UNIT -1
MINIMIZATION OF SWITCHING FUNCTIONS

Objectives

This section presents a technique for simplifying logical expressions.

Define Karnaugh and establish the correspondence between Karnaugh maps and truth
tables and logical expressions.

Shows how to use Karnaugh maps to derive minimal sum of products and product-of-sums
expressions.

Introduce the concept of "don't care™ entries and show how to extend Karnaugh map
techniques to include maps with don't care entries.

TABULAR METHOD or QUINE - MCCLUSKEY METHOD or COMPUTER
MINIMIZATION TECHNIQUE.

Karnaugh Maps

Karnaugh maps also called K-maps can be thought of as a representation of sides ofa n-
dimensional hypercube representing logic functions

K- Map is also called as vietch diagram.

Provide a straightforward procedure for minimizing Boolean functions

The simplified expressions are always in one of the two standard forms:

» Sum of Products (SOP)
» Product of Sums (POS)

A K-map is a convenient tool of minimizing logic functions up to 6 variables (practically
4).

K- Map is graphical method of simplification.

K- Map is represented in Gray code sequence.

K- Map is a trial and error graphical method.

It contains squares called as cells or grids.

For n — variable K-Map, there are 2 " possible squares or cells or Grids.

For Example: n = 3 — variable has 2" i.e. 2 * cells.

K-Map cells are labeled so that horizontal adjacent squares differ in only in 1 variable.
Vertical adjacent squares also differ only in 1 variable.

A K-map is a re-arrangement of a truth table such that the adjacent minterms/maxterms
differ in one position only.

The Boolean functions also can be simplified by map method as Karnaugh map or K-map.
The map is made up of squares, with each square representing one minterm of the
function.

This produces a circuit diagram with a minimum number of gates and the minimum
number of inputs to the gate.

It is sometimes possible to find two or more expressions that satisfy the minimization
criteria.
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Why Logic Minimization?

= Minimize the number of gates used,

= Reduce gate count = reduce cost,

= Minimize total delay (critical path delay),
= Reduce delay = improve performance,

= Satisfy design constrains,

=  Maximum fan-in and fan-outs,

= Remove undesired circuit behavior &

Minimization of Boolean expressions

B The minimization will result in reduction of the number of gates (less number of terms)
and the number of inputs per gate (less number of variables per term)
B The minimization will reduce cost, efficiency and power consumption.

One - variable, Two variable, Three variable & Four variable K-Map:

The basis of this method is a graphical chart known as karnaugh map (K - map). It contains boxes
called cells. Each of the cells represents one of the 2" possible products that can be formed from n
variables. Thus, a 2 — variable map contains 22 = 4 cells, a 3 — variable map contains 2% = 8 cells
& 4 — variable map contains 2* = 16 cells and so on.

Values of CD
in gray code

sequence
B BC
A A o] 1 A oo 01 11 10 01
Values o 0 1
of A 1 1 10
1-Variable map 2-Variable map 3-Variable map 4-Variable map
(2 cells) (4 cells) (8 cells) (16 cells)

Fig. Outlines of 1, 2, 3 and 4-variable Karnaugh maps
The product terms are assigned to the cells of the K — map by labeling each row and each column
of the map with a variable, with its complement to indicate ‘0” and true variable to indicate ‘1’ as

shown in figure below.
Figure below shows the way to label the rows and columns of a 1,2,3 & 4 variable maps and the

product term corresponding to each cell.

BEC BcC BC BC
B
A ABC 00 01 11 10
A0 A Al A l1l|lAaBC |ABC |ABC | ABC
g - 0 1 3 2
L | A AD | A 0| ABC ABC|ABC|ABC
: 1 2 3 4 5| 7| 8
(a) 1-Variable map (b) 2-Variable map (c) 3-Variable map
cD cD cD CcD
cD
AB 00 01 11 10
T
ABO0 |[AECD|ABECD|ABCD|ABCD
o] 1 3 2
AB O1L |ABCD|ABCD|ABCD|ABCD
£} 5 7 [5]
AB 11 |ABCD|ABCD|ABCD|ABCD
12 13 15 14
AB 10|ABCD|ABCD|ABCD|ABCD
8 9 11 10
(d) 4-Variable map
Fig. 1, 2, 3 and 4-variable maps with product terms
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= |t is important to note that when we move from one cell to the next cell along any row or
from one cell to the next along any column, one and only one variable in the product term
changes (to a complemented or to an un complemented form).

= For example, in figure (b) above, the only change that occurs while moving along the
bottom row from AB' to AB is the change from B; to B. similarly; the only change that
occurs in moving down the right column from A1B to AB is the change from A' to A.

= |rrespective of the number of variables the labels along each row and column must lead to
sigle change rule.

=  We know that the Gray code has same properties (only one variable change when we
proceed to the next number or previous number) hence Gray code is used to label the rows
and columns of K — map as shown in figure below.

NOTE:

= Note that the minterms are not arranged in a binary sequence, but similar to the Gray code.
= For simplifying Boolean functions, we must recognize the basic property possessed by

adjacent squares.
BC T Gray code sequence
00 01 11 10
0 AR __o 1 A
ol mg l moy \ My mz
O Mg
8]
A 1 my Mg mz mg
1] M |
i (c) 3-Variable map

(b) 2-Variable map
_—— Gray code seguence
cl oo a1 11 10

(a) 1-Variable map

AB

Gray code
sequence oo

b o

11

10

(d) 4-Variable map )
Fig. Another way to represent 1, 2, 3 and 4-variable maps for SOP expressions

In case of POS expression the sum terms are assigned to the cells of the K — map by labeling each
row and each column of the map with a variable, with its complement to indicate ‘1’ and true
variable to indicate ‘0’ as shown in figure below.

Figure below shows the way to label the rows and columns of a 1,2,3 & 4 variable maps and the
sum term corresponding to each cell.

B+C B+C B+C B+C
ABC 00 01 11 10
A0
A0 A
U [ —
_ _ % 1 | A+B+c| A+B+C A+B+C
Al A
.

- iable map
(a) 1-Variable map (b) 2-Variable map {c) 3-Varia
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o C+D c+D c+D C+D
AB 00 01 11 10

A+B 00 |A+B+C+D|A+B+C+D| A+B+T+D|A+B+T+D

A+B 01 |A+B+C+D|A+B+C+D| A+B+C+Dl A+B+T+D

A+B 11 |A+B+C+D|A+B+C+D| A+B+C+D| B+B+C+D

548 10 |A+B+C+D|B+B+C+D| A+B+T4D A+B+C+D

(d) 4-Variable map
Fig. 1, 2, 3 and 4-variable maps with sum terms

Another way to represent 1,2,3 & 4 — variable map for pos expressions:

— Gray code sequence

) B
o 8] , 1 RESC oo 01 11 10
ha
o o o Mg M Mg, ht M A5
1 n A .
1 1 2 Mg M, Mg (T Mg
(a) 1-Variable map (b) 2-Variable map (c) 3-Variable map

— Gray code sequence

D
AR oo o1 11 10
oo My My My o
01 ha, Mg M Mg
Gray code
seguence J.
11 M RS Mis M2 g
10 Mg Mg Mgy Mig

i (d) 4-Variable map
Fig. Another way to represent 1, 2, 3 and 4-variable map for POS expressions

NOTE:

= Note that the minterms are not arranged in a binary sequence, but similar to the Gray code.
= For simplifying Boolean functions, we must recognize the basic property possessed by

adjacent squares.
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Plotting a K — Map:

We know that logic function can be represented in various forms such as truth tables, SOP
Boolean expression and POS Boolean expression.

Procedure to plot the given logic function in any form on the K — map:

Representation of truth table on K — map:

Cell: The smallest unit of a K — Map, corresponding to one line of truth table. The input variables
are the cells co-ordinates and the output variable is the cell content.

Figure below shows K — maps plotted from truth tables with 2,3,4 — variables. From figure

we notice that the terms which are having output ‘1°, have the corresponding cells marked with
1I’s and remaining with 0’s.

Al B Y B -
& 0 1 k B B
1 [ -
0 0 0 0 Cldd_d_,_‘l A ] ‘ 1
0 i (I I OR T
o |l ,_1:1#,0 Al t o]0
1 i U‘_'_'_,_/-""‘—Ff

Fig. (a) Representation of 2-variable truth table on K-map

Note: we can verify the data in each cell by checking the data in the column Y for particular row
number and the data in the same cell number in the K - map

o 00 o1 11 10
S UEEEAE e R S
] I 0 c 1
D' [ 0 O a -‘_.-'" 0 1| 3 2
1 0 0 1 0 - A |»"1 ,1**"1 | o
— 7 P S S N B
z W] 1 0 Lol T OR
B 3 0 1 1 ] oo BC BC BC BC
+7Nec00 01 11 10
4 1 0 0 L | | ] \
s B 0 o 0 1
5 1 0 1 1|'l |'] 0| 1| 31 _2.
1 : |
]
[ i 4 5 7 b
A HE I I T

Fig. (b) Representation of 3-variable truth table on K-map
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Noo | & | By & p By ¥ A< 00 ot 11 10
0 0 0 0 0 "-""“"‘35-— 1 0 _f1 0
1 0 0 0 1 0 ’o_./ 1 3 2
20|l o] 1]o]o 0| et | A 0
i - s’ 7 ]
3 0 0 1 1 1 8 L 3F
p: SORENARt] I Pt Sl 1 1
i |6 | a0 | @) ) = L sl A sl
= L /V’/ ’/ ,,
5 0 1 0 1 1- 4of 0 ol A 97|
r/ /l 8 / P |1 10
6 0 1 1 0 0 A ; R i
1 o /AR
7 0 1 1 1 1- TNED, o TS -
/'AB cD-%" gD cD cD
8 1 0 0 0 0 7 " Y
’l’ ”ZB 1/,[/ 0 1 0
9 1 0] 0 i R e P 1 3 2
=Nl L
10| 1] o I O Al 1 1 0
/ o 4 5 7 6
" 1 0 1 1 o ,;
2
’ 2 1 0 1 1
’ 7 AB
12 1 1 0 Y 1 S 12 13 15 14
0 1 o |,/
13 1 1 i 8l o o 5 3
14 1 1 1 0 1 | 8 g 11 10
i /
B 1 1 1 1 1

{c) Representation of 4-variable truth table on K-map

Representing Standard SOP on K — Map:

A Boolean expression in the sum of product form can be plotted on the K — map by placing a ‘1’

in each cell corresponding to a term (minterm) in the sum of product expression. Remaining cells
are filled with 0’s.

Example: 1  Plot Boolean expression Y = ABC! + ABC + A'B'C on the K — map.

ABC
- - ABC

ABC %g BD? 815.4 813 A Bc BC B C B C : & C
A0 0 1 0 0 A 0 i) 0 o
o] 1 3 2 OR 1] 1 3 2

A1 0 o 1 1 A s} o] A ]
4 5 7 G 4 S 7 &

F;EIC, ABE ABC ABC

Example: 2 Plot Boolean expression
Y = A'BC'D' + AB'CD' + A'BCD' + AB'CD + ABC'D on the K — map.

ABCD
cD CD cD cD co B
ABCD 0o 01 11 10_: AB CD CD cD cD
AB ool o© a 0 o AB|l o 0 0 0
2
- == [u] 1 3 2l =T O 1 3
AEBCD ABCD-. 580D
L 1 0 0 1 ) 1 o 0 1
4 5 T 5] 4 5] 7 5]
OR
AB 14 0 1 0 0 AB 0 1 0 ]
12 13 15 14 12 13 15 14
aB 10| © | O a a aB| 0.1 0 i A
g ) 1 10 ] al 5 o1l S 10
ABCD ABCD ABCD ABCD ABCD ABCD
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Representing Standard POS on K — Map:

A Boolean expression in the product of sum form can be plotted on the K — map by placing a ‘0’
in each cell corresponding to a term (maxterm) in the product of sum expression. Remaining cells
are filled with 1’s.

Example: 1  Plot Boolean expression

Y = (A +B'+ C)(A + B! + CY)(A' + B* + C)(A + B + C*) on the K — map.

Sol: Y= (A+B'+C).(A+B'+C").(A'+B'+C).(A+B+C?
O 1 0 (O 0 0) (1 1 0(0 0 1

. E A+B+C A+B+C _
A+B+ T . At BT o
BC.. - : BC __ " _ ArB+C
A—20 . 0 L 11 10 - a EC . BC BC .~ BC _
- - - = g -A+B+C
ol 1 0 0 o Al 1 0 o o
1] i 3 2 8] 1 3 2]
OR A+B+C
1 1 | 1 1 Q A 1 4 1 o
4 5 7 - 4 5 T 51
A+B+C

Example: 2 Plot Boolean expression

Y=(A+B+C+DYA+B"+C!'+D)A+B+C'+D")A"+B'+C+DY)(A' + B + C' + D)
on the K — map.

Sol:

Y=(A+B+C+D)A+B'+C'+D)A+B+C'+DY)A'+B'+C+DYH A+ B +C' + D)
O 00 1)0o 1 1 0)0 0 1 1)(1 1 0 1@ 1 1 0)

A+B+C+D. A+B+C+D
CD CO —— - — —
AR aa 01 i1 10 AB CD_ -.CD cCo - CD
00 1 0 0 1 AB| 1 o o 1
9 1 3 2 0 1 3 2
+B+C+
01 1 1 1 0 iB 1 1 1 0 A+B+C+D
4 5 T ] 4 5 7 s
A+B+CT+D
1 0 1 0 AB 1 0 1 0
1 13 15 14 12 13 15 14
1 =
10 1 | 1 |1 AB 1.‘. 1 1 1
g 94 11} 10 ] ] 11 10
A+B+C+D
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GROUPING CELLS FOR SIMPLIFICATION:

> Representation of any form of Boolean function on K — map is seen. The minterms are

marked by 1’s and maxterms are marked by 0’s. once the Boolean function is plotted on
the K — map, we have to use grouping technique to simplify the Boolean function given in
any form.

The grouping is nothing but combining terms in adjacent cells. Two cells are said to be
adjacent if there is only one variable difference between the co-ordinates of two cells. For
example, the cells for minterm ABC & A'BC are adjacent. The simplification is achieved
by grouping adjacent 1’s or 0’sin a group of 2', where i = 1,2,34......... ,n and n is the
number of variables.

When adjacent 1’s are grouped then we get result in the sum of product form; & When
adjacent 0’s are grouped then we get result in the product of sum form.

Various grouping rules are shown in figure below:

-

(a) Neighbouring cells in ({b) Neighbouring l:_ells in
the row are adjacent the column are adjacent

l_ Adjacent cells ——l
S e
= ‘——. .: T .—_l

.
Adjacent Adjacent.

ety
cells cells

- .
t— Adjacent cells —T

(¢) Leftmost and corresponding (d) Top and carrespc_)nding
rightmost cells are adjacent bottom cells are adjacent

Fig. Adjacent cells

Simplification of the number of adjacent squares for a 3 — variable:

A larger number of adjacent squares are combined; we obtain a product term with fewer
literals.

» 1square =1 minterm = three literals.

» 2adjacentsquares =1term = two literals.

» 4adjacentsquares = 1term = one literal.

» 8 adjacent squares encompass the entire map and produce a function that is always
equal to 1.

It is obviously to know the number of adjacent squares is combined in a power of two such
as1l, 2, 4,and 8.
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Grouping two adjacent 1’s (pair):
Figure below shows the K — map for a particular three variable truth table.

The below K — map contains a pair of 1’s that are horizontally adjacent to each other; the first
represents A'B'C and the second represents A'BC.

Bc BC BC BC BT - BC BC BC BC
AN 00 01 11 10 AC N 1 1(?
B ;.,.---,...................\I‘/ -""““-".
AO| 0 fi1 L ) a0l o 0 P 0
A1l 0 0 0 D A1l o 0 0
Fig. (a) Fig. (b)

Note that in these two terms only the B variable appears in both normal and complemented form
(A' and C remain unchanged). Thus these two terms can be combined to give a resultant term that
eliminates the B variable since it appears ib both uncomplemented and complemented form. The

above is theoretically proved as follows:

Y = AlBlc + AlBC
=AlC (B'+B)
=A'C
Bc BC BcC BC BC
A 00 D1 11 10
A0 0 0 o] 0
AC
1 P
A A 1 o 0 1
Fig. (c)
co ©D cD Cc D cD
AB 00 01_ 11 10 _
AB 00 o . o 0 Jaroue Toas
8¢ Bc .BC BC
~ . . N 01 11 10
AB 01 [s] s} o PR
Rol o© 1 i 0
AB 11 O 8] 8] 9] b
———t— ——JI>~8co0 ,,| o o || o
AB 10 s} 1 5| o (1 1 ™
Group 2 — BC
Fig. (d) Fig. (e)
Group 1 — AC
sc BC BC . BC BC
A 00 01 11 10
_ e .- Pair not required
A0 O : 1 D.—
Y
a1 o 0 ]

Fig. (f) Examples of combining pairs of adjacent ones

Pair : A pair is a group of two adjacent cells in a K — map, it cancels one variable in a K — map

simplification.
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Grouping four adjacent 1’s (Quad):

cD 65 cD CcD CE
AB 00 01 11 10
ec BT Bc BC BT AB oo| o 0 1 0
A 0 01 11 10 cp
A0l O 0 0 0 AB 01 0 0 1 - 0
/A
]
1 1 1
A1 1 1 AB 11| © 0 1 0
AB 10 © 0 1 0
@yY=A (b) Y = CD
cop €O TDb c¢co D Cb Cb c¢b ¢D
AB 00 01 11 10 AP 00 01 11 10
ABoof o 0 0 0 ABoo| o 0 0 0
Ag o1 o | {1 11] o Eg 01| 0 0 0 0
BD H —_
: | AD
| I I S Y o -
AB 11| O 1 | 0 AB M| 1} 0 0 {9
AB 10| o 0 0 0 ag 10| 11] 0 0 i
Fig. (c) Y =BD (d) Y = AD

From the above K — map we can easily notice that when a quad is combined two variables
are eliminated.

For example, in fig. (c) : we have following terms with four variables:

Y  =A'BC'D+A'BCD +ABC'D + ABCD
= AlBD (Cl + C) + ABD (Cl + C)
=A'BD + ABD
=BD (A" +A)
=BD
S0f W W po P T @
AB 00 ] XE 00
! 8D
Ag 01
Ae o Group 1—=AB.____ | | .- Group 3—=AC
AB M
..... AB 10
AB 10 Groupz-‘—AD""

Y = AB + AD + AC

Fig. Y =BD

Fig. Examples of combining quads of adjacent ones

Quad: Quad is a group of 4 adjacent cells in a K — map, it cancels two variables in a K — Map
simplification.
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Grouping eight adjacent 1’s (Octet):

Form figure below, we can observe that when an octet is combined in a four variable map,
three of the four variables are eliminated because one variable remains unchanged.

For example, in K — map shown in fig. (a), we have the following terms:

Y =ABC'D! + A'BC!D + A'BCD + A'BCD'+ ABC'D! + ABC'D + ABCD + ABCD!
= A!BC* (D' + D) + A'BC (D + D') + ABC* (D' + D) + ABC (D + DY)
= AlBC!+ AlBC + ABC! + ABC
=AB (C*+C)+AB (C' +C)
=AB+ AB
=B (Al + A)
=B
cp CD [ofs} CD cD cp €D co cD cD
AB [8]0] 01 11 10 AB 00 01 11 10
AB 00 o 0 0 0 AB 00 0 ;1 0
Ag 01 {1 ) 1 1 1 g 01| o 4 ; 0 )
Lot < -
B— | ;
AB 11f i1 1 1 1] as 1| o 1 1 0
AB 0| © 0 0 0 AB 10 0 L 17 o
(a) Y=8B (b) Y=D
cD CD cD cD cCD C D
AR <P 00 01 11 10 AB . 00 %10 cﬁD ?OD
AB oo 1 1 1 11. AB 00 1 0 0 1
AEB 01 0 0 0 0 AB 01 1 0 o 1
T
AB 0 | 0 0 AB 11 1 o] o 1
S SO SS—
AB 10| {1 /1 b 1 AB 10 1/ 0 0 .
B (c) Y=B (d) Y=D D

Fig. Examples of combining octets of adjacent ones

Octet: Octet is a group of 8 adjacent cells in a K — map, it cancels three variables in a K — Map
simplification.

Illegal grouping:

{b) Grouping of odd number

(a) Diagonal grouping of cells is illegal

is illegal
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Prime implicants and Essential prime implicants:
Prime implicant:

B A prime implicant is a product term obtained by combining the maximum possible number
of adjacent squares in the map.

Example: Obtain the prime implicant for given Boolean expression using K — map.
F (A,B,C)=> m (0,1,3,5,7)

{: |r1:\ 1: "0
0 1 1 0

Therefore, the prime implicants for given boolean expression are: A'B*and C

‘ ;/
™ vy
\.\C:l o

pgd!
w|

F(ABC)=AB'+C

B This shows all possible ways that the three minterms(ms,mg,m;;) can be covered with
prime implicants.

F =BD+B’D’+CD+AD
= BD+B’D’+CD+AB’
= BD+B’D’+B’C+AD
=BD+B’D’+B’C+AB’

cD <
AB DO 01 11 10
oo 1 ) 1
01 1 1
. - B
11 1 1
A I
10| | 1 1 | (1) 1 l |
D
(b)) Prime implicants CD, B'C
AD,and AB’

Fig: Simplification using Prime Implicants.
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Essential prime implicants:

Definition:  If a minterm in a square is covered by only one prime implicant, then the prime
implicant is said to be essential.

Or

The minimum number of prime implicants required to include all 1’s present in the K — map is
called essential prime implicants.

Steps to be followed to identify the essential prime implicants:

1. Plot the K — map and place 1’s in those cells corresponding to the 1°s in the truth table or

sum of product expression, place 0’s in other cells,
2. Check the K —map for single 1°s which are not adjacent to any other 1’s, and these 1’s are

called isolated 1’s and group them separately,

Check for those 1’s which are adjacent to any one other 1 and group such pairs,

4. Check for quads and octets of adjacent 1’s even if it contains some 1’s that have already
been grouped; however there should be at least one 1 that has not yet been grouped.

w

Example: 1

Group 1 — AC

BCc BT BCc . 'BC BC
A 00 01 - 1M 10
A0 0 1 T 1 ] 0. Pair not required
A1 0 0 \L 1‘:‘ ---- Group 2 — AB

Fig. Examples of combining pairs of adjacent ones
Example: 2 Obtain the exxential prime implicants of the following Boolean expression.

F(ABCD) =Ym(l1,567,11,12,13,15)

CD
AB\\ (0]8] 01 11 10

(8]8] 9
0 1 3
s = MNot essential
1'|
[
-

/-9’1),—"’:; 1 i ; 1 }5 prime implicants
Essential ._.—-—-———'—“_ES
prime H—J—Lq : jﬁ‘Cq

implicants
10 Y
& :

15 14

o

11 0

Fig.
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Example: 3

D <

AR oo c1 11 10
0o 1 I 1
o1 1 1

=
11 a 1
A
10 1 1
D

{a) Essential primme implicants
BD and B"'ID"

Fig: Simplification using Essential Prime Implicants.

Minimal SOP form:

The combination / grouping of pairs, Quad and Octet on a K - map can be used to obtain a
simplified expression.

A pair of 1’s eliminates one variable, a quad of 1’s eliminating two variables and an octet
of 1’s eliminates three variables.

In general, when a variable appears in both complemented and uncomplemented form
within a group that variable is eliminated from the final expression. Variables that are
same in all within the group must appear in the final expression.

Each group gives us a product term and summation of all product term gives the final
Boolean expression.

Therefore we can say that each product term is an implicant of the function. All the
implicants of a function determined using a K — map are the prime implicants.

Generalized procedure to simplify Boolean expression using K — map technique:

1.

w

o

Plot the K — map and place 1’s in those cells corresponding to the 1’s in the truth table or
sum of product expression, place 0’s in other cells,

Check the K — map for single 1’s which are not adjacent to any other 1’s, and these 1’s are
called isolated 1’s and group them separately,

Check for those 1’s which are adjacent to any one other 1 and group such pairs,

Check for quads and octets of adjacent 1’s even if it contains some 1’s that have already
been grouped; however there should be at least one 1 that has not yet been grouped.
Combine any pairs necessary to include any 1°s that have not yet been grouped,

Form the simplified expression by adding product terms of all the groups.
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Example: 1  Minimize the expression: Y = AB'C + A'B'C + A'BC + AB'C'+ A'B*C!

Sol:

Step 1: Fig. below shows the K — map for three variables and it is plotted according to the give
expression.

B C B C B C B C
ABC [e]e] o 11 10
F-us) 1 1 1 O
o 1 3 =2
A 1 1 o o
A S i [<]
Fig. 3.19 (a) _
B C B C B C B C
ABC o0 O 11 10
e “4 ;1 1 8]
A1 1 \ -1 O O

Step 2: There are no isolated 1°s.
Step 3: 1 in the cell 3 is adjacent only to 1 in the cell 1. This pair is combined and referred to as

group 1.
Step 4: There is no octet but there is a quad. Cells 0,1,4 and 5 form a quad. This quad is

combined and referred to as group 2.

BCc BC BC BC BC
A 00 01 11 10 _
.......... | AC
Aol 1 P 17 o
5 .... SRR 1 Y
Al 1] 0 0
Fig.

Step 5: All 1’s have already been grouped.
Step 6: Each group generates a term in the expression for Y. In group 1, B variable is eliminated

and in group 2 variables A and C are eliminated and we get the final simplified expression as
follows:

Y =AlC+B!
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Example: 2 Minimize the expression:

—al 11 1 1 11 1 1~1 1pl 1
Y =ABCD +ABCD+ABCD +ABCD+ABCD+ABCD
Sol:
— — CcD c B
co CD cD CD cD ABCD OUD %1D CHD ?OD
AB 00 01 11 10
A8 00 o o o ; AB 00 0 0 0 1
o 1 3 2
AB O1 1 1 a 0 AB 01] 1 1 0 0
4 5 7 (5]
AB 11 1 1 0 o AB 11 1 1 0 0
12 13 15 14
AB 10 0 1 0 o AB 10 0 1 0 0
5 2] 11 10

tb CbD cp €D
co 11 10

AB 01} i
lBE"”/'-

AB 11

AB 10

Y = AlB!cD! + AC'D +BC!

Example: 2 Reduce the following 4 — variable function to its minimum sum of product
form:

Y = Al BicD! + ABCD! + AB!CD' + A B!CD + AB!C!D' + ABC!D! +
AB'CD + AlB!ciD?
Sol;
cp CD cD CcD cb
ABN_.00 01 11 10
B D—] 1 | { 1
AB oo| 1 0 1 ’ ’
Ag 01] o0 0 0 o ["Bc
|_AD
__________ T Y,
AB 11 1 0 0 1
AB 10 1 | 0O SR H
Y =B!D!+ AD'+ B'C
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Example: 3 Reduce the following 4 — variable function to its minimum sum of product
form:

Y = Al BiC'D + A'BC!D + A'BCD + A BCD! + ABC!D! + ABC!D! +
ABCD + AB'CD
Sol:;
_ _ACD
cD cD cD CcD cD
_ AB 00 01 ;'/ 1 10
cp €D CD CcD cB ¥ |
AB 00 01 11 10 AB 00 0 1 0 0
= ABC
AB ool o 1 0 0 ! 1 [
0 1 3 2 Xg 01 0 o 1 1
AB 01 0 1 1 1 T TOREY LR
4 5 7 6 ag 1] i1 10 SR 0
AB 11 1 1 1 0 AB{ ] :
12 13 15 14 AB 10| © 0 L1 0
l b it
AB 10 0 o] 1 0 /
8 g 11 10 ACD

The simplified expression: Y = A'C'D + A'BC + ABD* + ACD

Example: 4 Simplify the logic function specified by the truth table below using the K —
map method. Y is the output variable and A,B and C are the input variables.

=
.
(9]
=<

— ! ]

0 | 0 0 1

0 ‘ ) 1 0

0 | 1 ‘ 0 0

0 I 1 | 1 1_

i 1 ‘ 0 I 0 1

1 ‘ 0 | 1 0

1 1 ‘ 0 0

1 ‘ L I .

Sol :
B Bc BC BC BC BC
BC BC BC BC BC A 00 o1 11 10
A 00 01 11 10 _ o
Aol i 1 ¢ 0 1 o]
Ao| 1 0 1 0
At 1 0 P 0
1 0 1 0 A - 2T
A - i’ ;/
B C BC
The simplified expression is : Y =B!C'+BC
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Example: 5 Reduce the following functions using K — map technique.
F (A,B,C,D) = A'B'D + ABC'D'+ A'BD + ABCD*

SOL: The given function is not in the standard sum of products form. It is converted into
standard SOP form as follows:

F(AB,CD) =A'B'D+ABC!D'+A'BD+ABCD!

=A'B'D (C + C1) + ABC'D* + A'BD(C + C1) + ABCD'
= A'B'CD + A'B'C'D + ABC'D* + A'BCD + A'BC'D + ABCD*

AB 00 01 11 10
ABoo] o 1 1 0
0 1 3 2
AB 01| O 1 1 0
4 5 7 6
AB 11 1 0 0 1
12 13 15 14
AB 10 0 0 0 0
8 9‘ 11 10
cD CD cD
__ [ 111 o LAD
AB 00 1 ’. :er,ff"
: 0
Ag 01| O 1 o
............. 1
AB 11 1 0 0
aBD— ;
ag 10| 0 | O o

The simplified expression is : Y = ABD' + A'D
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Example: 6 Reduce the following functions using K — map technique.

F (A,B,C,D) => m (1,4,8,9,10)

co CD CD ¢D cD

CD cD CcD cD AB 00 01 1 0
gBCD 00 01 11 10 o e
ABoOOli 1] 1 0 0
AB 00 1 1 0 0 I
8] 1 3 2
\ a A 01 i 1| 0 0 .
0 P
A 01 1 o
e 4 5 7 G
0 0 0 0 AB 11| 0 0 0 0
1
~B 12 13 15 14
B 0 1 AB 10| 1 0 1
10 1 1 \ -
AB a\ 9\ N

- _ BC
cp CD D cCD cD
AB 00 01 / 11 10
AB oolii1 i 1 0 0
L SRR B — d
ACD FUEN
A 01| |1 0 0 0
AB 11| 0 0 0 0
— —+ ABD
AB 10|11 1 0 1

The simplified expression is : F (A, B, C, D) = A'C'D'+ AB'D' + B'C?

Minimal POS form:

The combination / grouping of pairs, Quad and Octet on a K - map can be used to obtain a
simplified expression.

In practice the designer should observe both the sum of product expression and product of
sum expression to make sure which is more simplified.

We have already seen the representation of product of sums on K —map. Once the
expression is plotted on K — map, instead of making the groups of 1’s we have to make the
groups of 0’s. Each group of 0’s results a sum term and is called prime implicant.

A pair of 0’s eliminates one variable, a quad of 0’s eliminating two variables and an octet
of 0’s eliminates three variables.

In general, when a variable appears in both complemented and uncomplemented form
within a group that variable is eliminated from the final expression. Variables that are
same in all within the group must appear in the final expression.

Each group gives us a sum term and product of all sum term gives the final Boolean
expression in POS form.
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Generalized procedure to simplify Boolean expression in POS using K — map technique:

1. Plot the K — map and place 0’s in those cells corresponding to the 0’s in the truth table or
max term in the product of sums expression, place 1’s in other cells,

2. Check the K — map for 0’s which are not adjacent to any other 0’s, these 0’s are called

isolated 0’s and group such 0’s separately,

Check for those 0’s which are adjacent to any one other 0 and group such pairs,

4. Check for quads and octets of adjacent 0’s even if it contains some 0’s that have already

been grouped; however there should be at least one 0 that has not yet been grouped , while

doing this make sure that there are minimum number of groups.

Combine any pairs necessary to include any 0’s that have not yet been grouped,

6. Form the simplified expression by multiplying the sum terms of all the groups.

w

o

Example 1 : Minimize the expression.
Y:(A+B+E)(A+E+E)('E+B+(‘:)(Z+B+C)(A+B+C)
Solution : (A+B+E)=M1,(A+§+E):M3,(A+B+C):M7,

(A +B+QC) =My, (A+B+C) =DM

BC g+C B+C B+C B+C

8Caic BT BT Brc AN O 01 11 10

000111 T
A [ Aolfoil o |0}
Aolo|ojo| 2 L

A1

,,,,,,,

E1 le 5 0'-"

o e x
Group 3 — A+C

BCB+C B+C/B+C B+C
AN 00 01/ 11 10

1.
- aofioi|fo_]iol L
Group 2 — B+C
A1Li0; 19/
P 22

Group 1 = B+C

Y = (B+C)(B+C)(A+ )

The final simplified expression is :
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Example 2 : Minimize the following expression in the POS form

Y=(41+B+C+D)(A+B+C +D)(A+B+C +D)
rE+B+C+D)(A+E'+E+D)(A+1§+(‘:+5)(A+B+C+D)
(A+B+C+D)

Solution :

(K+E+C+D):Mlz,(A_+E+é+D)=MI4, (K+B+C+5}=MI5
(A +B+C+D) MS,(A+_B+E+D)=M(‘,(A+B+E‘+f)):M?
(A+B+C+D) M, and (A +Es+C+B)=M13

Il

CD c+D c+D CT+D C+D CD D CsD T
AB C+D C+D C+D CT+D
00 __01 11 10 ABN 00 01 11 10
AvB 00 0 | . A8 00l 0|
A+B 01 ) | o o A+B 01 _ | o 0
A+B 111 0 | 0| 0| o A+B 1[0 1 00| 0
A ot0f o || | A+B 10(10}
Group 1 — (B+C+D)
CD c+D/c+D T+D C+D
AB 00/ 01 11 10
T
A+B go}i o | - =
0 [er : 4~ Group 3 - (B +C)
A+B 01 lio ] o

Group 2 — (A + B)

A+B 11170 | o (0| 0

A+8 10}/ 0

The simplified expression is :

Y=(B+C+D)(A+ B) (B+()
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Example 3:  Reduce the following function using K — map technique.
F(A,B,C,.D) ==nM (0,2,3,8,9,12,13,15)

SOL.:
CD c+D C+D C+D C+D
AB\C-v-D ca? c1+1D %D AB\ po 01 11 10
400
ag o0l 0 [ 010 ABOOY O | bt
A+E 01 - , - )'-\+_B- 01 IS
aB 11l 0| 0 O AB 11| O, 'OU
A+ 101 0 | O A A+B 10| O 0
Group 2 — (A+B+C)
" D o 0B 55/
CD c+D c+D C+D C+D _00 o 11,1 10
AB o0 01 11 T 10 A8 00| D) e
S ¥ Group 4 — (A+B+D) — = | iy
i 0: —
A+B 00| O RN A+B 01
aBotl | MY )
_____ R = »_,: : yii
A+B 1110 i__‘?f_,;,,,___‘?'.;: 3 A+B 1010 | 0] \
% 2 -_- TTSS — i 141
— ! i / \
10]: 0 04 A - AR
A+B '.____",-;L..._..-'.s Group 3 — (A+C) Group 1 — (A+B+D)

The simplified final expression is :
F(ABCD) =(A'+B'+D) (A+B+CH(A'+C)(A+B+D)

Don’t care conditions:

= In certain digital systems, some input combinations never occur during the process of a
normal operation because those input conditions are guaranteed never to occur. Such input
combinations are called Don’t-Care Combinations.

= The function output may be either 1 or 0 and these functions are called incompletely
specified functions. These input combinations can be plotted on the Karnaugh map for
further simplification of the function. The don’t- care combinations are represented by ‘d’
or ‘x’ or ‘¢’.

*=  When an incompletely specified function, i.e., a function with don’t-care combinations is
simplified to obtain minimal SOP expression, the value 1 can be assigned to the selected
don’t care combinations. This is done to form groups like pairs, quad, octet, etc., for
further simplification. In each case, choice depends only on need to achieve simplification.

= Similarly, selected don’t care combinations may be assumed as Os to form groups of Os for
obtaining the POS expression.

Here outputs are defined for input condition from 000 to 101. For remaining two conditions of
input, output is not defined, hence these are called don’t care conditions for this truth table shown
below.
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R|O|IR|O|FR|OFRIO|IO
XX —|lo|lr|lo|r|lo|<L

L il =l ===
Rk lo|or|lkr|loo|m

Note: A circuit designer is free to make the output for any “don’t care condition” either a ‘0’ or
‘1’ in order to produce the simplest output expression.

Describing incomplete Boolean function:

Incomplete Boolean function is described by using additional term to specify don’t care
conditions in the original expression.

Examples: F (A,B,C)=>Y m (0,2,4) +d (1,5) (Incompletely specified SOP form)
F(AB,C)=n M (2,5,7) +d (1,3) (Incompletely specified POS form)

Don’t care condition in logic design:

The example of incompletely specified Boolean function of even parity generator for 4 — bit
BCD is shown in figure below. The truth table shows that the outputs for the last 6 input
conditions cannot be specified, because such input conditions do not occur when input is in BCD
form.

A |B |C |D |P
0O |0 |0 |0 |O
0O |0 |0 |1 |1
0O [0 |1 |0 |1
0O |0 |1 |1 |O
0O |1 |0 |0 |1
0O |1 |0 |1 |O
0O [1 |1 |0 |0
O [1 |1 |1 |1
1 /0 |0 |0 |1
1 |0 |0 |1 |0
1 /0 |1 |0 |-
1 |0 |1 |1 |-
1 |1 |0 |0 |-
1 |1 |0 |1 |-
1 |1 |1 |0 |-
1 /1 |1 |1 |-

Fig : Truth table for even parity generator wit 4 — bit BCD

The boolean function for even parity generator with 4 — bit BCD input can be expressed in
minterm canonical form as,

F(AB,CD) =3 m(1,24,7,8) +d (10,11,12,13,14,15)
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MINIMIZATION OF INCOMPLETELY SPECIFIED FUNCTIONS:

Example: Obtain the simplified expression for the incompletely specified truth table shown
below.

L =l ===
Rk loo|r|lk|loo|m
RO olrkrlolr|lolO
XX —|o|lr|lo|r|o|<L

Sol:
heo S Bo eo eg \ec BS Bc o sC
. T r | ( 0 I e e
C
At 0 1 ' X X A1l o 1 1 0
(a) (b)
Fig. Use of don’t care conditions
The simplified expressionis:Y =C
Example: Find the reduced SOP form of the following function.
F(AB,CD) = m((1,3,7,11,15) +> d (0,2,4)
Sol:
(@)
The simplified expression is: F (A, B, C, D) = A'B* + CD
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EXAMPLE: Reduce the following function using K — map technique.

F(AB,CD) =Y m (5,6,7,12,13) + Y d (4,9,14,15)
Sol:
. CDr
ABN 00 o 11 10 XD g0 01 11 10
00 0 1] 0 4] [as] 0 0 o 0
Q 1 3 2
o X 1 1 1 o1] {1 1 1 1
4 5 7 [ B
" 1 1 X X 11 5\1 1 1 .
2 13 15 14 e A
fof O X 0 0 10 0 0 0 0
8 9 11 10
The final simplified expressionis: F (A,B,C,D)=B
EXAMPLE: Reduce the following function using K — map technique.
F(ABCD) =>m(0,1,3,7)+> d (2,5
Sol:
BC g R _
] 0 ANCD00 01 11 10
Aof 11| 1| x Ao | (T I T 1T Tik—z
S | S S — !.___... .______f_ R
LY X0 atfo i1 | 1ifFo ¢
(a) (b)
EXAMPLE: Reduce the following function using K — map technique.
F(W,X,Y,Z) => m (0,7,8,9,10,12) + > d (2,5,13)
Sol:
= ¥Z Yz Yz YZ
YZ YZ YZ X 1 10
wx\ vz 1710 W \\ o e
oo 0 i
wxool 1 Lol ol x W X 00 _1. o
— 3 1 p *'"I—E—— WXZ
wxet|l o | x| 110 WX 01 U
wxnfAiTiL ol ol o
wx1] 1+ | x| 00 i -
_ B Xqolt1i 15} o |it
wxitop 1| 1 0 1 WXA0LL e 1
The simplified expression is: F (W,X,Y,Z) =X'Z' + WIXZ + WY?
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Four-variable map

= 1square =1 minterm = 4 literals

= 2 adjacent squares = 1 term = 3 literals
= 4 adjacent squares = 1 term = 2 literals
= 8 adjacent squares = 1 term =1 literal
= 16 adjacent squares =1

: Gray Code
»yz /.\‘_3'_
wx 00 01 11 10
o0 |w'x’y'z' | wx'y'z| wx'vz |wx'yz’
g m 3 iz Gra y
01 [ w'xy'z' | wxy'z | wxpz | wxyz' Code
g ms my Mg x
11 | wxy'z’ | wxy'z | wxyz | wxyz >
myz mi3 mis Mg w
10 | wx'y'z' | wx'y'z | wx'yz | wx'vz’
g myg mn miyp
z
(a) (b)

F = A'B'C' + B'CD' + A'BCD’ + AB'C’' = > (0.1.2.6.89.10)
= B'D" + B'C' + A'CD’

D C
Ap 00 01 11 10
oo| || ] IE=
01 1] | > A'CD’
B
11 ’
A
BD « 0 | 1' L ﬁ——» B'C
D
Ex. F =|A'B°C’|+|B°CD" |+|A°"BCD"|+|AB°C"
= B'DN+ B"C +|h’\CD’
cD <
AB ) o1 11 N 18
- \_"1| 1 a.}F
01 1
— =
11
s 1| [ 1 1
I
Fig Map for Example ATB'C + B'CD’ + A BCD’

+ ABC = B'D’ + B'C" + A'CD"
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Examples of some Groupings:

Basic Karnaugh Map Groupings for Four-Variable Maps.

=7 Z8 ) z9

A A ~ Z10 N
L
B . ) ‘D L I (Z‘D
c Ly c c-‘ B e
= B B B
Z11 -~ i e A Z13 a Z14 A
1) (1] b [ 1) . 1]
ol [l - - - I
a 0 T
B B B B
Z15 A Z16 A Z17 A
(1) (1| 1)
1 1 1] 1] 1 1|1
p |G Do D
1 1|1
C C c
L 1| U
B B B
Z18 A Z19 A Z20 A
(T 1] 1] 1 a1 J T 1]
11|11 1 1
\ ) D D D
1 1
C C C
(1117 | 1 1|
B B B
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Z  #3 A #2 z #3 A 2 z #3 A H2
Oy O e
A, e Im), aanio)H
Nan|v'G | ke NaanS
lﬁ\louﬁ\#] l’?looh\\&l I\’yoob\\hl

#5 5 #5 B : =4 B
a. Non-minimal b. Non-minimal Selection c. Minimal
Product Terms of Prime TImplicants Grouping
a. £=A*BD+AB'*C'+A"BC'+A'+C-D+A'"-B'-D
b. Z =B+D+A+B'+C'+A"*B+C'+A'«C+D+A"*B'-D'
Cc. Z=BD+AB"C'+A"C'D'+A'B'-C
W3 A W3 A
Wl o (1] 10 1O oMt
al i 1jD IBE 1Q_D
ool o COI\I 1) o
T o anuE
B B
a. W3 = CD+AC+BC+AB'D
b. W3 = BD+AB+B'C'+A'CD'
Exercise:

Derive minimal sum-of-products logical expressions from the following Kar-naugh maps.

N A M A
Y[ D (| D

B

0
oo
(1] o
WD

B

1
.

0}

O

T
B
(_T

0|0
0
e_x
=
BE
0
0|0

= A+B + AB'+ID)' + A'=B'»C + BeC-D

Y = A'eC' + ACeD' + A-B-C + B«C'-D’
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Five-variable K — maps:

= A5 - variable K — Map contains 2° = 32 cells, but adjacent cells are difficult to identify on
a single 32 — cell map. Therefore, two 16 — cell K — map are generally used.

If the variables are A, B, C, D, E two identical 16 — cell maps containing B, C, D and E
can be constructed.

Fig. below, the left-hand four-variable map represents the 16 squares where A=0, and the other
four-variable map represents the squares where A=1.

=1
A=0 A

DE DE DE DE
sRE 00 o1 11 10 BC

Fig. Blank five-variable Karnaugh map

= |tis important to note that in order to identify the adjancent grouping in the five variable K

— map, we must imagine the two maps are super imposed on one another; “not hinged” or
“mirror imaged”.

In addition, each square in the A=0 map is adjacent to the corresponding square in the
A=1 map, because only one variable (i.e. A) changes between such corresponding cells.
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= Thus, every row on one map is adjacent to the corresponding row (the one occupying the
same position) on the other map, and corresponding columns on other map are also
adjacent. The right most and leftmost columns within each 16 — cell map are adjacent, the
top and bottom most rows are also adjacent.

The adjacency is shown in figure below.

JAdjacent oo .
A=0 .+ columns A= 1 .
DE == = = —= = =
s\ DE DE DE DE- sc* BE  BE DE “DE
el P
BT/ £ ]--- Adjacent -
s i rows BC| !
gel 6 el deil Adjacent ... fui
Adjacent cells
rows -
.. BC F 1 BC
|8 |
BC| | i c i
Tl BC A A
Adjaceni-"'-”
groups

Fig. A 5-variable Karnaugh map with examples of adjacencies

= However the right most column of one map is not adjacent to left most column of other
map, since those are not corresponding columns. The top row of one map is not adjacent
to bottom row of another map.

Example: 1

Sol:

Simplify the Boolean function.
F (A,B,C,D,E) =Y m (0,2,4,6,9,11,13,15,17,21,25,27,29,31)

A=0 Graup 1 (A B Ej A=1 __,GrDLip 3(ADE)
BC 00 01 11 10 BC 00 01 . 11 10
L EE T = 7 i
BT oo 1% 1 BT o0 i1
i | ]
i 1 b4 2 160F 47 19 18
Bc ol 1 1] Bc o 1
4 5 7 & 20 21 23 22
P = g 7
BC 11 i1 1E BC M 10 1
i1 ! 18 14] 28 29 3t 30
_ i |
BC 10 i1 1 BC 10 1; 1}
8l ) 8, L] 10 24| sty 26

- """----Gl‘UUpE[BI':J

The simplified expression is: F (A,B,C,D,E) = A'B'E' + BE + AD'E
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Example: 2 Simplify the Boolean function.
F (A,B,C,D,E) =3 m (0,5,6,8,9,10,11,16,20,24,25,26,27,29,31)

Sol:

A_:_,Q.,A-»Group 1 (EBE)

11

Group 6 (ABE) --.
11

The simplified expression is :
F (AB,C,D,E) = C'D'E' + A'B'CD'E + A'B'CDE' + BC' + AB'D'E' + ABE

Reduce the following function using K — map.

F (A,B,C,D,E)=Y m (1,4,8,10,11,20,22,24,25,26) + ¥ d (0,12,16,17)

A=0 _-—Group 1 (BCD)-_ A=1

-

DE DE \ __——=Group 5 (AC D)
BC 10 BON. 00 o1  1+-"1g-"
ool [ Lt LR - -
. .~ Group 6 (ABCE)
o] "
Group 2 (ADE)-—-% I .
4 s
"L 11 {/
; — .
o Fpep; e TR
; 100018 11 o
| -
/ (b).-~

_— e

7~ Group 3 (BCE)
"~~~ Group 4 (ABCD)

Thelsirr}plified expression is : F (A,B,C,D,E) = B'CD' + A'D'E' + BC'E' + A'BC'D + AC'D* +
AB!CE
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Six Variable K-Map:

A six variable K-map contains 2° = 64 squares. These square are divided into four
identical 16-square maps as shown in Fig. below. It the variables are A, B, C, D, E and F, then
each 16 square map contains C, D, E, and F as variables along with anyone of 4 combinations of
A and B.

AB =00 AB =01
EF EF
cD~__00 01 11 10 cO~__00 01 11 10
ool © 1 3 2 ool 16 17| 19 | 18
o1 4 5 7 & o1l 20 | 21| 23 | 22
1| 12 13| 15 | 14 1| 28 | 29| 31 | 30
10 8 9 1 | 10 101 24 | 25| 27 | 26
AB =10 AB = 11
EF EF
cD~__00 01 11 10 cO~__00 01 11 10
ool 32 | 33| 35 | 34 ool 48 | 49| 51 | 50
o1l 36 | 37| 39 | 38 o1l 52 | 53| 55 | 54
1| 44 | a5 | 47 | 46 M| 60 | 81| 63 | 62
10[ 40 41 | k3 | 42 101 56 57| 59 | 58

In order to identify the adjacent groupings in the 6-variable maps, we must imagine that the 4
maps are superimposed on one another. Fig. below shows different possible adjacent squares:

AB =00 AB = 01
01 1110 cD~__00

.F_\ /,‘/

Adjacent
Queds

Adjaent 10 (C'E)
cells M
(B°C’D'E’'F) Adjacent
AB =10 Octates
EF (B’E)
CD

- Adjacent columns r
(AEF")

— Adjacent Rows /

(ACD"
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Example: Simplify the given Boolean function.
F(A,B,C,D,E,F)=>(0,4,8, 12, 26, 27, 30, 31, 32, 36, 40, 44, 62, 63)

Solution: We make four 4-varibale maps and fill the mentions 0-15 in map corresponding to AB
= 00, 16-31 corresponding to AB = 01, 32 — 47 corresponding to AB = 10 and 48 to 63

corresponding to A B = 11.

AB =00 AB =01
EF EF
eD~_00 01 11 10 cD~_00 01 1110
oo| i1 00
01 1 01
11 1 11 1 1
. . [ Subcube 2
10 _1 10 ! L |" of one quad
Subcube e AB =10 e AB =11
1 of cD~_00 01 11 10 cD~_ 00 01 1110
Two —1' Subcube 3 of
Quads 00 0o two pairs
o1 § 1 01 /
11 1 11 1 1M
100 | 1 10 1 1

We have 3-subcubes after grouping adjacent square.

1. Subcubes 1 contains two quads gives B'E'F'
2. Subcube 2 is form of one quad gives A BCE
3. Subcube 3 is form of two pairs gives BCDE

Therefore, F(A, B, C, D, E, F) = B'EF' + ABCE + BCDE.
Maps with seven or more variables needs too many squares and are impractical to use.

The alternative is to employ computer programs specifically written to facilitate the simplification

of Boolean functions with a large number of variables.

Six-Variable Karnaugh Map

EF EF
cD 00 01 11 10 cD 00 01 1 10
00 A —
01 / 1 01 TN
1 Il'll 1 1".I 1 I"
A L
I| '|I o |I
10 ! )
| 'Il B'DF |
AB=00 ,/ AB=0 | - CDF
EF| EF |
ADF 1
cD po o 1 10 0o 0 110
L e N
oo |\ | L—1T7] 00 | T —| | /
01 AW 01 BED%
1 1 1 TT—— Pt 1 1
10 0
AB=10 AB=11
33| Page
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A =0 A =
DE D DE D
e 00 01 11 10 Be 00 01 11 10
[818] 0 1 3 2 (8]8] 16 17 19 18
o1 <4 5 7 [ o1 20 21 23 22
e
11 12 13 15 14 11| 28 29 31 30
B B
10 &5 9 11 10 10 24 25 27 26
Vi Vi
Fig. Five-variable Map
ABD AB'C
DE DE /
BC 00 01 11 10 BC 00 01 11 10
P ]
00 ‘ 1 1 | oo
1 7 71 7 17 D' 1 1
01 t s [N VAN B S
1 {77(_? N {1 EEE
11 (_7” ;) 11 T -y ( )
10 / 10 1J L1
J , _ _ _
A=0 B'CD BCDE A=1
Ex. F(A,B,C,D,E)=(0,2,4,6,9,13, 21, 23, 25, 29, 31)
Because of both parts of the map have the common term (A’BD°E+ABD’E)
so the sum of productsis
F =|A'B’E’ } BD’E 4 ACE |
|
A=1
D
01 ~ 11 10
1 1
— C
11 1 11 1 1 ‘
B B
10 M {10 1
E E
Fig. Map for Example  F=A'B'E'+BD'E +ACE
A=0 A=1
DE D DE o
Bc 00 01 11 10 gc 00 01 11 10
w| o 1 3 2 oo| 16 17 19 18
o1 a 5 7 6 01| 20 21 23 22
c c
1| 12 13 15 14 11| 28 29 a1 30
B B
| 8 9 11 10 10| 24 25 27 26
E E

* Maps with six or more variables need too many squares
and are impractical to use.
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F(A,B,C,D,E) = (0,2,4,6,9,13,21,23,25,29,31)
= A'B'E’ + BD'E + ACE

A=0 A=1
DE D DE D
Bc 00 01 11 10 BCc 00 01 11 10
oo 1 ‘ 1 oo
01| 1 1 o1 1 1
C C
11 1 1 1] 1
B B L
10 ‘ 1 \\ 1 / 1
™= BD'E
£ (same position) E .

Comparison of Sum-of-Products and Product-of Sums Expressions:

z1 A z1 N
1|0 1](9) UOUO
o'ﬁﬂ@n ofofolofl,

Co_LQ_cﬂl cllolol o]
1|o)] 1] 1 M oMW

B B

Z1 = (A+B")*(A+D')*(B+D")*(A+B+C)
Z1 = (A*B*D") + (A*B'*C) + (A'*B"D)

Derive minimal SOP and POS expressions from the following Karnaugh maps.

= X AN — A __
1{(1) 111111
o [ 1|0 o)

D D
o |o 1 Lo |(@] 0)
c
o|o 1 (1 [lo] o]
c B
X = BD' + A*C'+ AeD' +B+C' Y=B+D)*(A"+C)
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DON’T CARE CONDITIONS

= Functions that have unspecified output for some input combinations are called

incompletely specified functions.

= Unspecified minterms of functions are called ‘don’t care’ conditions. We simply don’t

care whether the value of 0 or 1 is assigned to F for a particular minterm.
* Don’t care conditions are represented by X in the K-Map table.

= Don’t care conditions play a central role in the specification and optimization of logic
circuits as they represent the degrees of freedom of transforming a network into a

functionally equivalent one.

X =don’t care (can be 0 or 1)

Don.t cares can be included to form a larger cube, but not necessary to be completely covered

Ex: F(w, X, Y, z) =X(1,3,7,11,15) d(w, X, y, z) =X(0,2,5)
¥

vz
00

01

11

10

WI

00

X

1

1

X

o

X

larger cube

with dont :

cares 10

H

(@) F=yz +w'x'

Example: Simplify the Boolean function
F(w, x,v,z)=> (1,3,7,11,15), dc(w, X, y, z) = > (0,2,5)

01 11 10
wx
0| x 1 1 X
o1 o X 1 0
1l o 0 1 0
W
10| o 0 1 0

-4

(a) F=yz + w'x’

Fig.

WX

00

01

w

vz

D0 01 11 10
wx
00| X L | 2]l x
o o X 1 0
11 0 0 1 0
0] o 0 1 0
A
(a) F=yz + w'z
yz o
00 01 11 10
X 1 1 X
0 X 1 0
0 0 1 0
0 0 1 0

(a) F=yz +w'z

Example with don’t-care Conditions

D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.
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Problem 3-1

Simplify the following Boolean Functions, using three variable maps:

@) F(x,y,z)=2(0,2,6,7)

i

oo 01

F=XY+ X7’

(b) F(A,B,C)=x(0,2,3,4,6)

o1

10

o1

11

10

(1]

10

o 1
1 1
F=A’B+C
(c)  F(ab,c)=x(0,1,2,3,7)
b=
a (a]u]
1 o
F=a’+tbc
(d)  Fxy,2)=Z(3,5,6,7)
=
it fulu]
o o
1 o

F=XY + XZ+YZ

D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.
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Problem 3-2
Simplify the following Boolean Functions.

(@) F(X,Y,Z)=2(2,3,6,7)

01

o1

—A:

Y
X oo
1] I
1 I
F=Y
(b)  F(A,B,C.D)=32(4.6,7,15)
co
w | o
w | p
o ||
n | oo
o | o

F=BCD+A’BD’

(c)  F(A,B,C,D)=X(3,7,11,13,14,15)

o1

co
L] uli}
oo o
o1 o
11 o
10 1]

F=CD+ABD+ABC

D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.
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d)  FWX)Y.,Z)=X(23,12,13,14,15).

WE
A oo o1 11 10
oo 1} o | 1 1
o1 1] 1] o 1]
11 1 1 1 1 |
10 o o i} o

F=WX+WXY
Problem: 3-3

Find all the prime implicants for the following Boolean functions and determine which are
essential:

a) F(w,xy,z)=>(02456,78101315)

b) F(AB,C,D)=>(0,23578101114.15)

c) F(AB,C,D)=>(1,345101112131415)
Solution:

Note: Red boxes represent the essential prime implicants.

a) F(w,xy,z)=>(0245678101315)

0o o1 < 17 0
ST o [ o I

N E 1 1 1]
£,
11 ] 1 1 ]
w
’

ol 1] o o |1

Essential Prime Implicants: xz and x’z’; Non essential: w’x and w’z’
F=xz+ X'z'+ w'z'
F=xz+ X'z'+ w'X

b) F(AB,C,D)=>(02357810111415)

.-”—A—‘W.
0o 01 11 10
oo| 1 || o 11 | 1]

a1 0 [1 1] 0
B
{11 0 0 1 1
A

ol 1 0 [ 1]
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Essential prime implicants: AC, B’D’ and A’BD
Prime implicants: CD and B’C
F= AC+B'D'+A'BD+CD

F=AC+B'D'+tA'BD+B’CC) F(A B,C,D)=>(1,3451011121314.15)

oo o 1 1 0

o1 1 1 0 ]
B
11 [ 1 1 1]
.1

10 o o 1 1

Essential prime implicants: BC’, AC and A’B’D

Prime implicants: AB (Please note that this prime implicant should NOT be included in your
expression cause all the 1s are covered by the essential prime implicants)

F=AC+BC'+A'B'D

Problem: 3-4

Simplify the following expressions in (1) sum of products and (2) products of sums:
a) Xz'+y7z7'+yz' +xy
b) AC'+B'D+ A'CD+ ABCD
c) (A+B +D'A+B +C' A +B+D')B+C'+D’)

Solution:

a) Xz'+y7'+yz'+xy
SOP=7"+xy POS=(z'+x)z' +Y)

b) AC'+B'D+ACD-+ABCD

[ [
(‘—'A"—‘\ (‘—'A'—‘\

0 E T
1 1 1
A
1 [ 1 il

F’=CD’+A’D’+A’BC’

o
o
~

olaolol|lo
m
x
l"__\l
_L|_
= ||
—_— | —
‘DDDD
m

SOP=AC'+CD+B'D POS=(C’'+D)A+D)A+B+C)
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c) F=(A+B +D'A+B'+C'\A+B+D')\B+C'+D’)
F’=ABD+A’BC+AB’D+B’CD

C c

— PR
a1 7 o |1 1 1 |lol]| 1
1 1 0 0 1 1 0 0 |
p— B B
1 I 1] 1 1 0 0 1
n — |7 A
EIENEN 1 | lo |lo]| 1

T R S
F’=AD+CD + A’BC
SOP=AC'+B'D’' + AD' POS=(A"+D'YC'+D'YA+B'+C’)
Limitations of K — Map:

1. The map method of simplification is convenient as long as the number of variables does
not exceed 5 or 6. As the number of variables increases, it is difficult to make judgments
about which combinations form the minimum expression.

2. In case of problems with 7, 8 or even 10 variables, it is almost an impossible task to
simplify expressions by mapping method.

3. The K — Map simplification is natural technique and the simplification Process heavily
depends on the human abilities.

4. ltisatrial and error graphical method.

To overcome the above problems, we use tabular method to simplify Boolean expressions
developed by Quine & MCcluskey. This method is called “Quine — Mccluskey” or “Tabular
method”.

Tabular (Quine — Mccluskey) method:

In simplification of Boolean expression, the adjacent minterms can be reduced. The minterms are
reduced because they differ by only one literal.

For example: ABC! & AB'C! can be reduced because only B literal differs. The binary numbers
equivalent to these minterms is 110 & 100. Note that the 2’s place indicates the same information
that the literal represented, namely that the B is the only literal that differs.

Thus, we can say that the minterm whose binary equivalent differs only in one position or place
can be combined to reduce the minterm. This is the fundamental principle of “Quine —
Mccluskey” or “Tabular method”.
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Algorithm for generating prime implicants:

1. Listall the minterms in binary form,

Arrange the minterms according to number of 1’s,

3. Compare each binary number with every other binary number in the next adjacent higher
order category and if they differ by only by one position, put a check mark and copy the
term in the next column with _’ in the position that they differed,

no

i.e. Consider a function of three variables f(A, B, C):

ABCis represented by 01 l=——Einary notation, where A =0, B=1 and C=1
ABCis represented by 100
A Cis represented by 1-0
B Cis represented by —11
Consider the function:

fid, B, C, D)= =(1110, 111)=ABCD+ABCD=ABC

Listing the two minterms shows they can be combined

S B O D
111 0 2 | Can combine (Differs in one digit position)
1 1 1 1
11 1 —

Now consider the following:

fia, B, O, D)= =(1101, 1110 =A BCD +4A B CD

Note that these variables cannot be combined

ABCD

1101 ; | Canneot combine (Differs in more than one digit pesition)

?

This is because the FIRST RULE of the Tabular method for two terms to combine, and thus
eliminate one variable, is that they must differ in only one digit position.

4. Apply the same process described in step 3 for the resultant column and continue these
cycles until a single pass through the cycle yields no further elimination of literals,

5. Listall Prime — Implicants &

6. Select the minimum number of Prime — Implicants which must cover all minterms.
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EXAMPLES:

1. Simplify the following Boolean function by using Quine — Mccluskey” or “Tabular

method”. F (A,B,C,D) =Y m (0,2,3,6,7,8,10,12,13)

Sol:

Step 1: List all minterms in binary form as shown in Table below (column (a)).

Step 2: Arrange the minterms according to number of 1’s, as shown in Table below

(column (b)).

Minterm Binary Representation Minterm Binary Representation
mo 0000 my 0000
m2 0010 m, 0010 v
m3 0011 B my 1000 v
mé6 0110 . m, 0011 v
m 0111 m, 0110 v
mg 1000 myg 1010 v
my,, 1010 m, 1100 v
M2 1100 m- 0111 v
My 1101 'ml,t 1101 v
Column (a) Column (b)

Step 3: Compare each binary number with every term in the adjacent next higher category and if
they differ by only one position, put a check mark and copy the term in the next column with © ’

in the position that they differed.
Step 4: Apply the same process described in step 3 for the resultant columns and continue these

cycles until a single pass through the cycle yields no further elimination of literals.

Minterms Binary Representation Minterms Binary Representation
0, 2 00-0 « - 0, 2, 8. 10 -0-0
0, 8 -000 ~ 2,3,6, 7 0-1-
2,3 001- v
2,86 0-10 v
2,10 -010 ¥
8 10 10-0 v
8, 12 1-00
3,7 o-11
6, 7 011 -

12, 13 110 -
Column (c) Column (d)
Step 5: List all Prjme Implicants
Prime Implicants ' Binary

Representation

ACD 8, 12 - 00
ABC 12, 13 10—
B D 0. 2, 8, 10 0 - 0
A C 2,3, 8,7 -1 -

D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.
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Step 6: Select the minimum number of Prime — Implicants which must cover all minterms.

Prime my [ my | my ! mg my mg | myg my; Mys
mplicants (Col 1)|(Col 2)|(Col 3)|(Col 4)|(Col 5)|(Col 6)|(Col 7) (Col 8)|(Col 9)
ACD| 8 12 ® © |
ABC| 12,13 v © ©
BD | 0 28 107 O] ® ® ®
AC | 23677 | | © | © l © | O | i

Fig: Prime Implication chart

Table above shows Prime implication selection chart. Each prime implicant implicant is
represented in a row and each minterm term in a column. Dots are placed in each row to show the
composition of minterms that make the prime implicants. From this chart we have to select the
minimum number of prime implicants which must cover all the minterms. The selection
procedure is as follows:

= Search for single dot columns and select the prime implicants corresponding to that dot by
putting a check mark in front of it.

= Search for multiple dot columns one by one. If the corresponding minterm is already
included in the final expression ignore the minterm and go to the next multi — dot column;
otherwise include the corresponding prime implicant in the final expression and put a
check mark in front of it.

Search for multi dot columns one by one if any, and select the prime implicants
corresponding to that dot by putting a check mark in front of it:

> In above prime implication chart, column 1 (mo) has single dot, so the corresponding
prime implicant (0,2,8,10) must selected and put a check mark in front of it and include
the prime implicant in the final expression.

> Next column 3 (mj3) has single dot, so the corresponding prime implicant (2,3,6,7) must
selected and put a check mark in front of it and include the prime implicant in the final
expression.

» Columns 4, 5 & 7 have single dots but the corresponding minterms are already included in
the final expression.

> Next column 9 has single dot, so the corresponding prime implicant (12,13) must selected
and put a check mark in front of it and include the prime implicant in the final expression.

Search for multi dot columns one by one if any, and select the prime implicants
corresponding to that dot by putting a check mark in front of it:

» Columns 2, 6 & 8 have multi dots but their minterms are already included in the final
expression.

So, the final expressionis:  F (A,B,C,D) = ABC'+B!C' + AlC
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2. Minimize the expression using Quine Mccluskey method. Y = A'BC'D' + A'BC!D' +
ABC'D' + AB'C'D + A'B'CD".

0 100

0100

1100

AlBC!D! + AlBC!D! + ABC'D! + ABIC!D + A'B'CD.
1001 0010

Step 1: List all minterms in binary form as shown in Table below (column (a)).
Step 2: Arrange the minterms according to number of 1°s, as shown in Table below

(column (b)).

Minterm Binary Representation Minterm Binary Representation

my 0100 m-, 00 -‘I -D

m; 0101 m, 0100 ¥

m - 1100 m< - 0101 v 1
m, 1101 M, 1001 ¥

my, 1001 m, 5 1100

m, 0010 m, i 1101 v N

Column (a) Column (b) |

Step 3: Compare each binary number with every term in the adjacent next higher category and if
they differ by only one position, put a check mark and copy the term in the next column with * ’
in the position that they differed.

Minterms Binary Representation Minterms ] Binary Representation
4,5 o 1 0 - v« 4,5, 1-2. 13 - 1 o -
4. 12 - 1 0 0 \d
5 13 - 1 0 1. v
9, 13 1 - 0o 1
12, 13 1 1 0 - v

Step 4: Apply the same process described in step 3 for the resultant columns and continue these
cycles until a single pass through the cycle yields no further elimination of literals.

Step 5: List all Prime Implicants

Prime Implicants

Binary
Representation

ABCD ] 2 0 0 1 0
ACD | 9, 13 1 - 0 1
B C i 4,5 12, 13 - 1 0 -

D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.
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Step 6: Select the minimum number of Prime — Implicants which must cover all minterms.

T | |
Prime | m, my mg mg ‘ myp | M43
Implicants || (Col 1) | (Col 2) | {Col 3) (Col 4) I\ (Cpﬂ_: (CE)_'
I I !
Ascp| 2 * | © | | |
e o
[ sc |45 12137 o | o | L © ©
The final expression is: F(ABCD) = A'B'CcD' + AC'D + BC.

3. Simplify the following using tabulation method.
Y (ABCD) = > m(1,2,3,59,12,14,15) + 3 d (4,8,11)

Sol: It is important to note that don’t care conditions are used to find the prime implicants
but it is not mandatory / compulsory to include don’t care terms in the final expression.

Step 1: List all minterms in binary form as shown in Table below (column (a)).

Step 2: Arrange the minterms according to number of 1’s, as shown in Table below
(column (b)).

N Minterm_!‘— Binary Representation ‘ Minterm || Binary Representation
m, r‘ 0001 ‘ i, l poo1t1 ¥ ‘
m, 0010 o 0010 v
m: ‘ 0011 ‘ m, 0100 ¥
mlj. | 0101 }‘ my, | 1000 \/_ 4‘
- m-., ‘ 1001 ‘ my | 0011 + ‘
| m;, ‘ 1100 m; ‘ 0101 ¥ |
- 1110 I | 1001 v |
‘ mys 1111 My | 1100 ¥ 1
| dm, 0100 m ‘ 1011 : J
‘ dm, | 1000 | ome 11 11:(11 d
| dmy, | 1011 ms 4‘
ll_ Column (a) Column (b) B

Step 3: Compare each binary number with every term in the adjacent next higher category and if

they differ by only one position, put a check mark and copy the term in the next column with ©
in the position that they differed.
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Step 4: Apply the same process described in step 3 for the resultant columns and continue these
cycles until a single pass through the cycle yields no further elimination of literals.

Minterms Binary Representation Minterms Binary Representation
1.3 0 0 - 1 v 1,3, 9 M1 - 0 - 1
1,5 0 - 0 1
1,9 - 0 01 ¥
2.3 0 0 1 -

4.5 01 0 -

4,12 - 1 0 0
8 9 1 0 0 -,

8, 12 1 - 0 ©
3, 11 - 0 1 1
9, 11 1. 0 -1 v
12, 14 11 - 0
1, 15 1 - 11
14, 15 11 1 -

Step 5: List all Prime Implicants
Prime Implicants Binary
Representation
ACD 1,5 0 - 0 1
ABC 2,3 00 1 -
ABC - 4, 5 01 0 -
BCD. 4,12 - 1.0 0
ABC, 8 9 1 0 0 -
ACD 8, 12 1 - 0 0
ABD 12, 14 11 - 0
ACD. 11, 15 1T - 1 1
ABC 14, 15 1 1 1 =
BD 1,3,9. 11 -0 - 1

Step 6: Select the minimum number of Prime — Implicants which must cover all minterms.

D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.
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v v
- -
L4

m, m, my my mg mg mg M1 ‘ mMy2 Mis Mys
(Col 1) |(Cot 2)|(Col 3)|(Col 4)|(Col 5) (Col 6)|(Col 7)|(Col 8) | (Col 8)| (Col 10)[(Col 11)
Prime Implicants
aco| 1.5+ | ® ©
ABC| 2.3 v QO
— —_ L]
ABC 4,5 \ *
-
BCD| 412 *
== Essential . . .
ABC 8,9 prime implication
_—— - ]
ACD 8, 12
ABD| 12,14
P -
ACD 11, 15 @
ABC 14,15 v
BD 11,3,9,11/ O] © ©

> In the above prime implication chart, only column 2 has single dot, i.e. it is essential prime

implicant and the prime implicant corresponding to it (2,3) is included in the final
expression.

» Now search for multi dot columns. Column 1 has multi dot and the corresponding terms

are not included in the final expression, so we can include either (1,5) or (1,3,9,11).
Include (1,3,9,11), because it covers more minterms.

» Minterm for column 3 is already included and minterm for column 4 is don’t care, so we
ignore it.

» Column 5 has a minterm which is not included yet, therefore prime implicant (1,5) is
included in the final expression.

» The minterms from column 6 & column 7 are don’t cares and the minterm of column 7
(my) is already included in the final expression. Column 9 has minterm 12 which is not
included yet. To include this term we have 3 options. We include the prime implicant
12,14 because by including it we can cover minterm 14 in the final expression. The

minterm from the remaining column 11 (mss) can be included in the final expression by
including the prime implicant 14,15.

Therefore, the final expression is:

Y (A, B, C,D) = A'C'D + A'B'C + ABD' + ABC + B'D
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4. Simplify the following function: F (A,B,C) =

Y m (0,1,2,5,6,.7)

Minterms [ Binary Minterms Binary
Representation Representatlo_n_
(8] o 0 O 0, 1 o 0 -
1 o 0o 1 0, 2 o - 0
2 o 1 0O 1, 5 o 1
- 5 1 0 1 2, 6 - 1 0
5] 1 1 0O 5.7 1 - 1
7 ] 111 | 8. 7 11 -
I
Prime my m, ms, my my m-
Implicants |
A B 0.1~ . .
AC 0, 2 . . _—
BC 1,5 . .
B C 2,6 v . .
A C 5 7Y .
A B 6, 7 . .

» When each column in the prime implication selection chart has 2 dots or more dots, the

chart is known as cyclic prime implication chart.

» Since all columns have 2 dots, we have to proceed by trial and error. Both (0,1) & (0,2)
cover column 0, so select (0,1). After selecting (0,1) , it covers minterm mg & m;.
» For minterm m,, we have the prime implicant covering (0,2) & (2,6). The best choice is
(2,6) because it covers two of the remaining minterms while (0,2) covers only one

minterm. After selecting (2,6), it covers minterms m2 & m6.

» For minterm m5 to cover we have the prime implicants which covers (1,5) & (5,7). The
best choice is (5,7) because it covers the remaining minterms and completes the final

expression.

F(ABCD) =

AB'+BC!+ AC

NOTE: The prime implicants which are not selected to include in the final expression are called

redundant prime implicants.
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5. Simplify the following function: F (A,B,C) =3 m(2,3,,5,7,8,10,12,13)

SOL:

Minterm Binary representation
0 0 1 4]
0 0 1 1
0 1 0 1
My || 0] 1 1 1
mg | 1 0 4] 0
My | 1 0 1 0
ms 1 1 o] 0
myg ’I 1 1 Q 1
Minterms | Binary representation

23 | © 0 1 -

2,10 | - 0 1 0

8, 10 ‘ 1 0 - 0

8, 12 | 1 - 0 0

3.7 0 - 1 1

57 0 1 - 1

5 13 - 1 0 1

12, 13 1 1 0 -

ABC
BCD
ABD
ATD
ACD
ABD
BCD

ABC 12,13 ¢

Y(A,BC D) = A

D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.
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Examples

Consider the function: Z = f(A,B.C) = ABC+ AEC + AEC + AEC

To make things easier, change the function mto binary notation with index value and
decimal value.

f(A, B, C) =7 (000, 001, 100, 101 ———Binary notation
g 1 1 22— Index

0 1 4 55— Decimal value

Tabulate the index groups in a colunm and insert the decimal value alongside.

First List Second List Third L.ist

A B C A B C A B C

Index 0—s=0 00 0~ 010 0—~" 01,45 — 0 —

1 00 1 - 04 — 0 0~ 041,53 — 0 —
IMEK£4 1 0 0~ 1,5 — 0 1~
Index 2—=5 1 0 0~ 451 00—~

From the first list, we combine terms that differ by 1 digit only from one index group to
the next. These terms from the first list are then seperated mto groups in the second list.
Note that the ticks are just there to show that one term has been combined with another

term. From the second list we can see that the expression is now reduced to: Z = AB+B
C+ BC+ AE

From the second list note that the term having an index of 0 can be combined with the
terms of index 1. Bear in mind that the dash indicates a missing variable and must line up

in order to get a third list. The final simplified expression is: Z=B

Bear in mind that any unticked terms in any list must be included in the final expression
(none occured here except from the last list). Note that the only prime implicant here is Z
— B.

The tabular method reduces the function to a set of prime implicants.

Note that the above solution can be derived algebracially. Attempt this in your notes.
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Example 2:

Consider the function f(A, B, C, D) = 2(0,1,2,3,5,7,8,10,12,13,15), note that this
1s in decimal form.
Z(OOO0,000l,OOl0,00l 1,0101,0111,1000,1010,1100,1101,1111) in binary form.
(0.1,1.2,2,3.1.2,2,3.4) in the index form.

First Liist Second List Third List
ABOCD ABCD ABCD
000 a0 a1 0 00— 0,123 0 0 — —AB

1 00 0l 02 0 0 — 07 0,213 0 0 — —
2 00 1 0.7 08 — 0 0 o~ 0,2,810 — 0 — 0 BD
g 1 0 00 1,5 00 — 1.7 082,10 — 0 — 0
2 00 1 1.7 1,5 0 — 017 1,357 0 — — 1 AD
5 01 017 23 00 1 - 1,537 0 — — |
0 1 01 0o 2,10 — 0 1 0" 571315 — 1 — 1 B D
2 1 100 10 1 0— o~ 518, 715 — 1 — 1
7 0 111" 512 1 — 00 A& CD
3 1111 37 0 —1 1.7
15 1 111 57 0 1 — 17
515 — 10 17

213 1 10— A B O

715 - 11 1.7
13,15 1 1-—1 \"/"

The prime implicants are: 2B+ BD+ AD + BD + ACD + ABCT

The chart is used to remove redundant prime implicants. A grid is prepared having all the
prime implicants listed at the left and all the minterms of the function along the top. Each
minterm covered by a given prime implicant is marked in the appropriate position.

0 1 2 3 5 7 g 10 12 13 15
B -4 L -4 B I I
ED— % B A= N
A D = - - -
B D *F—F F—EP
A CD - -
A B C St
Bssential X e 3¢ 3¢ 3¢ @ e @

From the above chart, BD is an essential prime implicant. It is the only prime implicant
that covers the minterm decimal 15 and it also includes 5. 7 and 13. BEDis also an
essential prime unplicant. It 1s the only prime mmplicant that covers the munterm denoted
by decimal 10 and it also mcludes the terms 0, 2 and 8. The other minterms of the

function arc 1, 3 and 12. Mintcrm 1 1s present in ABand AD. Similarly for minterm 3.
We can therefore use either of these prime implicants for these minterms. Minterm 12 is
present in ACD and ABC, so again either can be used.

Thus, one minimal solution is: /. = BD+BD + AB+ ACD
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Terminology

Prime Implicant:

An implicant that cannot be combined into another implicant that has fewer literals.

Essential Prime Implicant:

A prime implicant that includes at least one minterm not covered by any other prime implicant.

Minimization Example:

CD
AB 00 01 i*1'1 | 10
10 Implicants (minterms)
00 o [ 1 |'. 1 L 0 6 Prime Implicants
= e BC’, AB, AC,
01 1 1 o o B’CD, A’B’'D, A’C’D
- — 2 Essential Prime Implicants

11 [ 1 1 ‘ 1 1 BC’, AC

— - Final Cover with A’B’D
o o o [ 1/_\ F= A'B’'D + BC’ + AC

1

Product of sums simplification

B [f we mark the empty squares by 0’s rather than 1’s and combine them into valid adjacent
squares, we obtain the complement of the function, F’. Use the DeMorgan’s theorem; we
can get the product of sums.

Ex. Simplify the Boolean function in
(a) sum of products
(b) Product of sums
F(A,B,C,D)=3(0,1,2,5,8,9,10)

(a) SOPs cp ¢
ag 100 011 10
F= B'D'+B'C +ACD wlllfe]f e Jle

0| o 1 0 0

11] 0 0o (.0 0

of 1] [

D

Fig. Map for Example  F(A,B,C,D) = %(0,1,2,5,8,9,10)
=B'D'+B'C'+A'CD

(b) POSs e £

A 00 01 11 10

F'= AB + CD + BD~ o]

0] 1

By DeMorgan’s thm — T ==

F= (A'+B°) (C'4+D") .(B'+D) . 11" I,

11 1] 0 0 ]

[
o
-

10 1 1 o] 1~

D

Fig Map for Example F(A,B,C,D) = %(0,1,2,5,8,9,10)
=(A'+B')(C'+D')(B' + D)
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Gate implementation for the above example:

B’ A
D' B
C —_ D’ —
A
D D
(a) F=B'D"+ B'C' + A'C'D (BYF=(A"+ B)(C' + D) (B + D)

Fig. Gate Implementation of the Function of Example

Two-Level Implementation (NAND)

It.s easy to implement a Boolean function with only NAND gates if converted from a sum of
products form

Ex: F = AB+CD = ((AB)(CD)’)’

1. add two bubbles

at the ends

o]

o]

(a)

3. all-NAND 2 2. convert to

circuit has F NAN[_) gate
produced using
DeMorgan’s
() theorem

F(x.y.z)= Z (1.2.3.4.5.7)

Procedures:

1. Simplify the function in sum of
products L 00 o1 7Aoo
2. Draw NAND gates for the first 0 N
level QT
3. Draw a single AND-invert or ' '
invert-OR in the second level @
4. Add an inverter at .
the first level for ¥
the term with a i v
single literal '

F=xy'+x'y+z

= om = R

(b) ()
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Two-Level Implementation (NOR)

= It's easy to implement a Boolean function with only
NOR gates if converted from a product of sums form

= Ex: F=(A+B)(C+D)E

a ] >

1. add two bubbles
at the ends

c
F
D
3. convert to
2. complement E’ NOR gate
this input to add using
the third bubble DeMorgan’s
(if required) theorem

Other Two-Level Implementations:

Multilevel NAND Circuits

= Procedures:

1. Convert all AND gates
to NAND gates with

© AND-invert symbols

f‘ 2. Convert all OR gates
# to NAND gates with

g:D invert-OR symbols

3. Check all bubbles and
insert an inverter for

: the bubble that are
5 not compensated by
A ” another bubble

p >

(a) NAND gates

F=A(CD+B)+BC’

(a) AND-OR gates

Multilevel NOR Circuits

= For NOR gates, AND - invert-AND, OR - OR-invert
» Other procedures are the same as those for NAND

F=(AB'+A'B)(C+D’)

complemented

{a) AND-OR gates

(b) NAND gates

complemented

Fig 327 Implementing F = (AB" + A'B){C + D'] with NOR Gates
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AND-OR-INVERT Implementation

= NAND-AND and AND-NOR are equivalent and both

perform the AND-OR-INVERT (AOI ) function

= Require sum-of-products form in nature

= When starting from product-of-sums form, complement it
using DeMorgan’s theorem to obtain sum-of-products form

= Ex: F=(AB + CD + E)’

A A
B B
C C
D F D
E E
(a) AND-NOR (b) AND-NOR

OR-AND-INVERT Implementation:

(c) NAND-AND

= OR-NAND and NOR-OR are equivalent and both
perform the OR-AND-INVERT (OAI ) function

= Require product-of-sums form in nature

= When starting from sum-of-products form, complement it
using DeMorgan’s theorem to obtain product-of-sums form

= Ex: F = [(A+B)(C+D)ET’

A
B

Y

8]

c
n fal

(a) OR-NAND {b) OR-NAND

Implement with Two-Level Forms:

(c) NOR-OR

Table 3-3
Implementation with Other Two-Level Forms
Equivalent Implements Simplify To Get
Nondegenerate the F' an Output
Form Function in of
(a) (b)*
AND-NOR NAND-AND AND-OR-INVERT Sum of products F
by combining 0’s
g in the map
OR-NAND NOR-OR OR-AND-INVERT Product of sums by F

combining 1's in
the map and then
complementing

*Form (b) requires an inverter for a single literal term.

D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.

56 |Page



Exclusive-OR (XOR) Function

= XOR is often denoted by the symbol —
» Logic operation of XOR
w XY = XY + XY
= Equal to 1 if only x is equal to 1 or if only v is equal to 1,
but not when both are equal to 1

= It's complement, exclusive-NOR (XNOR), is often
denoted by the symbol
= Logic operation
= X O = XY + XY
= It is equal to 1 if both x and y are equal to 1 or if both are
equal to O

= Seldom used in general Boolean functions
= Particularly useful in arithmetic operations and error detection

[RENPRR [ SOOI DU ¥ S

Exclusive-OR Implementations

T o

[ >

) > ey

—1 >

(a0 With AND-OR-NOT gaies

Ly Wiih NAMNIDDY gates

Odd Function

I
= The multiple-variable A
XOR operation is defined B
as an odd function
[

= TRUE when no. of "1 in

Ian’ItS is odd (a) 3-nput odd function
A B C F
0 0 0 0 8¢ —_—
- = 1 1 A (] o1 11 10
0 1 0 1 1] 1 1
0 1 1 0
1 0 o0 1 A1 '
1 0 1 0 =
1 1 0 0 {a) Odd function
1 1 1 1 F=A3ZRBRPC
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Even Function

= The multiple-variable
XNOR operation is defined
as an even function

o> T>—

C
= TRUE when no. of "1" in
inDUtS iS even (b} 3-mmput cven function
A B C F
0 0 o0 1 B —_—
A o0 01 11 10
0 0 1 0
0 1 0 0 (1] ! 1
0 1 1 1 Al ] ]
| 1 |0 ] 0| 0|
1 0 1 1 o
1 1 0 1 {a) Even function
1 |1 | 1 0 | F=(A@B®C)
Prime Implicants:
ab
= Implicant (cube) : ed 00 01 1 10 prime
. - i licant
A group of minterms N N
that form a cube 0 .1 F ‘ | ! “
abe'd
= Prime implicant : o1 I\l /L \_L ab'e
Combine maximum =" .
possible number of 1 ) '
adjacent squares in ,abc >
the map _ Prime
implicant | E&l/ - 17)
a'ed'

prime implicant

Essential Prime Implicants:

= If a minterm is covered by only one prime
implicant, that prime implicant is essential
and must be included

ab
cd

00 01 11 10
00 Y. Y
c' - A
. (— l Note: 1's in red color are covered by
01 o1 Yl S . .
S e only one prime implicant. All other
— _'__—\ 1's are covered by at least two prime
1 |\—I\ 1 \,l_j | 1 f acd implicants
N
10 L 1]
a'b'd

58| Page
D.Y.PUSHPAMITHRA, ECE DEPT., SITAMS.



Systematic Simplification
= |dentify all prime implicants on the k-map

= Select all essential prime implicants
= Select a minimum subset of the remaining prime implicants that cover all 1°s

Ex: F(A, B,C,D) =2 m (0,2,3,5,7,8,9,10,11,13,15)

c L ' Ty
a8 00 017110 4g 00 011 10 F=BD+B'D
0wl 1 ‘ 1 Wl 1 1] 1 ‘ ' CD+ AD
0 1 1 01 1 1 1 A D

. ., CD+AB
d R f B'C+4D
A A S
10] 1 ‘ ‘ | o) 1| IH B'C+ AB'
D D
(a) Essential prime implicants (b} Prime implicants CD, B'C
BD andB'D’ AD,and AB'

Product of Sums Simplification:

m The complement of a function is represented in
the map by the squares not marked by 1’s
» Choose 1 & sum of products (minterms)
» Choose 0 - product of sums (Maxterms)

cD c

4ap 00 01 11 10
00 1 1 T 1 F(ﬁl,B, (ﬁ'sD) = Z(O~l~2~5~8-9-10)
A T =BD'+B'C+ACD

B — ’ ’ ’ ’ ’
NiDiEnin =(A'+B)(C+D’)(B’+D)

A L —_—
10 1 1 i 1
D
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