 3 Reduce the following 4 – variable function to its minimum sum of product 

form:  

Y = A
1
 B

1
C

1
D + A

1
BC

1
D + A

1
BCD + A

1
 BCD

1
 + ABC

1
D

1
 + ABC

1
D

1
 +      

               ABCD + A
1
B

1
CD 

Sol: 

 

 
 

The simplified expression: Y = A
1
C

1
D + A

1
BC + ABD

1
 + ACD 

 

Example: 4 Simplify the logic function specified by the truth table below using the K –

map method. Y is the output variable and A,B and C are the input variables. 

 

 
 

Sol :  

 

 
 

The simplified expression is :  Y = B
1
C

1
 + BC   
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Example: 5 Reduce the following functions using K – map technique. 

F (A,B,C,D) = A
1
B

1
D + ABC

1
D

1 
+ A

1
BD + ABCD

1
 

 

SOL: The given function is not in the standard sum of products form. It is converted into 

standard SOP form as follows: 

 

F (A,B,C,D)  = A
1
B

1
D + ABC

1
D

1 
+ A

1
BD + ABCD

1 

  = A
1
B

1
D (C + C1) + ABC

1
D

1
 + A

1
BD(C + C1)  + ABCD

1 

  = A
1
B

1
CD + A

1
B

1
C

1
D + ABC

1
D

1
 + A

1
BCD + A

1
BC

1
D + ABCD

1
 

 

 
 

The simplified expression is : Y = ABD
1
 + A

1
D   
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Example: 6 Reduce the following functions using K – map technique. 

F (A,B,C,D) = ∑ m (1,4,8,9,10) 

 

Sol: 

 

 
 

The simplified expression is : F (A, B, C, D) = A
1
C

1
D

1 
+ AB

1
D

1
 + B

1
C

1
 

 

 

Minimal POS form: 

 

 The combination / grouping of pairs, Quad and Octet on a K - map can be used to obtain a 

simplified expression.  

 In practice the designer should observe both the sum of product expression and product of 

sum expression to make sure which is more simplified. 

 We have already seen the representation of product of sums on K –map. Once the 

expression is plotted on K – map, instead of making the groups of 1‟s we have to make the 

groups of 0‟s. Each group of 0‟s results a sum term and is called prime implicant. 

 A pair of 0‟s eliminates one variable, a quad of 0‟s eliminating two variables and an octet 

of 0‟s eliminates three variables.  

 In general, when a variable appears in both complemented and uncomplemented form 

within a group that variable is eliminated from the final expression. Variables that are 

same in all within the group must appear in the final expression.  

 Each group gives us a sum term and product of all sum term gives the final Boolean 

expression in POS form.  
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Generalized procedure to simplify Boolean expression in POS using K – map technique: 

 

1. Plot the K – map and place 0‟s in those cells corresponding to the 0‟s in the truth table or 

max term in the product of sums expression, place 1‟s in other cells, 

2. Check the K – map for 0‟s which are not adjacent to any other 0‟s, these 0‟s are called 

isolated 0‟s and group such 0‟s separately, 

3. Check for those 0‟s which are adjacent to any one other 0 and group such pairs, 

4. Check for quads and octets of adjacent 0‟s even if it contains some 0‟s that have already 

been grouped; however there should be at least one 0 that has not yet been grouped , while 

doing this make sure that there are minimum number of groups.  

5. Combine any pairs necessary to include any 0‟s that have not yet been grouped, 

6. Form the simplified expression by multiplying the sum terms of all the groups. 

 

 

 
 

 
 

The final simplified expression is :  
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The simplified expression is :  
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Example 3:  Reduce the following function using K – map technique. 

F(A,B,C,D)  = π M (0,2,3,8,9,12,13,15) 

 

SOL: 

 

  

  
 

The simplified final expression is :  

F (A,B,C,D) = (A
1
 + B

1
 + D

1
) (A + B + C

1
) (A

1
 + C) (A + B + D) 

 

 

Don’t care conditions: 

 

 In certain digital systems, some input combinations never occur during the process of a 

normal operation because those input conditions are guaranteed never to occur. Such input 

combinations are called Don‟t-Care Combinations.  

 The function output may be either 1 or 0 and these functions are called incompletely 

specified functions. These input combinations can be plotted on the Karnaugh map for 

further simplification of the function. The don‟t- care combinations are represented by ‘d’ 

or ‘x’ or „ϕ‟. 

 When an incompletely specified function, i.e., a function with don‟t-care combinations is 

simplified to obtain minimal SOP expression, the value 1 can be assigned to the selected 

don‟t care combinations. This is done to form groups like pairs, quad, octet, etc., for 

further simplification. In each case, choice depends only on need to achieve simplification.  

 Similarly, selected don‟t care combinations may be assumed as 0s to form groups of 0s for 

obtaining the POS expression. 

 

Here outputs are defined for input condition from 000 to 101. For remaining two conditions of 

input, output is not defined, hence these are called don‟t care conditions for this truth table shown 

below. 
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A B C Y 

0 0 0 0 

0 0 1 1 

0 1 0 0 

0 1 1 1 

1 0 0 0 

1 0 1 1 

1 1 0 X 

1 1 1 X 

 

Note: A circuit designer is free to make the output for any “don‟t care condition” either a „0‟ or 

„1‟ in order to produce the simplest output expression. 

 

Describing incomplete Boolean function: 

 

Incomplete Boolean function is described by using additional term to specify don‟t care 

conditions in the original expression. 

 

Examples:  F (A,B,C) = ∑ m (0,2,4) + d (1,5) (Incompletely specified SOP form) 

F (A,B,C) = π M (2,5,7) + d (1,3) (Incompletely specified POS form) 

 

Don’t care condition in logic design: 

 

The example of incompletely specified   Boolean function of even parity generator for 4 – bit 

BCD is shown in figure below. The truth table shows that the outputs for the last 6 input 

conditions cannot be specified, because such input conditions do not occur when input is in BCD 

form. 

A B C D P 

0 0 0 0 0 

0 0 0 1 1 

0 0 1 0 1 

0 0 1 1 0 

0 1 0 0 1 

0 1 0 1 0 

0 1 1 0 0 

0 1 1 1 1 

1 0 0 0 1 

1 0 0 1 0 

1 0 1 0 - 

1 0 1 1 - 

1 1 0 0 - 

1 1 0 1 - 

1 1 1 0 - 

1 1 1 1 - 

Fig : Truth table for even parity generator wit 4 – bit BCD 

 

 

The boolean function for even parity generator with 4 – bit BCD input can be expressed in 

minterm canonical form as, 

 

F (A,B,C,D)  = ∑ m (1,2,4,7,8) + d (10,11,12,13,14,15) 
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MINIMIZATION OF INCOMPLETELY SPECIFIED FUNCTIONS: 

 

Example: Obtain the simplified expression for the incompletely specified truth table shown 

below. 

 

 

A B C Y 

0 0 0 0 

0 0 1 1 

0 1 0 0 

0 1 1 1 

1 0 0 0 

1 0 1 1 

1 1 0 X 

1 1 1 X 

 

 

Sol:  

 

 
 

The simplified expression is : Y = C 

 

Example: Find the reduced SOP form of the following function. 

   

  F (A,B,C,D)  = ∑ m (1,3,7,11,15) + ∑ d (0,2,4) 

 

Sol: 

 

 
 

The simplified expression is: F (A, B, C, D)  = A
1
B

1
 + CD 
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EXAMPLE:  Reduce the following function using K – map technique. 

  F (A,B,C,D)  = ∑ m (5,6,7,12,13) + ∑ d (4,9,14,15) 

 

Sol: 

 

 
 

The final simplified expression is :  F (A,B,C,D) = B 

 

EXAMPLE:  Reduce the following function using K – map technique. 

  F (A,B,C,D)  = ∑ m (0,1,3,7) + ∑ d (2,5) 

Sol: 

 
 

EXAMPLE:  Reduce the following function using K – map technique. 

  F (W,X,Y,Z)  = ∑ m (0,7,8,9,10,12) + ∑ d (2,5,13) 

Sol: 

 

 
 

The simplified expression is: F (W,X,Y,Z)  = X
1
Z

1
 + W

1
XZ + WY

1
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Four-variable map 

 

 1 square = 1 minterm = 4 literals 

 2 adjacent squares = 1 term = 3 literals 

 4 adjacent squares = 1 term = 2 literals 

 8 adjacent squares = 1 term = 1 literal 

 16 adjacent squares = 1  

 

 
 

 

 
 

 

 

 
 

 

 

 



27 | P a g e  
D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS. 

Examples of some Groupings: 

Basic Karnaugh Map Groupings for Four-Variable Maps. 
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Exercise:  

 

Derive minimal sum-of-products logical expressions from the following Kar-naugh maps. 
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Five-variable K – maps: 

 

 A 5 – variable K – Map contains 2
5 
= 32 cells, but adjacent cells are difficult to identify on 

a single 32 – cell map. Therefore, two 16 – cell K – map are generally used.  

 If the variables are A, B, C, D, E two identical 16 – cell maps containing B, C, D and E 

can be constructed.  

 

Fig. below, the left-hand four-variable map represents the 16 squares where A=0, and the other 

four-variable map represents the squares where A=1. 

 
 

 It is important to note that in order to identify the adjancent grouping in the five variable K 

– map, we must imagine the two maps are super imposed on one another; “not hinged” or 

“mirror imaged”.  

 

 
 

 In addition, each square in the A=0 map is adjacent to the corresponding square in the 

A=1 map, because only one variable (i.e. A) changes between such corresponding cells. 
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 Thus, every row on one map is adjacent to the corresponding row (the one occupying the 

same position) on the other map, and corresponding columns on other map are also 

adjacent. The right most and leftmost columns within each 16 – cell map are adjacent, the 

top and bottom most rows are also adjacent.  

 

The adjacency is shown in figure below. 

 

 
 

 However the right most column of one map is not adjacent to left most column of other 

map, since those are not corresponding columns. The top row of one map is not adjacent 

to bottom row of another map. 

 

Example: 1 Simplify the Boolean function.  

F (A,B,C,D,E) = ∑ m (0,2,4,6,9,11,13,15,17,21,25,27,29,31) 

 

Sol:  

 

The simplified expression is: F (A,B,C,D,E) = A
1
B

1
E

1
 + BE + AD

1
E 
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Example: 2 Simplify the Boolean function.  

F (A,B,C,D,E) = ∑ m (0,5,6,8,9,10,11,16,20,24,25,26,27,29,31) 

 

Sol: 

 

 
 

 

The simplified expression is :  

F (A,B,C,D,E) = C
1
D

1
E

1
 + A

1
B

1
CD

1
E + A

1
B

1
CDE

1
 + BC

1
 + AB

1
D

1
E

1 
+ ABE 

 

Reduce the following function using K – map. 

 

F (A,B,C,D,E) = ∑ m (1,4,8,10,11,20,22,24,25,26) + ∑ d (0,12,16,17) 

 

 
 

 

The simplified expression is : F (A,B,C,D,E) = B
1
CD

1
 + A

1
D

1
E

1
 + BC

1
E

1
 + A

1
BC

1
D + AC

1
D

1
 + 

AB
1
CE

1
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Six Variable K-Map: 

 

A six variable K-map contains 2
6
 = 64 squares. These square are divided into four 

identical 16-square maps as shown in Fig. below. It the variables are A, B, C, D, E and F, then 

each 16 square map contains C, D, E, and F as variables along with anyone of 4 combinations of 

A and B. 

 

 
 

In order to identify the adjacent groupings in the 6-variable maps, we must imagine that the 4 

maps are superimposed on one another. Fig. below shows different possible adjacent squares: 
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Example: Simplify the given Boolean function. 

F(A, B, C, D, E, F) = ∑(0, 4, 8, 12, 26, 27, 30, 31, 32, 36, 40, 44, 62, 63) 

 

Solution: We make four 4-varibale maps and fill the mentions 0-15 in map corresponding to AB 

= 00, 16-31 corresponding to AB = 01, 32 – 47 corresponding to AB = 10 and 48 to 63 

corresponding to A B = 11. 

 

 
 

We have 3-subcubes after grouping adjacent square. 

 

1. Subcubes 1 contains two quads gives B'E'F' 

2. Subcube 2 is form of one quad gives A'BCE 

3. Subcube 3 is form of two pairs gives BCDE 

 

Therefore, F(A, B, C, D, E, F) = B'EF' + A'BCE + BCDE. 

Maps with seven or more variables needs too many squares and are impractical to use. 

The alternative is to employ computer programs specifically written to facilitate the simplification 

of Boolean functions with a large number of variables. 

 

Six-Variable Karnaugh Map 
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Comparison of Sum-of-Products and Product-of Sums Expressions: 

 

 
 

Derive minimal SOP and POS expressions from the following Karnaugh maps. 
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DON’T CARE CONDITIONS 

 Functions that have unspecified output for some input combinations are called 

incompletely specified functions. 

 Unspecified minterms of functions are called „don‟t care‟ conditions. We simply don‟t 

care whether the value of 0 or 1 is assigned to F for a particular minterm. 

 Don‟t care conditions are represented by X in the K-Map table. 

 Don‟t care conditions play a central role in the specification and optimization of logic 

circuits as they represent the degrees of freedom of transforming a network into a 

functionally equivalent one. 

 

X = don‟t care (can be 0 or 1) 

Don.t cares can be included to form a larger cube, but not necessary to be completely covered 

 

Ex: F(w, x, y, z) =Σ(1,3,7,11,15) d(w, x, y, z) =Σ(0,2,5) 

 
 

Example: Simplify the Boolean function 

F(w, x, y, z) = ∑ (1,3,7,11,15), dc(w, x, y, z) = ∑ (0,2,5) 
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Problem 3-1 

Simplify the following Boolean Functions, using three variable maps: 

(a) F(x,y,z)=Σ(0,2,6,7) 

 

F= XY + X‟Z‟ 

(b) F(A,B,C)=Σ(0,2,3,4,6) 

 

F= A‟B + C‟ 

(c) F(a,b,c)=Σ(0,1,2,3,7) 

 

F=a‟+bc 

(d) F(x,y,z)= Σ(3,5,6,7) 

 

F= XY + XZ+ YZ 
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Problem 3-2 

Simplify the following Boolean Functions. 

(a) F(X,Y,Z)= Σ(2,3,6,7) 

 

 

F=Y 

(b) F(A,B,C,D)= Σ(4,6,7,15) 

 

F=BCD+A‟BD‟ 

(c) F(A,B,C,D)= Σ(3,7,11,13,14,15) 

 

F=CD+ABD+ABC 
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(d) F(W,X,Y,Z)= Σ(2,3,12,13,14,15). 

 

 

F= WX + W‟X‟Y 

Problem: 3-3 

Find all the prime implicants for the following Boolean functions and determine which are 

essential: 

a)     15,13,10,8,7,6,5,4,2,0,,, zyxwF  

b)     15,14,11,10,8,7,5,3,2,0,,, DCBAF  

c)     15,14,13,12,11,10,5,4,3,1,,, DCBAF  

Solution: 

Note: Red boxes represent the essential prime implicants. 

a)     15,13,10,8,7,6,5,4,2,0,,, zyxwF  

 

Essential Prime Implicants: xz and x‟z‟; Non essential: w‟x and w‟z‟ 

F=xz+ x'z'+ w'z' 

F=xz+ x'z'+ w'x 

b)     15,14,11,10,8,7,5,3,2,0,,, DCBAF  
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Essential prime implicants: AC, B‟D‟ and A‟BD 

Prime implicants: CD and B‟C 

F= AC+B'D'+A'BD+CD 

F=AC+B'D'+A'BD+B‟CC)      15,14,13,12,11,10,5,4,3,1,,, DCBAF  

 

Essential prime implicants: BC‟, AC and A‟B‟D 

Prime implicants: AB (Please note that this prime implicant should NOT be included in your 

expression cause all the 1s are covered by the essential prime implicants) 

F=AC+BC'+A'B'D 

Problem: 3-4 

Simplify the following expressions in (1) sum of products and (2) products of sums: 

a) xyzyzyzx   

b) ABCDCDADBCA   

c)     DCBDBACBADBA   

 

Solution: 

a) xyzyzyzx   

SOP= xyz      POS=   yzxz   

b) ABCDCDADBCA   

 

 
 

F‟=CD‟+A‟D‟+A‟BC‟ 

 SOP= DBCDCA    POS=    CBADADC  '  
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c) F=     DCBDBACBADBA   

F‟=ABD+A‟BC+AB‟D+B‟CD 

 

      F‟= AD+ CD + A‟BC 

SOP= '''' ADDBCA    POS=    CBADCDA   

Limitations of K – Map: 

 

1. The map method of simplification is convenient as long as the number of variables does 

not exceed 5 or 6. As the number of variables increases, it is difficult to make judgments 

about which combinations form the minimum expression. 

2. In case of problems with 7, 8 or even 10 variables, it is almost an impossible task to 

simplify expressions by mapping method. 

3. The K – Map simplification is natural technique and the simplification Process heavily 

depends on the human abilities. 

4. It is a trial and error graphical method.  

 

To overcome the above problems, we use tabular method to simplify Boolean expressions 

developed by Quine & MCcluskey. This method is called “Quine – Mccluskey” or “Tabular 

method”. 

Tabular (Quine – Mccluskey) method: 

In simplification of Boolean expression, the adjacent minterms can be reduced. The minterms are 

reduced because they differ by only one literal. 

For example: ABC
1
 & AB

1
C

1
 can be reduced because only B literal differs. The binary numbers 

equivalent to these minterms is 110 & 100. Note that the 2‟s place indicates the same information 

that the literal represented, namely that the B is the only literal that differs. 

Thus, we can say that the minterm whose binary equivalent differs only in one position or place 

can be combined to reduce the minterm. This is the fundamental principle of “Quine – 

Mccluskey” or “Tabular method”. 

 

 

 

 

1001

1001

0011

1011

1001

1001

0011

1011

A

B

C

D
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Algorithm for generating prime implicants: 

1. List all the minterms in binary form, 

2. Arrange the minterms according to number of 1‟s, 

3. Compare each binary number with every other binary number in the next adjacent higher 

order category and if they differ by only by one position, put a check mark and copy the 

term in the next column with „_‟ in the position that they differed, 

i.e. Consider a function of three variables f(A, B, C): 

 
Consider the function: 

 

 

Listing the two minterms shows they can be combined 

 

 

Now consider the following: 

 

 

Note that these variables cannot be combined 

 

This is because the FIRST RULE of the Tabular method for two terms to combine, and thus 

eliminate one variable, is that they must differ in only one digit position.  

 

4. Apply the same process described in step 3 for the resultant column and continue these 

cycles until a single pass through the cycle yields no further elimination of literals, 

5. List all Prime – Implicants & 

6. Select the minimum number of Prime – Implicants which must cover all minterms. 
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EXAMPLES: 

 

1. Simplify the following Boolean function by using Quine – Mccluskey” or “Tabular 

method”. F (A,B,C,D) = ∑ m (0,2,3,6,7,8,10,12,13) 

 

Sol:   

 

Step 1: List all minterms in binary form as shown in Table below (column (a)). 

Step 2: Arrange the minterms according to number of 1‟s, as shown in Table below  

             (column (b)). 

 

 
 

Step 3: Compare each binary number with every term in the adjacent next higher category and if 

they differ by only one position, put a check mark and  copy the term in the next column with „_‟ 

in the position that they differed. 

Step 4: Apply the same process described in step 3 for the resultant columns and continue these 

cycles until a single pass through the cycle yields no further elimination of literals. 

  
 

Step 5: List all Prime Implicants 
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Step 6:  Select the minimum number of Prime – Implicants which must cover all minterms. 

 
 

Fig: Prime Implication chart 

 

Table above shows Prime implication selection chart. Each prime implicant implicant is 

represented in a row and each minterm term in a column. Dots are placed in each row to show the 

composition of minterms that make the prime implicants. From this chart we have to select the 

minimum number of prime implicants which must cover all the minterms. The selection 

procedure is as follows: 

 

 Search for single dot columns and select the prime implicants corresponding to that dot by 

putting a check mark in front of it. 

 Search for multiple dot columns one by one. If the corresponding minterm is already 

included in the final expression ignore the minterm and go to the next multi – dot column; 

otherwise include the corresponding prime implicant in the final expression and put a 

check mark in front of it. 

 

Search for multi dot columns one by one if any, and select the prime implicants 

corresponding to that dot by putting a check mark in front of it: 

 

 In above prime implication chart, column 1 (m0) has single dot, so the corresponding 

prime implicant (0,2,8,10) must selected and put a check mark in front of it and include 

the prime implicant in the final expression. 

 Next column 3 (m3) has single dot,  so the corresponding prime implicant (2,3,6,7) must 

selected and put a check mark in front of it and include the prime implicant in the final 

expression. 

 Columns 4, 5 & 7 have single dots but the corresponding minterms are already included in 

the final expression. 

 Next column 9 has single dot, so the corresponding prime implicant (12,13) must selected 

and put a check mark in front of it and include the prime implicant in the final expression. 

 

Search for multi dot columns one by one if any, and select the prime implicants 

corresponding to that dot by putting a check mark in front of it: 

 

 Columns 2, 6 & 8 have multi dots but their minterms are already included in the final 

expression. 

 

So, the final expression is: F (A,B,C,D) = ABC
1 
+ B

1
C

1
 + A

1
C 
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2. Minimize the expression using Quine Mccluskey method. Y = A
1
BC

1
D

1
 + A

1
BC

1
D

1
 + 

ABC
1
D

1
 + AB

1
C

1
D + A

1
B

1
CD

1
. 

 

Y  =  A
1
BC

1
D

1
 + A

1
BC

1
D

1
 + ABC

1
D

1
 + AB

1
C

1
D + A

1
B

1
CD

1
. 

  0   1 0  0      0  1 0  0      1 1 0 0       1 0  0   1    0   0  1 0 

 

Step 1: List all minterms in binary form as shown in Table below (column (a)). 

Step 2: Arrange the minterms according to number of 1‟s, as shown in Table below   

             (column (b)). 

 

 

 
Step 3: Compare each binary number with every term in the adjacent next higher category and if 

they differ by only one position, put a check mark and  copy the term in the next column with „_‟ 

in the position that they differed. 

 

 
Step 4: Apply the same process described in step 3 for the resultant columns and continue these 

cycles until a single pass through the cycle yields no further elimination of literals. 

 

Step 5: List all Prime Implicants 
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Step 6:  Select the minimum number of Prime – Implicants which must cover all minterms. 

 
 

 

The final expression is:  F (A,B,C,D) =  A
1
B

1
CD

1
 + AC

1
D + BC

1
. 

 

 

3. Simplify the following using tabulation method. 

Y (A,B,C,D)  =  ∑ m (1,2,3,5,9,12,14,15) + ∑ d (4,8,11)     

 

Sol: It is important to note that don‟t care conditions are used to find the prime implicants 

but it is not mandatory / compulsory to include don‟t care terms  in the final expression. 

 

 

Step 1: List all minterms in binary form as shown in Table below (column (a)). 

Step 2: Arrange the minterms according to number of 1‟s, as shown in Table below  

             (column (b)). 

 
 

 

Step 3: Compare each binary number with every term in the adjacent next higher category and if 

they differ by only one position, put a check mark and  copy the term in the next column with „_‟ 

in the position that they differed. 
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Step 4: Apply the same process described in step 3 for the resultant columns and continue these 

cycles until a single pass through the cycle yields no further elimination of literals. 

 
 

Step 5: List all Prime Implicants 

 
 

 

Step 6:  Select the minimum number of Prime – Implicants which must cover all minterms. 
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 In the above prime implication chart, only column 2 has single dot, i.e. it is essential prime 

implicant and the prime implicant corresponding to it (2,3) is included in the final 

expression. 

 

 Now search for multi dot columns. Column 1 has multi dot and the corresponding terms 

are not included in the final expression, so we can include either (1,5) or  (1,3,9,11). 

Include (1,3,9,11), because it covers more minterms. 

 

 Minterm for column 3 is already included and minterm for column 4 is don‟t care, so we 

ignore it.  

 

 Column 5 has a minterm which is not included yet, therefore prime implicant (1,5) is 

included in the final expression. 

 

 The minterms from column 6 & column 7 are don‟t cares and the minterm of column 7 

(m9) is already included in the final expression. Column 9 has minterm 12 which is not 

included yet. To include this term we have 3 options. We include the prime implicant 

12,14 because by including it we can cover minterm 14 in the final expression. The 

minterm from the remaining column 11 (m15) can be included in the final expression by 

including the prime implicant 14,15.  

 

Therefore, the final expression is:  

   

  Y (A, B, C, D)  = A
1
C

1
D + A

1
B

1
C + ABD

1
 + ABC + B

1
D 
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4. Simplify the following function: F (A,B,C) = ∑ m (0,1,2,5,6,.7) 

 

  
 

 
 

 

 When each column in the prime implication selection chart has 2 dots or more dots, the 

chart is known as cyclic prime implication chart. 

 Since all columns have 2 dots, we have to proceed by trial and error. Both (0,1) & (0,2) 

cover column 0, so select (0,1). After selecting (0,1) , it covers minterm m0 & m1.  

 For minterm m2, we have the prime implicant covering (0,2) & (2,6). The best choice is 

(2,6) because it covers two of the remaining minterms while (0,2) covers only one 

minterm. After selecting (2,6), it covers minterms m2 & m6.  

 For minterm m5 to cover we have the prime implicants which covers (1,5) & (5,7). The 

best choice is (5,7) because it covers the remaining minterms and completes the final 

expression. 

 

F (A,B,C,D) = A
1
B

1
 + BC

1
 + AC 

 

NOTE: The prime implicants which are not selected to include in the final expression are called  

               redundant prime implicants. 
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5. Simplify the following function: F (A,B,C) = ∑ m (2,3,,5,7,8,10,12,13) 

 

SOL: 
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Examples 
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Terminology 

 

Prime Implicant: 

 

An implicant that cannot be combined into another implicant that has fewer literals. 

 

Essential Prime Implicant: 

 

A prime implicant that includes at least one minterm not covered by any other prime implicant. 

 

Minimization Example: 

 
 

Product of sums simplification 

 

 If we mark the empty squares by 0‟s rather than 1‟s and combine them into valid adjacent 

squares, we obtain the complement of the function, F‟. Use the DeMorgan‟s theorem; we 

can get the product of sums. 

Ex. Simplify the Boolean function in  

 (a) sum of products 

 (b) Product of sums 

   F (A, B, C, D) = ∑ (0, 1, 2, 5, 8, 9, 10) 
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Gate implementation for the above example: 

 

 
 

 

Two-Level Implementation (NAND) 

 

It.s easy to implement a Boolean function with only NAND gates if converted from a sum of 

products form 
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Two-Level Implementation (NOR) 

 

 
 

Other Two-Level Implementations: 

 

Multilevel NAND Circuits 

 

 
 

 

 

Multilevel NOR Circuits 
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AND-OR-INVERT Implementation 

 

 
 

OR-AND-INVERT Implementation: 

 

 
 

Implement with Two-Level Forms: 
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Prime Implicants: 

 

 
 

Essential Prime Implicants: 
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Systematic Simplification 

 

 Identify all prime implicants on the k-map 

 Select all essential prime implicants 

 Select a minimum subset of the remaining prime implicants that cover all 1‟s 

 

Ex: F(A, B,C,D) =Σ m (0,2,3,5,7,8,9,10,11,13,15) 

 

 
 

Product of Sums Simplification: 

 

 


