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2.0 Introduction

Quantum Information Systems represent a transformative approach to computation and
communication, fundamentally leveraging the principles of quantum mechanics to process
and transmit information. At the heart of these systems lies quantum theory, which introduces
novel concepts such as superposition, entanglement, and quantum measurement, radically

differing from classical information theory.

Quantum
Information
Science

|
! }

Quantum Quantum Quantum
Communication Computing Sensing
JL

¥ ¥
Analog Quantum igi
Quantum Netwaorking Cogli'nputer Dlggiln?'ﬁgzum Quantum System Design
Quantum Cryptography ) l L P and Development
¥ ¥ l
Adiabatic Quantum Quantum Quantum
Computing Annealing Simulation ~ Gate-Based
Quantum
Computing

!

Quantum Machine
Learning

Fig2.1 : Quantum Information Systems

In contrast to classical bits that exist in a definite state of O or 1, quantum bits or qubits can
exist in a superposition of both states simultaneously. This characteristic allows quantum
systems to perform parallel computations, offering exponential speedups for certain classes
of problems.

The theoretical foundation of Quantum Information Systems is built upon:

1. Quantum Mechanics: Core principles such as wavefunction, unitary evolution, and
measurement theory form the basis for information processing in quantum systems.

2. Qubits and Quantum Gates: Analogous to classical logic gates, quantum gates
manipulate qubits using unitary operations, enabling the construction of quantum
circuits.

3. Quantum Entanglement: A uniquely quantum phenomenon where the states of two
or more qubits become interdependent, regardless of spatial separation, enabling
powerful communication and computation protocols.

4. Quantum Algorithms and Complexity: Algorithms such as Shor’s for factoring and
Grover’s for search illustrate the advantages of quantum computation over classical

approaches.

35



5. Quantum Error Correction: Due to the fragile nature of qubits, robust error
correction techniques are essential for practical and scalable quantum computing.

6. Quantum Communication: Protocols like quantum teleportation and quantum key
distribution exploit entanglement and superposition to enable secure information

transfer.

The study of these theoretical structures not only lays the groundwork for quantum computing
and quantum cryptography but also contributes to the understanding of information itself in

a fundamentally new light.

2.1. What is a qubit?

A qubit, or quantum bit, is the fundamental unit of information in a quantum computer.
Unlike a classical bit, which can be either 0 or 1, a qubit can exist in a superposition of both
states simultaneously, represented as |0), |1), or any complex linear combination a/0) + B|1),
where a and B are complex probability amplitudes. This superposition allows quantum
systems to process vast amounts of information in parallel, enabling certain computations to
be executed exponentially faster than their classical counterparts. Qubits can also exhibit
entanglement, a uniquely quantum phenomenon where the state of one qubit is dependent on

the state of another, regardless of the distance between them.

Fig2.2: Quantum Qubit
This allows for highly correlated systems that are essential for quantum logic operations.
Another key property is quantum interference, which enables quantum algorithms to amplify
correct computational paths while canceling out incorrect ones. Qubits are extremely delicate
and susceptible to noise, so maintaining coherence—the time over which a qubit retains its
guantum state—is a major challenge. Various physical systems can be used to realize qubits,

including superconducting circuits (used by IBM and Google), trapped ions (lonQ), photons
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(PsiQuantum), quantum dots, and NV centers in diamond. Each technology comes with trade-
offs in terms of gate speed, error rates, scalability, and environmental requirements.

A qubit must be initializable, controllable via quantum gates, measurable, and able to
participate in entangling operations. Typically, multiple physical qubits are needed to form a
logical qubit that is protected by quantum error correction codes, due to the inherent
instability of quantum states. These logical qubits serve as the robust foundation for large-
scale, fault-tolerant quantum computation. Qubit manipulation is performed using finely
tuned pulses of microwave, optical, or radio-frequency energy, depending on the
implementation. The Bloch sphere is often used to visually represent a qubit’s state, where
the poles correspond to |0) and |1), and any point on the sphere’s surface represents a
superposition. Reading a qubit’s state involves a measurement, which collapses the qubit into
one of the basis states (0 or 1) probabilistically, determined by |af* and |B|*. This collapse is
irreversible, and thus, quantum information must be processed carefully before measurement.
Qubits are the heart of all quantum algorithms, including Shor’s factoring algorithm and
Grover’s search algorithm.

The power of a quantum computer scales not linearly but exponentially with the number of
coherent, entangled qubits, making them uniquely powerful for problems involving massive
state spaces. Developing stable, high-fidelity, scalable qubit systems is one of the grand
engineering challenges of our time. Current quantum systems range from a few to several
hundred qubits, but building a fault-tolerant quantum computer will require millions of
physical qubits operating in synchrony. Despite their potential, qubits remain deeply complex
and demand sophisticated hardware, control electronics, cryogenics, and quantum software
stacks. Ultimately, a qubit is not just a data unit—it is a gateway to an entirely new

computational paradigm governed by the laws of quantum mechanics.

2.2. Conceptual understanding using spin and polarization

A qubit (quantum bit) is the fundamental unit of quantum information, conceptually richer
than a classical bit because it can exist in a superposition of two states—typically labeled |0)
and [1). To develop a deeper conceptual understanding, one can examine how qubits are
physically realized using two prominent physical systems: spin and polarization. These

systems provide intuitive analogies that help explain the unusual properties of qubits.

This means a qubit can be described by a linear combination of the basis states |0) and |1) as
lv) = a/0) + B|1), where a and B are complex numbers such that |af> + |B]* = 1. One physical

realization of a qubit is the spin of a spin-1/2 particle, such as an electron.
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In this model, the state |0) corresponds to spin-up and |1) corresponds to spin-down along a
chosen axis, usually the z-axis. However, due to the principles of quantum mechanics, the
spin vector can point in any direction on the Bloch sphere, a unit sphere used to represent all
possible pure states of a single qubit. The north and south poles represent the classical states
|0) and |1), while every other point on the sphere represents a superposition of those states.
A qubit can also be realized using the polarization states of a single photon.

In this model, horizontal polarization (JH)) can represent |0) and vertical polarization (|V))
can represent [1). A photon, like the electron, can exist in a superposition such as diagonal
polarization (|D)), which is an equal superposition of |H) and V). Circular polarizations
represent other types of superposition states involving a phase difference. These models
demonstrate that a qubit is fundamentally a two-level quantum system, where measurement
collapses the state into either |0) or |1) with probabilities determined by |af* and |B|*.
Quantum mechanics does not allow simultaneous knowledge of certain properties; hence,
measurement changes the system irreversibly.

In the spin model, qubit states can be manipulated using magnetic or electric fields to rotate
the spin vector on the Bloch sphere. In the photonic model, wave plates or other optical
elements change the polarization state. These manipulations correspond to quantum gates,
such as the Pauli-X (bit-flip), Y, Z, Hadamard, and phase gates. The power of a qubit arises
not only from superposition but also from entanglement, where two or more qubits share
correlations that cannot be explained classically. This allows for nonlocal interactions used
in quantum communication and computation.

In both spin and polarization models, the quantum state is described by a vector in a
complex Hilbert space, with global phase ignored and only relative phase between
components being physically meaningful. The coherence of a qubit refers to its ability to
maintain superposition over time without environmental disturbance. Decoherence is a major
challenge in practical quantum computing, as noise and interaction with surroundings can
rapidly degrade quantum information.

Spin qubits are typically operated in cryogenic environments using silicon or
superconducting materials, while photonic qubits are usually manipulated at room
temperature using precise optical equipment. Each qubit platform has trade-offs in terms of
coherence time, gate fidelity, connectivity, and scalability. The choice of using spin or
polarization depends on the application and experimental capabilities.

Conceptually, both models illustrate the essential features of qubits: quantum superposition,
probabilistic measurement, unitary evolution, and the possibility of entanglement. The Bloch

sphere remains a universal visual tool to understand qubit dynamics regardless of
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implementation. Whether encoded in spin or polarization, a qubit is not merely a probabilistic
bit—it is a dynamic, coherent, and entangled entity governed by the laws of quantum
mechanics. Mastery of these foundational models is essential for advancing quantum
computation and quantum information science.

Qubits as Spin-1/2 Particles

Consider an electron, which has an intrinsic angular momentum called spin. A spin-1/2
particle like an electron can be oriented in two fundamental states: spin-up (|1)) and spin-
down (|} )), often mapped to |0) and |1) respectively. But unlike a classical magnet that points
up or down, the electron's spin can also point in any quantum superposition of these two
directions. Mathematically, this is written as:

ly) =alf) + B,

where o and 3 are complex numbers such that |a* + |B* = 1.

This means the electron isn’t just pointing up or down—it’s in both states simultancously
until measured. If you try to observe the spin, the quantum state collapses to either |1) or ||),
probabilistically.

Visualization: The Bloch Sphere

The state of a qubit can be visualized on the Bloch sphere, a 3D unit sphere where:

« North pole = |0) = spin-up

» South pole = |1) = spin-down

« Any point on the surface = superposition state

Spin qubits can "rotate™ around this sphere under the influence of external magnetic or
electric fields, corresponding to quantum gates in computation. This visualization helps show
that quantum information is not binary but geometrically continuous.

Qubits as Polarized Photons

Another intuitive system uses photons—particles of light—which can have different
polarization states. A photon can be:

» Horizontally polarized (|[H) = |0))

« Vertically polarized (V) = |1))

But photons can also exist in any superposition of these polarizations:

«  For example, diagonal polarization (|D)) = (|H) + [V))\2

«  Orcircular polarization = (JH)  i[V))\2

Again, before measurement, the photon's polarization exists in a blended quantum state.
Measurement forces the polarization into one basis (horizontal or vertical), collapsing the

superposition.
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These models show how quantum systems store information in probability amplitudes, not
fixed binary values. In both spin and polarization, the orientation of a quantum state
represents complex, continuous data. This allows qubits to participate in phenomena like:

« Superposition — holding multiple possibilities

« Entanglement — correlation across distance

+ Interference — cancelling and amplifying quantum paths

Together, these principles make qubits profoundly different from classical bits and give
qguantum computers their potential to solve certain problems exponentially faster than
classical machines.

In essence, whether it's the spin of an electron or the polarization of a photon, a qubit encodes
information in a directional quantum state that exists in a high-dimensional complex space—
subject to the rules of quantum mechanics rather than classical determinism. This is the core

conceptual leap required to understand how qubits power quantum computing.

2.3. Comparison: classical bits vs quantum bits

A classical bit is the basic unit of information in traditional computing systems and can exist in
one of two definite states: 0 or 1. These states are deterministic and mutually exclusive; a bit is
always either in state O or in state 1 at any given time. Classical bits are implemented physically
using systems like voltage levels in transistors, where high voltage may represent 1 and low
voltage represents 0. All classical logic operations, such as AND, OR, and NOT, operate on these
binary states according to Boolean algebra. In contrast, a quantum bit or qubit is the fundamental
unit of information in quantum computing, and it exhibits fundamentally different behaviour due

to quantum mechanical principles.
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Fig2.3: Classical Bit Vs Qubit

A qubit can exist in a superposition of the basis states |0) and |1), meaning it can represent both
0 and 1 simultaneously until it is measured. This is represented mathematically as |y) = a/0) +
B|1), where a and P are complex probability amplitudes. When a qubit is measured, it collapses

to either |0) or |1) with probabilities |a> and |, respectively. Unlike classical bits, qubits can
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also be entangled with one another, such that the state of one qubit is correlated with the state of
another no matter how far apart they are, a feature with no classical analog. While classical bits
require logic gates like AND and XOR for computation, quantum bits require quantum gates like
the Hadamard, Pauli, and CNOT gates, which operate through unitary transformations and
preserve quantum coherence.

Classical systems are built from large numbers of interconnected bits processed by deterministic
logic circuits, while quantum systems use small numbers of qubits arranged in quantum circuits,
with interference and entanglement used to perform computations. Classical information is
copied, erased, and transmitted freely, but quantum information cannot be cloned due to the no-

cloning theorem, and measurement irreversibly disturbs the qubit state.

A classical computer’s power scales linearly with the number of bits, while a quantum
computer’s information space scales exponentially with the number of qubits due to
superposition. Physically, classical bits are robust and implemented using macroscopic devices
like transistors, whereas qubits are delicate and realized using microscopic systems like electron
spin, trapped ions, superconducting circuits, or photon polarization.

Qubits require isolation from the environment and error correction schemes to preserve quantum
coherence, while classical bits operate reliably under standard thermal and electrical conditions.
In terms of logic, classical computation is governed by Boolean algebra, while quantum
computation is governed by linear algebra over complex vector spaces.

Classical algorithms run in deterministic or probabilistic modes, while quantum algorithms
leverage amplitude amplification, entanglement, and interference to outperform classical
counterparts in specific problems. Finally, while classical bits provide the backbone of all modern
computing, the qubit is the cornerstone of quantum computing and offers fundamentally new
ways of processing and encoding information that exploit the full range of quantum mechanical

phenomena.

2.4. Quantum systems

In quantum computing, information is stored and manipulated using qubits, which are realized
in various physical systems that behave according to quantum mechanics. Three of the most
widely explored platforms are trapped ions, superconducting circuits, and photons. Each system
represents a different way to harness quantum phenomena, and each comes with its own

advantages and challenges.
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2.4.1. Trapped ions

Trapped ion systems use individual atoms—usually of elements like ytterbium or calcium—as
qubits. These atoms are ionized, meaning one or more electrons are removed, giving the atom an
electric charge. Once ionized, they are held in place using electromagnetic fields inside a vacuum
chamber. These “traps” keep the ions suspended in space and isolated from external interference.
The qubit states are stored in the internal energy levels of the ion, similar to how an atom’s
electrons can jump between different energy shells. A laser can be used to switch the ion between
these levels, allowing scientists to prepare, manipulate, and measure the quantum state of the ion.
For example, a laser tuned to a specific frequency can make the ion absorb energy and jump to
an excited state (|1)), or emit energy and fall to a ground state (|0)). By carefully adjusting the
laser, the ion can also be placed in a superposition of both states.

Entanglement between ions is achieved by linking their motion in the trap—when one ion moves
slightly due to laser action, it affects others. This interaction is used to create quantum gates
between pairs of ions, allowing for quantum computations. Trapped ion systems are known for
high precision and long coherence times, meaning qubits remain stable for relatively long

durations, which is crucial for reliable calculations.

2.4.2. Superconducting Circuits

Superconducting qubits are built using tiny electrical circuits made from materials that exhibit
superconductivity—they conduct electricity without resistance when cooled to extremely low
temperatures (close to absolute zero). The circuits are engineered so that current flows in discrete
quantum states, much like electrons in atoms.

The two basic states of the qubit (J0) and |1)) correspond to different current flows or voltage
configurations in the circuit. These states are not continuous like in classical electronics, but
quantized, meaning the circuit can only exist in specific energy states. Superconducting circuits
often use a special component called a Josephson junction, which allows quantum behavior such
as tunneling and superposition in the circuit.

Quantum gates in this system are performed using microwave pulses, which change the state of
the qubit by interacting with it at resonant frequencies. Superconducting qubits are fast—they
can perform operations in nanoseconds—but are more susceptible to noise and decoherence,
which can disturb the fragile quantum states.

Despite these challenges, superconducting circuits are the basis of many large-scale quantum
processors today, such as those built by IBM and Google, because they are scalable using
established microfabrication techniques from classical computing.
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2.4.3. Photons (non-engineering view)

Photonic quantum computing uses individual particles of light—photons—as qubits. Photons are
especially attractive because they travel at the speed of light, are resistant to decoherence, and
can be easily transmitted through optical fibers, making them ideal for quantum communication
as well as computing.

In photonic systems, qubit states can be represented using properties like polarization (horizontal
=|0), vertical = |1)), path (which of two possible routes the photon takes), or time-bin (early or
late arrival). Superposition is naturally built-in: a photon can exist in a combination of both
horizontal and vertical polarization, or take multiple paths simultaneously.

Photonic quantum gates are achieved using optical devices like beam splitters, wave plates, phase
shifters, and interferometers, which manipulate the photon's path and polarization. Entanglement
is produced using special nonlinear crystals that emit entangled photon pairs via a process called
spontaneous parametric down-conversion.

Photons are non-interacting, which makes them stable but also makes multi-qubit gates
challenging. Unlike ions and superconducting qubits, which can be held and directly interacted
with, photons must be carefully synchronized and routed using highly precise optical setups.
However, photonic systems are gaining attention for quantum networking, secure
communication (quantum key distribution), and measurement-based quantum computing

Table 2.1: Summary of Trapped lons, Superconducting Circuits and Photons

Qubit
System _ Strengths Challenges

Representation

Energy levels of | Long coherence, high | Slow operation,
Trapped lons o

atoms fidelity complex vacuum setups
Superconducting | Quantized Fast gates, scalable | Sensitive to noise, short
Circuits current/voltage hardware coherence times

Polarization, path, | High stability, ideal for | Difficult multi-qubit
Photons _ _ o _

time-bin communication operations

Each quantum system embodies a unique way to realize the abstract concept of a qubit using the
laws of quantum physics. While they differ in implementation, they all serve the same goal: to
harness quantum superposition and entanglement to perform computations far beyond the reach

of classical machines

43



2.5. Quantum coherence and decoherence — intuitive explanation

Quantum coherence is the property that allows a quantum system—Iike a qubit—to exist in a
superposition of multiple states at once and retain the phase relationships between them. It is
what makes quantum computing fundamentally different from classical computing. Imagine a
qubit like a wave, not a particle. In superposition, the wave has components corresponding to |0)
and |1). These components interfere with each other—constructively or destructively—based on
their phase, which is like the position of the wave's crest. This interference is critical to the power
of quantum algorithms, which manipulate these wave-like states to amplify the right answers and
cancel out the wrong ones.

For example, think of a swinging pendulum: if no one touches it, it swings back and forth
smoothly. That smooth, predictable motion is like coherence. If someone suddenly bumps into
the pendulum or if the air gets turbulent, the swinging motion becomes erratic or stops entirely.
This disruption is analogous to decoherence.

Quantum decoherence is what happens when a quantum system interacts with its environment—
even in the smallest way. The system "leaks™ its quantum information into the environment,
losing its delicate phase relationships. The qubit is no longer a precise superposition of |0) and
|1), but instead behaves more like a random classical bit. Mathematically, decoherence turns a
pure quantum state (described by a wavefunction) into a mixed state (described by a probability
distribution). It’s as if the quantum wave gets “blurred” by the noise from the outside world.

An intuitive example is a laser beam (coherent light) versus a flashlight (incoherent light). A
laser beam has all its light waves in perfect phase—clean, directed, and strong. Shine it on a
surface and you’ll see sharp interference patterns.

A flashlight, on the other hand, emits waves that are out of phase with each other—random,
scattered, and blurred. The transition from a laser to a flashlight is like a qubit going from a
coherent superposition to a decohered classical mixture.

Coherence time is the amount of time a qubit remains in this delicate superposition before
decoherence sets in. Preserving coherence is essential for reliable quantum computation. That’s
why quantum processors are kept in ultra-cold environments, shielded from vibration, radiation,
and electromagnetic noise. The longer a system can stay coherent, the more complex calculations
it can perform.

In short, coherence is what enables quantum magic—superposition, interference, and
entanglement. Decoherence is what destroys it, collapsing the quantum world back into classical
reality. Managing this balance is one of the central engineering challenges in building a practical

guantum computer.
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2.6. Theoretical concepts: Hilbert spaces, quantum states, operators — only interpreted in
abstract,

2.6.1. Hilbert Spaces: The Abstract Arena of Quantum Mechanics

A Hilbert space is an abstract vector space equipped with an inner product, forming the
foundational mathematical setting for quantum theory. It is not a space we can visualize
geometrically like the familiar 3D world, but instead a complete, normed, complex space in
which quantum states reside and evolve. Each quantum system is associated with its own Hilbert
space, whose dimensionality corresponds to the degrees of freedom in that system. Vectors in
this space represent possible states of the system, and combinations of them-—called
superpositions—are also valid states. The notion of length (norm) and angle (inner product)
allows for a geometric understanding of probabilities and interference in quantum mechanics.
Hilbert spaces enable us to speak rigorously about orthogonality (mutually exclusive outcomes),
normalization (probabilistic completeness), and basis (representation of any state).

Every observable quantity in quantum mechanics, like position, momentum, or spin, is described
by an operator acting on this space. Measurement corresponds to projecting a state vector onto
an eigenbasis of such an operator, and the inner product gives the amplitude (and square gives
the probability) of a specific outcome. Unlike classical spaces where a point defines a system’s
state, in Hilbert space, it is the direction and phase of a vector that matters. The abstractness of
Hilbert space removes us from physical intuitions and instead gives a rigorous, consistent, and
flexible framework for understanding all quantum phenomena. In essence, Hilbert space is the
abstract theatre where the play of quantum mechanics unfolds—containing all possible roles
(states), directions (evolutions), and outcomes (measurements).

Mathematical Structure of Hilbert Spaces

Definition:

A Hilbert space H\mathcal{H} is a complete complex vector space with an inner product:
(vld)EC,VIy),lo)eH\langle \psi | \phi \rangle \in \mathbb{C}, \quad \forall |\psi\rangle,
\phi\rangle \in \mathcal{H}

Key Properties:

Norm:

) I=(wiw)\| |\psitrangle \| = \sqrt{\langle \psi | \psi \rangle}

Orthogonality:

(vld)=0=|y)Lld)\langle \psi | \phi \rangle = 0 \Rightarrow |\psi\rangle \perp |\phi\rangle

Basis: Every state |y)|\psi\rangle can be written as a linear combination of an orthonormal basis:
ly)=Yicili)\psi\rangle = \sum_i c_i |i\rangle

Tensor Product (Composite Systems):
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HAB=HA®HB\mathcal{H} {AB} = \mathcal{H}_A \otimes \mathcal{H} B

2.6.2. Quantum States: Vectors of Possibility

Quantum states are the central carriers of information in quantum mechanics. They are not
physical objects, nor do they describe definite classical properties, but instead encapsulate all
possible outcomes and their probabilities for a given system. Abstractly, a quantum state is a
vector in a Hilbert space, denoted by a ket |y). This vector contains the full informational content
about the system's condition. A key difference from classical systems is that quantum states can
exist in superpositions, meaning a system can be in multiple configurations simultaneously until
measured. The length (or norm) of the state vector is always 1, reflecting the certainty that the
system exists somewhere within its configuration space. A quantum state can’t be directly
observed—only outcomes of interactions (measurements) with it can.

The probability of a measurement yielding a particular result is determined by the squared
magnitude of the projection of the state onto that result’s basis vector. Quantum states can be
pure (described by a single vector) or mixed (statistical ensembles of pure states), and systems
composed of multiple parts may exhibit entanglement, where the global state cannot be factored
into individual subsystem states. This represents non-classical correlations unique to quantum
theory. A state’s evolution over time is continuous and unitary, governed by the Schrodinger
equation. The concept of state is therefore both algebraic and probabilistic: it is a construct that
evolves mathematically but reveals itself stochastically. It encodes both the dynamic potential
and the measurement-based reality of the quantum world.

Mathematical Representation of Quantum States

Pure State:

A normalized vector |y)eH|\psi\rangle \in \mathcal{H}, such that:

(wly)=1\langle \psi | \psi \rangle = 1

Superposition:

[y)=al0)+B|1),a,B€C, lal2+IBI2=1|\psi\rangle = \alpha |O\rangle + \beta [1\rangle, \quad \alpha,
\beta \in \mathbb{C}, \ \alphaj*2 + [\beta|*2 =1

Measurement Probability:

Given observable with eigenstates [i)|i\rangle,

P()=I(ily)I12P(i) = \langle i | \psi \rangle|*2

Mixed State (Density Matrix):

p=>ipilyi){yil, Tr(p)=1\rho = \sum_i p_i \\psi_i\rangle\langle \psi_i|, \quad \text{Tr}(\rho) = 1
Entanglement Example:
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|®+)=12(100)+|11))\Phi*+\rangle = \frac{1}{\sqrt{2}} (|00\rangle + |11\rangle)

2.6.3. Operators: Abstract Machines Acting on Quantum States
Operators in quantum theory are the abstract mechanisms by which we interact with, transform,
and extract meaning from quantum states. An operator acts on a vector in Hilbert space and
returns another vector in the same space, modifying it in some prescribed way. These are not just
symbolic manipulations, but fundamental descriptors of physical quantities and processes. Each
observable—such as energy, spin, or position—is associated with a Hermitian operator, whose
eigenvalues correspond to possible outcomes of a measurement, and whose eigenvectors
represent the states that produce those outcomes with certainty. Operators enable the definition
of measurement, evolution, symmetry, and more.
The central evolution operator in quantum mechanics is the Hamiltonian, which generates time
evolution through the Schrodinger equation. Unitary operators describe reversible evolution,
preserving probabilities. Measurement collapses a quantum state to one of the eigenstates of the
operator corresponding to the measured quantity. Operators can be added, composed, or
commuted—though commutativity is not guaranteed and plays a central role in phenomena like
the uncertainty principle. In this sense, operators encode both the algebraic structure of quantum
mechanics and its physical interpretability. They act as abstract machines that probe, evolve, and
define the limits of what can be known or predicted about a quantum system. Their power lies in
both transforming states and revealing the symmetries and conservation laws of the quantum
world.
Mathematical Formalism of Operators
Linear Operator O™Mhat{O}:
Maps state to state:
OMy)=Id)\hat{O}|\psi\rangle = [\phi\rangle
Hermitian Operator (Observables):
O0"=0"1,(y|OMy)eR\hat{O} = \hat{O}dagger, \quad \langle \psi | \hat{O} | \psi \rangle \in
\mathbb{R}
Eigenvalue Equation:
OMa)=ala)\hat{O}|a\rangle = aja\rangle
Measurement Postulate:
Probability of outcome aa:
P(@)=I{aly)I2P(a) = \langle a | \psi \rangle|*2
Time Evolution (Hamiltonian HH):
iAddtly(t))=H"y(t))i\nbar \frac{d}{dt}\psi(t)\rangle = \hat{H}|\psi(t)\rangle
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Commutator and Uncertainty:

[ANBN=A"B"-B A= AAAB>12|([AMNB ) I[\hat{A}, \hat{B}] = |\hat{A}\hat{B} -
\nat{BHhat{A} \Rightarrow \Delta A \Delta B \geq \frac{1}{2} Mangle[\hat{A},
\nat{B}]\rangle|

2.7. The role of entanglement and non-locality in systems,

Entanglement is a uniquely quantum mechanical phenomenon in which the states of two or more
subsystems become inextricably linked, such that the state of each individual part cannot be
described independently of the others. When a system is entangled, the total state exists in a
tensor product Hilbert space, yet cannot be written as a product of the states of its components.
This leads to non-classical correlations, which defy explanation by any theory based on local
hidden variables.

Entangled states display non-locality, meaning that measurement on one part of the system
instantaneously affects the state of the other, regardless of the spatial separation between them.
Importantly, this does not allow for faster-than-light communication, preserving consistency with
relativity, but it reveals that quantum mechanics violates local realism, a principle central to
classical physics. The consequences of entanglement and non-locality are profound, forming the
foundation of quantum teleportation, quantum cryptography, and the exponential speedup in
guantum computing algorithms.

Bell’s Theorem and the subsequent experimental violations of Bell inequalities demonstrate that
no classical interpretation, relying solely on local hidden variables, can reproduce the statistical
predictions of quantum mechanics. Entanglement is not just a curiosity—it is considered a
resource in quantum information theory. It enables tasks like superdense coding, where two
classical bits can be transmitted using only one quantum bit if shared entanglement exists. It also
plays a critical role in quantum error correction and maintaining coherence across distributed
quantum systems.

The phenomenon challenges our classical notions of separability and locality, replacing them
with a deeply interconnected view of physical systems. The presence of entanglement implies
that the universe is fundamentally non-local at the quantum level, and this has deep implications
for both technology and our philosophical understanding of reality.

Mathematical Description of Entanglement

Separable (Product) State

A bipartite state is separable if it can be written as:

[y)AB=19)AQ|y)B|\psi\rangle_{AB} = |\phi\rangle_A \otimes |\chi\rangle_B

Entangled State
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A state is entangled if it cannot be written as a tensor product:

V) AB#l0)AQ |y )B|\Psi\rangle_{AB} \neq |\phi\rangle_A \otimes |\chi\rangle_B

Example: Bell State

|D+)=12(100)+|11))\Phi*+\rangle = \frac{1}{\sqrt{2}} \left( |0O\rangle + |11\rangle \right)
This state is maximally entangled — neither qubit has an individual state.

Bell’s Inequality and Non-Locality

Bell Inequality (CHSH form):

Classical correlations obey the inequality:

|E(a,b)+E(a’,b)+E(a,b")—E(a’,b")I<2|E(a, b) + E(a", b) + E(a, b’) - E(@’, b")| \leq 2

Quantum mechanics can violate this bound, achieving up to 222\sqrt{2}, indicating non-local
behavior.

Applications of Entanglement
e Quantum Teleportation: Transmitting an unknown quantum state using entanglement and
classical communication.
e Quantum Key Distribution (QKD): Ensures security via entangled photons (e.g., BBM92
protocol).
e Quantum Computing: Entanglement enables exponential state space and non-classical
gates (e.g., Toffoli, CZ).

2.8. Quantum information vs classical information: principles and differences,

Quantum information differs fundamentally from classical information, not only in its storage
and transmission but in the very principles that govern it. Classical information is based on bits—
binary digits taking values 0 or 1—processed by deterministic or probabilistic operations
following Boolean logic. In contrast, quantum information is encoded in qubits, which can exist
in superpositions of 0 and 1 simultaneously. This allows a quantum system to hold exponentially
more information than a classical system of the same size. While classical bits are copied, erased,
and transmitted with clarity, qubits cannot be cloned due to the no-cloning theorem, and any
attempt to observe them disturbs their state.

Classical information is fundamentally local—processing one bit does not affect another unless
explicitly coupled. In contrast, quantum information can be non-local, with entanglement
enabling correlations between distant particles that have no classical analog. Measurement is
another critical difference: classical measurement reveals the pre-existing value of a bit, while

quantum measurement probabilistically collapses a state, changing the information itself.
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Furthermore, classical information theory relies on Shannon entropy to describe uncertainty,
while quantum information theory uses von Neumann entropy to describe mixed states. Quantum
algorithms (e.g., Shor’s and Grover’s) leverage quantum superposition and interference to solve
problems intractable for classical machines. In communication, quantum information allows for
secure key distribution protocols that are impossible classically. Thus, while both frameworks
are grounded in information theory, quantum information introduces a radically different set of
rules—defined by linear algebra, unitarity, and the geometry of Hilbert space—which expand

the boundaries of what is computationally and communicatively possible.

Table2.2: Classical vs Quantum Bit

Feature Classical Bit Quantum Bit (Qubit)

State Oor1l a

Copying Allowed Forbidden (No-cloning theorem)
Measurement Reveals true state Probabilistic; collapses the state
Entanglement Not possible Fundamental and useful

Information Capacity 1 bit 2n amplitudes (for n qubits)
Processing Model Boolean logic gates Unitary operators and quantum circuits

Key Principles and Equations
Superposition of Quantum Information
A single qubit holds a superposed state:
[v)=al0)+p]1),lal2+IBI2=1\psi\rangle = \alpha |O\rangle + \beta |1\rangle, \quad |\alpha[*2 +
\beta[*2 = 1
No-Cloning Theorem
There is no unitary operator UU such that:
U(ly)R10))=Iy) Q@ y)Vy)U(\psi\rangle \otimes |O\rangle) = |\psi\rangle \otimes [\psi\rangle
\quad \forall |\psi\rangle
Entropy Measures
Shannon Entropy (Classical):
H(X)=—Yipilog/02piH(X) = -\sum_i p_i\log_2 p_i
von Neumann Entropy (Quantum):
S(p)=—Tr(plog /0ip)S(\rho) = - \text{Tr}(\rho \log \rho)
Applications of Quantum Information
e Quantum Cryptography: Secure communication via quantum key distribution (QKD)

e Quantum Algorithms: Efficient factoring (Shor), database search (Grover)
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e Quantum Teleportation: Transfer of quantum state information using entanglement

2.9. Philosophical implications: randomness, determinism, and observer role

2.9.1. Quantum Randomness: A New Kind of Indeterminacy

Quantum mechanics introduces a kind of randomness that is fundamentally distinct from the
randomness encountered in classical statistical systems. In classical physics, randomness often
reflects incomplete knowledge about the precise state of a system; for example, when flipping a
coin, the randomness of the outcome derives from ignorance of the exact initial conditions, air
resistance, and spin. However, in quantum theory, even when the system is completely described
by a pure state (such as a wavefunction or a state vector in a Hilbert space), the outcome of a
measurement is probabilistic in a way that cannot be traced to hidden variables under standard
interpretations.

This intrinsic unpredictability is formalized through the Born rule, which states that the
probability of measuring a particular outcome corresponds to the squared magnitude of the
projection of the state onto the measurement basis. This suggests that the physical world, at a
fundamental level, is governed not by deterministic trajectories but by a statistical structure that
emerges naturally from the theory’s postulates.

The randomness is not due to experimental limitations or human ignorance—it is built into the
nature of quantum phenomena. Moreover, the no-go theorems like Bell’s and Kochen—Specker’s
show that no local hidden-variable theory can reproduce all predictions of quantum mechanics.
Randomness, then, is not a temporary artifact of measurement disturbance but a constitutive
feature of reality. This reframes our philosophical understanding of causality, truth, and the
structure of laws of nature, rejecting the classical idea of an unfolding deterministic cosmos in
favor of one that is inherently probabilistic, yet ordered through mathematical coherence and

symmetry.

2.9.2. Determinism in Quantum Theory: Modified, Not Destroyed

Quantum theory is often portrayed as the death of determinism, but this claim is imprecise and
depends heavily on what aspect of the theory one considers. At its core, quantum mechanics
retains a highly deterministic structure in the time evolution of closed systems. The state of a
quantum system evolves smoothly and deterministically according to the Schrddinger equation,
a linear partial differential equation that describes the unitary dynamics of the wavefunction. In
this sense, given a state at one time, its future (and past) states can be precisely calculated. The

indeterminism arises not from the dynamics but from the process of measurement, which
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introduces discontinuous, probabilistic collapse—known as wavefunction reduction—where the
system seemingly jumps from a superposition to a definite outcome in accordance with a set of
probabilities.

Philosophically, this raises the measurement problem: when and how does a definite outcome
emerge from a deterministic process? Interpretations vary widely—some, like the Many-Worlds
Interpretation, preserve determinism by positing that all possible outcomes occur in parallel,
while others, like spontaneous collapse theories, inject genuine stochastic events into the
evolution. What is clear, however, is that quantum theory separates two domains: the evolution
of potentialities and the realization of facts. Determinism in quantum mechanics, then, is
conditional and layered—it governs the mathematical structure of quantum amplitudes but not
the empirical results of measurements, which remain governed by fundamental randomness. This
redefines determinism from a metaphysical absolute to a conditional, model-dependent principle
whose scope and limits are shaped by context, interpretation, and experimental boundary

conditions.

2.9.3. The Role of the Observer: Participation in Reality

Among the most profound and debated features of quantum mechanics is the role of the observer
in defining the reality of a system. Unlike classical mechanics, where measurement is an act of
passive revelation, quantum measurement appears to be an active process that alters the system
being observed. According to the standard Copenhagen interpretation, prior to measurement a
quantum system exists in a superposition of all possible outcomes, and it is only upon observation
that the system “collapses” into one definite state.

The formalism makes no distinction between observers—it is the interaction between a system
and a measurement apparatus (often assumed macroscopic) that enacts collapse—but the
philosophical implications are striking. It raises the possibility that reality is not objectively
defined independently of measurement, and this leads to interpretations wherein the observer
becomes an essential part of the physical formalism. Some physicists and philosophers have
proposed that consciousness itself might play a special role in wavefunction collapse, though this
remains speculative and controversial.

Wigner’s friend and the extended measurement chain further complicate matters, illustrating
paradoxes where different observers disagree about the state of a system. Interpretations such as
Quantum Bayesianism (QBism) and Relational Quantum Mechanics embrace the idea that
quantum states do not reflect objective properties but the beliefs or relations held by observers.
These views challenge the notion of a universal, observer-independent reality and suggest that

knowledge, measurement, and physical existence may be inextricably linked. Whether or not
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consciousness is special, quantum mechanics forces us to reexamine the relationship between the
knower and the known, replacing classical detachment with entanglement of observer and

system.
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