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Example 3.11 A simply supported beam of span L, camries a concentrated load P at a distance
a from left hand side support as shown in Figure 3.22. Using castigliano’s theorem determine the
deflection under the load. Assume uniform flexural rigidity.

e
=
1o

B
=

=
=

Figure 3.22 Example 3.11

Solution Reaction at 4,

Pb
Ryi= ——
&
and Reaction at B,
Pa
Ry o e
i 7
Table 3.9 Calculation table for Example 3.11
Portion AC CR
Origin A B
Limit 0-a 0-h
M E’Z.\‘ fi’-x
L L
Flexural Rigidity El El

Therefore, Shear Energy of the beam

L ' 2E] L
szz 1 “3 i £ Pza’ % 1 1’3
> 6EI | > 6EIl

P'v’a’  Pa’h’
6EIL’ 6EIL"

P2a2b2
6EIL* (#+5)

PR
6E]L . oDINce., a

U _ Pa’b’
Ac= 5P = 3EIL




Example 3.12 Determine the vertical deflection at the free end and rotation at 4 in the
overhanging beam shown in Figure 3.23(a). Assume constant £/. Use Castigliano’s method.

A lz kN
v 45 |

* 6m I 2m 1

1 kN
Figure 3.23(a) Example 3.12

Solution (1) Deflection at C: Taking 3 kN force as p,

Rg x6=Px8
4
Ri= 2pT
= X
P
R.= —
A 3¢

il
' Tas

Figure 3.23(b) Reaction if 3 kN load is taken as ?

Bending moment expressions are noted, in the tabular form.

Table 3.10 Calculation table for Example 3.12

Portion AB BC
Origin A C
Limit 0-6 0-2
M i X — Py
3 e
Flexural Rigidity El £l

{

" 6 5 ]
P | X o Px’
I8EI| 3 |, 6 El

4P> 4 p°

ElI 3 EI

5.333P°
El

dU 10.667P
dP  EI

AC=

Substituting P = 3 kN, we get
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Castigliano’s Theorems:

The theorem of least work derives from what is known as Castigliano’s second theorem. So, let’s first
state the two theorems of Carlo Alberto Castigliano (1847-1884) who was an Italian railroad engineer.
In 1879, Castigliano published two theorems.

igliano’s first theorem
The first partial derivative of the total internal energy (strain energy) in a structure with respect to any particular deflection

component at a point is equal to the force applied at that point and in the direction corresponding to that deflection
component.

This first theorem is applicable to linearly or nonlinearly elastic structures in which the temperature is constant and the
supports are unyielding.

The first partial derivative of the total internal energy in a structure with respect to the force applied at any point is equal to
the deflection at the point of application of that force in the direction of its line of action.

The second theorem of Castigliano is applicable to linearly elastic (Hookean material) structures with constant temperature
and unyielding supports.

Note that in the above statements, force may mean point force or couple (moment) and displacement
may mean translation or angular rotation. Proofs of Castigliano’s theorems are given at the end of this
document.

Without further due, here is the theorem of least work, a.k.a. Castigliano’s theorem of least work:

The redundant reaction components of a statically indeterminate structure are such that they make the internal work (strain
energy) a minimum.

5,4,

- Total strain energy stored by the frame = U = 22.4 E
: . 1

= (P, +XK )11—' |
1 V' 2AF
- U
, Acoordmgloleastwnrkptmmple X =0

K\l
> Equ, +XK) 53 5 = 0

Plxlll Klzll .

o X g tXLaE =0
: PlKlll
AE
or, X oo ME
K,

AE



"v'w——‘

L & Find  the  hces i o remboy Db’ {'U‘-s'

.‘l':
.(..

shown dn -ﬂ"guvr . We Cvwsy qmo and

P9t modatey W ot B embees “‘““1? A |
Same . - PBC Qﬂf-‘ﬂ‘
foc ' » ' i
B 1z 1 b s
) W Verdy , A B ;v'ns.tsv:'— '
T/ I
Tn s oy ( '.u
- B0kN [ Comg
3m P
Teve & fnlemel / ] Al
L) /]
In(hfr',mmuua vb 4 d’J"L /G ! L 9‘4‘ ﬂ —B -
e g )
i U T /) mum bex 40l %ow g E:V:U
¢
k [ _E’A*—EH & ' ;
(A lﬂbn w S k b rgotPBC Sin ﬂ'
dundant o "2 T badie dedormivale s | o
- | < . A
. | f H
M fo LR de thlen Jou&’md ¥ éhown ' |
o ]'?50:3“.“' [Cﬂ“‘P‘"M""]
w i 104) and  wlty g unt doad
. é'”:t) ")“
oo Jh diuction % e Aududant 0L iy |
T Pabs Boe (845 e li3xm 9430
Mown  an btaum_ 1(g) o =
R T
4 P foreex . i : t = 9 ik (’Fuwim'] '
% - A fJ-o'm'l‘ Pl
AL it . g
# \ =0
Pae P i P"D SYERh .
‘ 40 + Ryp— Fap sinds’ =0
gve e '
ok 40 4 80 =Py 5 45 =0
Pap <16 9.4 ¥ 1
|,
(Gei) |
iﬂso )i
er'-PﬁbC"‘e"pre"" !

LTP—'“-‘“



P . ‘ —

|
|
|
)

Mo rJlbhc{tan ML
“poinl 8 -
: Yol

—t

// L
Vo Yup
ur

?-N: b

Kag = 1 (oS’

. 3 R
£ 0407 [ Comprestion)

Toint . p.

Z‘/ T'D
g l\‘BD kED 3 [CAD 3:'1 4.'59
: 4 I |
[ i Kap =4 Fd ‘ Fﬁ}m'm]
j S =0 . :

<

kQD‘“-l: !
'1

. " ' '.
kep -wd [cm ]
!“ e =Y P m

¥ t‘ 'r"rfh_'- (")Hr'ml:lu] Pirl'\ﬂ' dna 4 LT | 4

n”v’nd;',? .lln” Joad ﬂj “0[\&‘;(.

b
A v
‘Unl"@' ¥ l‘ : o ‘.'
t &
/"r— K { 'ﬂ PRE LS oo
it -
k] gt
Ah - ] 0. %9 | % 16948 | 148 [ g2y
| -nsa O | L I R S
fe
)
p | ¥ L WILAT
C % ) ]
¢ | w0 0103 | 3 a0t 0 149 3.6
pE - b
b3 ) : y
g g0 o0l | g2 169468 | 149|114
ap |- el -1 |42 | ?l%-?% EL R AR
g, |0 4 42 o] 42|88

't—: Pka: ;_tt‘j-

3614 Kary
10.997.
2 S P |
* e 1369 4
R T8 wimis 19897
L | 415

R AT

4 Fl'“d The 40'“'% dn  The - rmambers Bv dhe
4ot Shown' dn k«'@ure;' B cvom MQHU'T\QD

aca  and 'doumifﬁ moclat (o 5 of all *The

membrS ave  Same . . Ve
got»
) : Y R
Vi
a3 !
/
/
/? p
[ 3m ) I
— -




"gt'l .;‘ ’ "l'
boyy RE an
[ . ‘l ‘ﬂ\c p 83 o I‘&,L MM b -
/ +B A i o A i
1 r( @ @ ' il '
i 5 Akoun  Jn MQ’U’ .'_A/wth hamz_ Cs
( R \ | '. . ‘ \.
| 4,
] R e A et
g =D c e o o ~ dh.
(D_f ‘l— - [ o\c
a1 ) (k -fo‘m.‘) : Q:i*&:‘ \) (‘w' /\'{WL’JM o @
«\ ',:‘ ' / ‘] et
DR e et
o E— r o Jestnol indedorminacyy
#V:D L ’\)ﬂi tere }.
» CV_U e  ub comdsy CF ¥
¥ 84850 A
1 P
S p 30 4 3m L 3m )
Q0= f ‘ ) 3 ‘) '};)MM : ' “Kd
E (Campronie] , S ] o Lo
g1 = packiond -~
! PﬁB =l gv =
go leN (,-.# B
| W% © L F ¢ #
CA'{ ’TD'"\[' D 5 = s v
P ‘_ét-i_o sz am, 1, 3 Tv" '
.%‘V-" C "M“ = 50 hN j
Pap 0 : 5 ;
80 Rp = Pap S0 45 =0 dwp 0! b
D '.. l oo ' .) e
Pap Pp = 134033 & fﬂwvvrij ~Vp x4 (3x3) 4 (50x3) =0
g ‘ p X9 = #3900
' . s VD = *g'g?’ k"l
Sfﬂ =0 n ‘ TRRET A 'j
Pap - Tap b 45 20 bt l RE TR R
A
(o < 5264] Rempresin] | kg
: A Tt A | _
\ ik ., e 3 év o vy )
W : ~ ““;J 8 3
T InCompluc ~va+t Papsn 47 = 0
| R .
i 3040 gt
‘." e ! Tap = 364 v;,:';‘;_
g 3 .
3 e i " ;u.&yj(&»rmﬂﬂ)
at e e




e

.
"”A -} PM "‘,/”3 N 44 -0

j"

=0 A Pap - 31086 o 45 =t

W ) R
[fr = %603 0] i) -
1
ot - ‘
’ y‘ qV <0 -erJr - 7
! ; o =0
(13 .
H =0 ' " ' > . .
A F—}-———e‘ E'\ 58 Vh"'vv* j sin4s -1
bome Re - PaF +Pep =0 ‘ ; .
' d : -
~ab e e @:j
i ; .9
- : " | Per 36.49k0 [Murg a4l =0
' '3 '
, uk_ 3 -”/\.A-‘ m.qs'lut
’jb‘ﬂ B',
i E'A :0]
1@\'—“ ) s\l =0
4. . - . . p . S:Ma =0
w"ﬁ .?ct .80 PﬂBsnnq-Y-{Pees‘n 41 =0

. .
! R Vo X 4 90 &S
B0 - $1486 Sipas :PBE' sin q-‘S’" vp X9 +(_

z‘,ﬁ:o

te ~ Pre+t Pancor 4t < Pyt 4st o

| 'ﬁi_:?@ C Covnpvenion] !

Pee =6t2gkn, o

x "'\'t c-
; V.0 ”uJ
| foe C 2 ¢
i \ + fe = PC pSin4s b of
?cP f :Gln‘lsmul 2 )
fee \ L ) & e
Al o
rln’c e, prfﬂq.-.' -1 .
. 4\ '&vé’A‘ - 'J(b m,‘_-" .
e ' oy -
i et 1, < fep v €l _‘.'.',!‘JI

i:“;o
- Pera e "Pﬁa @t .y
~496.63 4 Peov\ 61,22 mq\’. =0
R Re a4

[Pco « 4333 ] (Fowia

* b .
! )

sin ‘H' =t

.
4y 70

. ’\ ”
x¢] — Cisin 47 x3) = C1Cn 45 ¥3) =0

‘

S“no

Fpe -4 wnat’ zo
[ kgr <0303 t.-:l Ot

ﬂ}l =0

- kppdd @410

Ll Kre = 0-"04‘<*’l('cmpvmm]
» [ o 4,




