ONIT =1\ J
| - C®mp\wb \/a‘)ua\bL@A D)(Hmnic”aﬁm

TInbvoduetion '\'o C_omﬂplex _Numbera:

Comp\ex Number-— ‘ . ke

Af\ GKP\’QSSlon ' O-F the %rm su—ud LD"lerQ stonc‘

f“‘ 1

Y real Numbeyg an‘d P = JT, s said to be a Comp[ex

number - And it g deno{;@_d bnd 2 . H@’Q OQ fs | éa\\ed ?
real pork of =! te QeCz') & y i chled lmaa|ﬁ(1wd
part of- =z je ImCz) |
Coﬂ\luao&e of-a comple x Numbey——

congider o complex Numbey z= x+1(-¢) is Soid
b be conjugake of “z' Gpd it tsr denoked by Z.

Thus Etm'f‘l.(‘d)‘.' it |

NO&Q - R THIE 7 LA S Lo PR T [

Seomebieal Representotion of a camplex Nue ber

k]

Consider a  complex numbey {‘é&'%‘hd . Gidsme i,
Wy o domplex number Is de‘notea by o point i twe
dlmens\oﬂc\ P\nne uohose firat co-ovdinake is the reolpmk

|

& SGc‘on& Coowrdmoke s ‘the feal part & second

Coordinate is -the TImag ‘”S}”})‘ Part e Caxy)
T\'\\ﬁkj‘p
‘djrhj‘iuc 4

'\ >
T

=
: : % Pea |

LJ ; Al o ' axes '-
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Note:>

‘) HOY‘lZOﬂh‘ OJ({S ig C0|led Qs Q@O' 07\;3-

) verbcol axis o called'as Im:lj'movﬁ axis .

1
Yo ',,o,‘,," Yia

P
3 The plane in  which compley Number re presen ted

ﬂeomekﬁcal\a s colled as complex plane. cor Argand

Plane.
‘Polay form of o comnplex Number:
CRRRE ' NUN\B@T :-H\@h H‘ '3

Tf 2=:3c+TU be any complex

. ' 1s aiv'@n bU
repregented in  polar form te  C O o)
B B JnN ey g ad, 0yt i
‘oe .
; Z = 918 L ‘ - o .
where: -9 = )s,'x.zﬂji , p—_
o= tar' (L) .
complex varlable : -
th '(Q-Spec[- -b

A @um%d whieh 18 Vo\rtdina Wi

¥ ' lex Variable and it
complex Numbers | 1S ald o e comp

. X &y are
l'g denok@d b'd \Z' _ T\\us ‘z:ar.-na U.)\\Qr@ P\’j
real npmber.s-_ﬁ\fﬁf“ﬂb\"s' SARTY I SR SR JRUR IS PO
. Complex Funebion = oL _(
\ . N !
Consider  two complex voriables *z' and ‘w’.

\ s,
1p for each volue of “z', there 18 a ’\Io\ue for w’,

' 5\ t \ ! I 'E_ v
Jhen oy lg said fo be funchen in 'z’ and 1F s

denated bﬁ i = R 2n

Noket

tek W = vty whee & VvV are yeal variables:

™

A
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a— —
I S SEES T i o S— — —_ E < s
~

Ty pes of Comple x {kmch‘oﬂs -
) 5!0319 Value d  funehign +

Conaidor a Complex f\l.mchm w=fcz), Tt for
cach value of ‘=z u’\_@m s On\u s{na[p value for ‘W,

then w=Ffcz) s sald o be s‘ma(p.volued aF-up’C\'\O()

exy wWezn . N

2) Mualb Volued funcHen

rCongider a ‘camplex  fanokian ™ wefcz) « If for

any oe value OF L.T.' ‘thero Of@, mu\hP\Q Vcﬂues for

.‘m' ' -%he e fcz')} = wid Jf° be mulhp\e \blueq[
ﬁméHcﬁ- .I | | ‘
Ex: W= §=

Limit of a -funcHon neares o o point

conaider Q {:unchn fcz) and @ point ‘AL Tf fee)
Vgluec\ aro ﬂ@mer J,:0 a -Fmd:e Volua for n‘éc‘x'};r" value
of the pomk 1.‘Ii\'-' 'Hw@n ?md:p Va\ue i SQ\d hbe limi
of the Poml: —Rmchon .—Ffz) for the  nearer m\ues C(lpo\n{-

Ond tk is  denoted by Lm fez) = [Finite]” 7

Method [ for eva\uohon of Lim 'FCZ)]

Z—Q

) Evalyate Lim £cz) along all

5 poths [ ) VOCEanﬂulm path (QPLA)
i) vchon{]ulﬂ.-‘ Pc‘{’h cpMma)

i, sbraight line Cpe)
W rabola Pakh (P&0)

1
ps }) porabola  pEath CPC@)_]

Scanned with CamScanner



» Process —

D converk f£cz) inbb two real-varlables ' = and & b
U

SUbs‘dthna‘ 2 =ty and then  coqvert two Variab|eq

/ inko vé'male:'vdn'oble o “and g dﬁPeﬂdmﬂ on. the Math,
mOHC.O\ form of the path.

) TP  Lim f¢z) 'S unique Cor) Same Olonﬂ all' B Pﬂ{hg,

Z—>a

then !

Limn fc2),. exigts ;um'que value 19  the 'l|'m:P valye,
2->Q

C'O“Hnuil—gd of a -funcHon abt a Poink =
considey a point -funchion fC=z) and PO"ﬂE“A' s

) Lim £z) exists
23 O,

) Lim  fe2) - fca) ,.‘H’\@n -{‘ Vx'g co:.n}{ﬁ{jg(lg ot z-=a
z—a.

CGﬁHmus 0{‘- ‘FLIﬂCPIOﬂ - Quey q Tﬁa;oﬂf-
consider a ,_%mcHon £0z) and @ 798"00 R. IF fc2)

'S conbinuous at every point - over R, then FCz) '

i

° 4
» con Binpaus over R.

Discuss the Con’ﬁnm\wd of {3(??_? - &3-83’ I pz=0
-— L] O -
; &3433’ 2 ¥0

D) Alona plo-

e D Ay .
o —B 3
Lim fcz)r= dim o, = i X~ k3
259 (Tﬁ:\d) —(00) 4 x=sg  Ad;Rd

(ov)

’! T il
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2
. s i) Y /
Len €222 lim ’.La_a [ TUSRP R S A o wlP)
Z->0 Cgi=lae) P72 5, CxPya’] : ; z=(xy)
g—c0 ' Y
: o A
Lim (‘13)"“ %=k
>0 &7 .
- » .
= -~ a(o,8) y-o- M
Alonca PMp +
3 FEVE
Lo fez) - lim E?*f - i -8 lim (L‘i) .y
2—0 (3‘1)_‘5(%)”‘ 3 g=o K4y y—o0 \k3
cor)
3, . x iy 1 %2
S e -;“-% -&;‘“0(‘; =
o N SR

x -30 i

. 3 . .
Discuas dhe  can Hnu‘.!\d of feere %&-—(—H\'L{f(\\—_d N
0

2 '3(1+31

0 ') =0

[ Alona pLlo+

B¢ vt . Bs
Lt fcz) - LE THD-gPe-) e st ey oy ()

259 %24y 8 M ™
| (oY) —>0,0) d ¥ =06 el
] 1
," N |
8. .
_ LE -8 Cr+ 1)
H 7T 0 f H!. =9

Bora ¥y iR 0t 2010 - g>0-1)
Lt feay. b 2041~y Cl_!) e

-0 2
2 XTayt 9 xFry2
N (2 ->C0i0) * =0
. = "% k.-
xX3C 1+
o st
X0 =

3) Alony  pac (g=mx) !
Beraiy—g20-1) 22(147) - (ma) (1-1)

LE _Fcz-) - LE N . Lok " —
2= (x.41 —>(00) Y X% Cmx)?

- A
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| o . B
1y) MOﬂa P80 (y®* =mx) ' <

- LIS e (L’\)SCH' -3
Ltk fe2)e W x® (i =g e T Y Sy

250 , X% y® >0 §tq2
(x>0, y d (?ﬁ) +yt

8) Alona pco+— C:xﬂzmﬂ)

* % —'
te fez) - LE x> ()= § (D

2-—)0

PR

(Xy) ~3¢0,0) x*4y2 | '

» x" _.‘
o ?QBCI-F"’]--( = ). (1 ‘)*o
| XD 11_‘(3_2\)9_
™

Lim ez e xisks & Lim fezr=0 =fco)
20 .20 ' Ir

S
of o

+ 13 " confinuous ak 2=0 2, 1 A , i

Devivakive, "o'{l‘ a  funckien of a poink =

'
[ AL

COﬂS";lChY Qo "Funol—ion -P(' 1) ('lﬂd Q PO\‘ﬂ’c’. ZO

»
i

, 4 2o+ ) = .
Tf Lt ° Zc.)) exiasks [ then denyabu
(Zoth) - 2,4 (Zo*h) -(zs) /\Z°
 h—p

“of fcz) ab Za exists and 4he limik

Value is the derivabive o-F £ at Za M Zo.!

and it g denoted by LLg! Cory L'Cz ) . ¥
U dz i °
: © o Zs |
DQ“VOH\_‘@, of o -funcHon over o vegion —
consider a funckion FCz) and Ye€gion CrY . If the
a . . Y 'Or
derivabive of F(2) | ot each  poink exists pver & veg

Yo i AL . yeglon K
(R) thon devivabive of B oexicts S ARG
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Anol'dHC“"d of o ;FuncHOn ot o poinks

consider o finekion FCzSA afd B poink ‘o'. Tf " |
) f¢z) is  denvable at ok 2

2) {cz) is derivable 'n -the nefahquhmc{ QF\Q' (cireulay |
| Yeg]tnn ;mi-\-\n conkre asta'f6 vodius |
as. very iSmnll\,quc_m{ﬁ‘md'}.

then f£(z) ig cmahdHc ot the polnt a.
AnalHHcH\d of .o funckon over'a 'v.ecaa"o(\ —

congidey a funchHon {Cz) and o veqion R'. T
£Cz9 'g Oﬂﬁlal'\'c At e\,ota poir\l- OVEY the totafnﬂ R they

. . ‘
fc=1 15 (‘tnn\ﬁkc over 1he “’u\on R .

Resulbt 1) [wecessary  condition for  Analyticiy]

IP fezhe w = utiy fs ‘andlylie Over ta vEgion R, thep,

) Ou 0V ¢ du AV
dx oy Y dx

2) F‘Cz) = _Q_UL +'|§i_
O X o'a

&) SU‘F'G"‘C‘QH‘: condifion ~or Analtd"n‘c'\l'u

du .l \ -
I o) & o oy = - ov. [Qouc‘md-?l‘?monn eyns

oo Sg T
Cot) CP- Q_qn'S]

6‘4 6“ ! & x

=) ou : ou , oV , @i‘cne con Hnuou s .
dx aﬂ oxX a‘d

then f£Cz) = u+iv ‘is Anohﬂ’n'c e\;quuu)nQvQ-
Note = [ gufficient - condiben is useful for easily Saﬂdf“ﬂ

fz) is analytic over o mgioﬂ]
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PVOCQSS'.‘ f RN

) write Real part (u) & Imoginary part (v) of fC=)

by Subng-ana Z=otHiy.

, ’ . ,
) Evalyake JY W v Y

dx _’ oy 3-; ’aa
' ey du vV u |
3).Ch@ck the ce eqwl-.ons a—fx - o-.d‘ E" a“ ox

W) check tho ConHr\uﬁ—ﬂ of QU Lo a_y_‘_b_“_,,‘_; .
‘) S\'\om ’\‘hal: 'FCz') = Zg’ 'S Qnoil‘d k\.Q QVQT‘d wBQrQ Oﬁa

hence  find iks  devivokive.
£C2) =_z"__ = (:x-ﬂ'tdji = (:)Li—ﬂl) + :("-?“d) .-,-u.-t‘l\’ }

u.= :Lg—ai" & \J-_—sz:ud

,b_u = 27 'O_\i - b'ld'

il & 3 X .
oV

oM — = 2%

— -9_. X

24 d o

du  _ oV QU oV
R A T

QU ou AV 9V gre conbinuous .

fcz) l's. nglﬂhc @VQtHwhéve.

n ! .t -

0 _ov . OV
» Fe2) = 5T s

) :t" R A . '.."):21
2 -+ 1 (28') = 2 (XtY
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Note -

)

2)
3)

u)

8\

_Cg+o) ave continuous.

3= oy a9y

nth Aeﬁv@o po\tdnomin\ in 2 & 4 s

every where.
Fxpon@nHu‘ 'rtlndj'oﬂ n, =g, y ' conBnususg e\/@vuuhqvo_,

Sine  and cosine -funchans . in x g y aw conkinuous

e\;evd wheyve .
TIp f g g are continuous -then 43+8,'V“%,‘F'8'F[a

. s
*d . ’ Tmnr %i ) ’

Show, that ficzds =y, s onelybic every where and

hence  find tl-s-gC'\,e‘V'\_Vq’c'wre- )

fCz) = ’2?-’ : fon | ‘
= (:xfki’\d')a '
= o34 '1353-} 31&:34-33('\,'5’*
= =2 _ \'854 3o iy~ 85.13"' g
- (xPo 3182 Yai 558_-8 ',_'BQ,D‘ b R~
= U4y '
2
u- a2-3xy? N= 3y Y8
ou oV }
3% - 3% -3y = &
ou, 2_\! _ 319_ 331
. Ou _ By e du _ .5—1
U oam 3y P 'gg dx
ou ou v OY gre' cgqbinucus

12 vy re .

-F c=") l'S Onol‘dh o e\leﬁtj uokel e
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F‘c_z’) - Oy

9__.
ox, L0

-—e

= (3f-ay*) + (6=>y)
S s gty aiay)
< 3l el

= 32‘?—

- -
f . - o - ‘ - ' -
L . .1
S

Noter
I fC2) @ ono\tdh‘c -Funé#on then the vules ¢

me H'\'C;ALS; for ‘e.\}'oiu'(; Hoﬁ Z of “devivahives of “vea! “funckin
are  gpplicable 15 Comp\ex function. et

Z onaly e “evew whee,
3) show that FC2)=2%27 'S “°¥_ N e

£z = Z‘|'2.z

. !y

|

x+iyro Coniy) L

2 )

= “*rﬂ“-* 2;:.*2\'3: :

NN

3x -1y .

_i_,uq _ 91 - d >
o =3 axﬂﬁ 0 '
o8 _ oV
b:j = q ! "aF = ~|
ou oV d Qv U ’
Tl oV Bl A -
éﬂ (lj do ~

Fcz) (e not . anolyhc evev\d wheve
u) chow thak -FCzL e® 13 Onalv-l-m 9»\!9'{1“*‘9’8 50 find

ks denyobive.
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F‘C?'j - - - x*;a X ; - -
= =g v & CCOS;j*'S‘"ﬂ)

u- e cosU

vee” s?m‘ 0
du s Le = COROSING
p—— o R oV y
au e CD%U _6_; - Q’ S\ﬂ‘d
ou OV
oy - - S'ma —5-{’ - e COSU
Heve du v ou oV

Ox oy dy T o
Qu ou o
— i, N O e contt -
3~ ‘33 dz ) 3+ contMuaug

{(!‘) ;"‘__, (’lnn‘.‘di"- ﬂ\,c-ndm"io'c

{‘(J") . .9” P :‘J\J
O x O

'f'(?'\ =, p_z

5). JT-F fCz)=sinz ig orahd{{q @ueu‘ui\ere % Fnd iks
derivabive. . ' E

fczr - slnz = sin Cox+iy)

=

sva x . c::sh% 41 Cosx S:#HU

u = Sin o . C°°h7 \J = Cos= 3‘\!\‘58

ou " ‘ |

— = Cosx. Cosh oV \ \

v v X ® - Sifx. Sm‘\a

Jdu y '

e Sinx . ¢ nh v sh
" ( j ()_i = COSY . CoS *‘

XL B

63 03 .S_E = - A
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Ou  du. dV By

, Aar ’ ] )
I oY yo bﬁ e continuous

2L fc=) is  analyble  everjwhere

Fezy= =+ ' —

ot d5¢

ET s
s

- gosgg.coshld 4+ 1 (~-Sinx- S.‘nl')H)

o

E cosx~',toshkd -—ISC}NDQ ',S\'n‘md
C‘:Co_s(o_c-f:tj) 5 1 3
= Cos =
how —thok —PCz'):loaz ig oma'adHQ e\;@ruuohere except
C)‘r\‘%\n . = ¢ . LLa

£z =l08 z

-

log x +iy)
= alog Loty g2) + itan (W)

U= 1 loa Cx™+y?) | VE tan’ (H?ﬂ )

[T S =)
oo ;Cu%ﬂl) a*4y) dx + Gy o
Ju ,
-_— l L. . x." r T -_8
o A Ty
;. . oN

p 81 i Ay | Y- 1

Ju I = d a‘d - Yo X (—5_3

—&_a a4yt ;'*QEX :

i ' ov . . N ol

by O - )

_a—u_ _ _@_\l_ 34 v S5 aa- odl_UdL
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U ,_ai OV oV - A

— ) 3 — 'y g
X a% TR .a‘d Qre C@ﬂ‘nnuou@,

S fz) s onalybe Qveudmhere

\ éu s a\‘
= — & | —
£¢z) Ty iy
= X 1 ‘d
Xy 2y

PR ) - (u"ﬁ) Py,
oL-Hdz i - Bt

.‘i M i v,

fc2) ia OmaltAH& every where o_xcepl— at qﬁa‘m.

CR gquah‘on,‘s in  polar Coordino&es.}_- _ -

oV Ju i oV

| — ’.__-_91.—-

s
°% % 3 T 3 s

) Show thak fezy= 27 :ne 27 s Q"‘ll‘dHQ everuuulnme

"<f

& hence find iks devivabi

N
=

1]

fc=»

n

‘o N
Cx+ia)n = (91.&6)

n
e
[

" ( cogne + fsinne)

]

W ] v=9" s'n
W= 9" cosng = 'one

Jy L v & g Cs
= ‘ — n
oy = WS ( cosng) >N Te)
aq : J . - .45 av _ n
3o = o (-neinne) e T O N SO00E)
k
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B L Wy a2 ey BV
- N 3o & PR oY

ou ¢ 1
—, ou oV ' Y i3z contnuous
or o) Y Jdy ée . '

.
~

fez) = 2" nez s onolaHC eVerywhere

\ L -—
flezy = nzn !

8 A , . :
Sl‘ow ‘ot {’—C,z)‘;-: Sinx. S}n&- I CO8 = COSH IS Not

Qno\cd Ko e\rerg where.

3 - . g0\ et
) shem -H\olb {ZCZ')zz—raz 's ok Q“QﬁhQ

3 enloy e $

) )
Skou) ~Hhat -PCZ‘)* Qosz S omgltabq

5)  Show thot - (e : v
Q FCZ),.—A[z]ST s naob qnolidHc-

8)  Given
F I FoOVeG

v Iy ‘i\ f -.~ N .‘ . ] s 'y e‘i i v
i & i 7 . A |

= . N
f2) = Sinx. Siny =1 cosp costdf Peir sns
= U+iy

L

U= sinx. S;“H ~V-= - €0 cosku

éu = Cogx.Sin oV SCEAL
% d Iz = Sinx Cosqzj
-g—‘i- = 5‘{]‘1. €os 'éV
Yy Bt gg = tcosx sing
B T Ty
Do dtj - bld ;)-.I

7

fC2Y e nok analu‘n‘c QVQY‘dw"\erQ

Scanned with CamScanner

_



3) G'H‘VQn

fezr= =z+3%Z i
= XHiy 43 (:1~i'(d)
= oty 4 mogday
U= oo
Ve -2y
oy |
oo
au o a ' e z.."",’)
—_— = =9
_Eili_-]: oV B Sy + v,
SO W QY aldnlior 0oLk 7 o - 7
f2) is nok Qnd‘{\d\HQ’“ Q\rév&ubhe-re-‘ (ol
1017 i i 1oL f
1) Shven
fez)=coaz
= COSC':L—tfid)
G S i ; OTE X0

)

| = cosx coskd - 1 St .sin %3

U= cosx CQSI"!H:‘ Honds  alan e T Si;\"wac.‘sir',\'\md‘

ou oV

— = - ginx cosh _—
ap N L x y '{] . QD
1 ) P

Ay OV

Sy ey

I ..a_‘d_ old.

du W ov oV
3ot ' By o gy

COSx -s\nh‘d il

- Ccosx - S\'h\\td

b

11 [ sipa CQS\‘\U’}

Qre. Con ‘r‘mm:,u;.
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fFC2y g onohdh‘c ever\dm\nere

flezy = OY Ly

o= iy =

A 3¢

= - Sinx COS'\Md '—f (;"osx. S'\n\sa

= - ( aina cos‘md 4 | Cosae S:nhtj]

= - Sin C'1+'\\d)

— Sin 2

Laplace Equa hiont

b &
An  equoben ia of the form oF -+ of =0
st oy , ’

wheve { 15 o funcHon "in two  Varlables "Dt.'d 18
Said fo he a laplace.. eabon.
HQYanio_ "FLU'\ CHO(\E‘

An -funcHon Sabisfres loplace .equation is

Said to be Harmonie funcbon .

Properbies of Ahaluh‘q 'Funch‘on'.;‘
D xp .FCZ;) =i = u—HU. ,‘;3 l";m. Qm;\aln-c .-chh‘on then
w dﬂ".d y are Harmenie -RincHans: ~ '
cor) |
‘RQQ\ Acmvd 'imta\ﬁovwd parts o('l- éan\ﬁh'c‘-ﬂxﬁcHon ort
‘Hovmanie ~ unckons. . ”

3 3 fC)=w=s utiv s an (cmolﬂh‘q Lanckion thef

. +h | CunVeS

eov)
d
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s
egeal

Gl o o [
and Im(‘ta;naua parts  of cmalthc "?UﬂC\'-'_‘U“ fovms i
ov ’(honacna) curves.

3) -IF _{'_Cz’): w:u-ﬁv |.S an onql\dHQ ‘F‘JQC{':O“ %Qn Md

u=c then fCz) s a canskont ‘funcHon.

Cov)

Bin ono\lldHc funchon  whage real part s constank,
ia o conckont FuneHan. . Sl .

w If an cmahdHQ -Funch,n whoce Imm,a;mqnd parP ]

constont e o <constant Ffunchon. |

5) IR fc=)= u+iy is Ono.tHHC “ﬁmC,Hoﬂ ¥ €5 [£C=)]) = <,

then pcz) s o constont Rinckon.

) T¢ ces hCuy+iy) = ::x_-H'a , Prove thot

1) 2 9
b &l
Cosh?u Sinh u

we Pﬂou;, ‘“‘\Ql,'

Cosh z - coghxcosﬂ-p i Csihhm-s;ﬂa')

ces h(Cutiy) = oufg

cosh(u4iv) = coshuycosy +i (sinhu. siny) = 2

Here o - coshu cosy Y= sinhu siny

" o 2
y o . 4’ 3 cosk?u cos?y N sinb*usin’ v
ceeh’u sinhu

cosK*u Sio2 . -

cos?vy + s'\nQV

n
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* T DU ) - -
n) s ST <
cog™v sinty ~ .
9 .. 2 . I
. o H‘q‘ o4 ol g-COSI\ U‘Qog‘% ‘S\ﬂhau SH{{V »
cos? v sinty C—S»‘-%AV_,. . SV
e Q.
= cosh’u — ainhu =
] 2 p 4% : 7 ¥ J }
e ' ¢ By | )& .
2)  solve sinh =z = 7 a4 : el
G“Weﬂ Sinh= =1 :
| o —©
2 f e -
ez_@, L&ln\'\e-—-
= [}
2
z —i
e - = 9.1
= | - . !
e —— =21, "
ez ’ /
2 \2 pa
(e )—\ = 21
Cez)&‘ 2ie” =1
2
2 © 2
[e -|] _ 1 = 1
Lo e
[Q -1 = | - =0
1
(ez-i] =0
ik °
e -1 =0
Z o
e = i
z= fnCi) , Here x=0 y=1
. * lag' (L) +2nT 1 nez
== ln[o+.j+|{an [ )
2= +(T)y+2onmy, ez
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3) Teek whether tory mob €20 = Sinx siny ~ TcosX €05y

v e

-

m\olu{-fc- '
Giweo T

, Fc,z')ﬁl'\‘é'ﬁd‘c S%na—ftmsgac Costd

Here U= Sina S;na V:-_~~C!05'1 ‘Qo'sd,’ ;
0
— = h v . P
3 QS Sl’ﬂa ,I ) aol.:\ ‘,S.Jn&.c(l)s(li
ou as 5v
g i
3y 058 Ta - = .coga S\‘ﬂa‘ .
du Y . ou ?
EY - bub,- 2% :}:‘_Z_)‘_\L
, 4 Yy dx
Hence €22 Vg rot anolytic . |

4) Seperate iveal and’ “".Cma%fnarg b pafk o Eanhz

Fan byp - - Sinh=z " , ,

|
’ > K v -~ st
-4 — 7
N ]

Céehz Y

! [ RR

sinhx cosy+ {coshx siny coshx cosy~Tsinhx Shny

X

| Cosha Cosy + 1 sinhx Sipﬁr coshxms«d?- 'stnhx sn‘nw

~

) _ . _ . » \
5'“'!"1:1'T COS‘(‘,QOSHI Qostd - I8fnhiﬁt Sma oSy = 9 cosﬂnﬂs&&n«d QQSH'

’ -
—

+ cosha sinhx Siﬂix
cosh®x ¢ oslﬂ + sinh™ s.'n‘a

' N
. E

‘ (Cosh'rx-\-‘) ( t+Qosztd) CQSL\Q‘I-—J) I~Losi\d)

18
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cosha ainhoc+ ! SH\H cosy

—
I

—

m [ cosheon + COS“\Q'X}L/OSQ_a'f'/'\' ccss'ud-kcoshgx_‘

cosksz;/msvd -yﬂmszﬂ

coshx sinhxt i siny cosy

—

_'-'T [ © coshex + zmsz'd]

2 coshx sinhx

|
4 1 2 Siny cosy
_—

cosh 9_1+Q08Qﬁ’ :

CoSlefQCﬁ?—z
_ Sinhox : -
= 4 vt Sinay
COS‘n 2% + Cosl‘d C&Sh21+cos?_z Jeraq o°
: " ' ) ’ ’ X ' !

—_t —

: -9 \ |
o) SL\GUJ -\MQ\',- { :‘12 aal ] ‘-FCZ)'Q-': q‘,F'Qz')\Li u)l'\Q.Te

fc2) is orohdh‘c‘

P - ag" L ai . ‘ 'Q_ Y
N YRR il AT 8 \
t, [ a:'lg_ 389'-} lFCZ)‘

n
—
;-_
(0%
N }%
NI
_____,J
mpl
)
I
T

) Vrela DA
¥ 5 '
|)

RN [ —§; [Hz)xe'c"z)}}
o gielx d ' ‘ | 12152 2.2
- ’-‘~F‘ CE)--‘:‘CZ') . 2
. ¢ Y R (B oo Tl ’b/
ke EREEEe ) B 2 ':F-*_}—j;’qazﬁ
= u | el
y
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)g\nom +ha b [__f %

p L niae
—H—;] |.-{1Cz')| = P’: | f—QZ-)‘

-l"!d

where I—Cﬂ \g Qnulxdh‘c-

2 T ) p % e
(208 et Ty 2] e

g }

P/;_- i

I

afP-2 |

H-Ex [ fczy] X FCZ)X;P: E_F,C.Z)]

l9_
DA

= Pi I: .FCz) .: -FC_Z]] _-I-X' ( F|C?—')“ 'F’CE)]

P—=

,p?[ l {chgl?-] T 'l

I

-—

2
P*.| fc=2)| elez)

I

‘%) s . .o g 1.7 - -
) hm .Hmk [ s gua] log 1 Plcarl =0, where

—
_—

| -

2y ig O.ﬂQlld be .

™ 9_
N

o t
)
[ X 37_3{] [08 | f ¢z 1
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3 ) ISR : vlﬂl
3 3 b gl
= L { iwe { S_'-'Z [108 L’F gs) ‘FC'Z')’]

- 0 |
= P"' [-Q_i[f: ¢9_ (\‘08 ‘C’F‘Qz))-kloa__f-c'i)ﬂ

-~

. L] ( z
R L0 T rrenrd S DREGC’Z)"

2
. = = [ £t pez)]
ik Vg 2
8) S“\ou) ‘H\o& [ L b’"_} | Re FCZ')\L—“- a | ez
O e Sy )
A -
L whdre rf-tz;) ?S .-CU;.OAHHQ." R S
_aj + _?’.i = [L! : a‘,i
!&12.; Y U ap i [ Re FQZ)\; )
‘l -
o a a A —r ! ‘ o -— 2
‘”['a“z [g‘g[{‘— Ctezy 4 £02)) U
e _ ; ,
& | Re -FCZ“ B
= _b_ _t -— , =
[ e gl b
| AN T[-{'—CZ)"'FC
= hx — *FrCz) [ ‘F‘Cz)+0]

!

Scanned with CamScanner



consbrucBon | of an ﬁ“ou.\ld\‘\‘c'-%nckion when we know

real (ov) Imoa‘mqva parks &

] . a

corsider an OHQ\\G\:“\Q Funchon L£C2) =iV

Method —1 &

case-i = Llek o 'S known

b J[ ﬁ d:m t -‘;ﬁida] . which .fs to be Qvoluqkecl
M N '

bu ug\na ’H\@ formyla j‘ M do +f ™, d(d i

ac‘or\s_&uakg Texrms of N not Cmn\'o‘m\rﬁ

)

x
case -ii:- ok -
M ‘ N ] ‘
U«:j [ v e 1z H}' which o 4o be evoluote
bkd 3o
b“ ustna “the Lormula j‘ M +j' N,da +Q
4 Constant terms of N not Qon'tOdn\Na
\DL‘

Vi d

Methad-2 & Milon - Thomsen Method &
Coge -1~ (ek w s Known

fezy = S- [ Qile,o) —?(152(2,0)] Az+C, wheye

‘ du

qu Ct,y)= —

¢, cotig) = e and b, L 3y
Coge-fr Lek Vv is known

fc2y = f[qSICz.o)-l-',qss_Cz,o)] dzi-c,uu\ng'\\re

(ﬁlcmr‘d)= Ey— % ¢2— C&.H) I

Y
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Fnd  the Cma\HHc' FfuncHon whage redd park” ig-
el BDLlHQ‘+ 3x” - 3al+l

Guven

u-= 18—5159‘-\- 51"—3894 \

Ba milon thomson method

FCZ’)_—_J- [qS'Cz,o) - : gS#Cz,o)] dz+a — 0.

"

where g tauyy < B gaelgytien

dx
¢lcx‘ = ﬂ = ‘-—
H.) aa - 618—63
] _
wER) = S ((32.1A+62)‘ ‘.QO)PJ dz+e,
- 32 = "
' *—3-— '\'. 9; + C \
5 7.5+‘329‘+,’,Q
&) 6 .
) Fnd  the Ana\“‘:-uc funchion whose Imn%\nmtd port &
3oCy - 43, | | | -
G iven |
V= 333‘4 *33

By MHO\'\"’H\UT\SBH Mothod -

f2) =§ { (Q' (=,0) i ‘PZCZIQ')] dZ;Q — 0

n
"

Uohere ‘p‘ Cm)\d-) v

—_— 2x*_a,2
aH, * T3y

)

P, (x,4) = v _
2 ‘d e GC)LU
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a0 = ffez)

[ 324icd]azte

‘FCZ'\ = 2.5+c
g find the Analybie  funckion whose Tenog inary poxt s

- .
e ([ o cosy + Hsmu'),

Griven

Ne oo (mcqs% 4 S?ﬂa)
By M ton ‘homsen  Method

fecz) :S‘ [ v, Cz,0) +1 WQ'(z',o)—l dztc —©O

w )
I T > . . ‘
whevye \‘)‘CD(,H) = F; = @3} [*msnmd+ Sln‘d+v Cos«d]
d 3
\Pi (?('\d”) = 0—3% = —@e 1[ X COS Yty s\'nu‘]-’réx(COS\d_
Y :):s"\ﬂa_
z A | +\d”$’$/pﬂ] |

® :é f£Cz) = f Lo+l [leZfzf 1o -] dz+c

= ‘ngé-z-(t-—z]dl'i-Q

1

_ ' —z -2
‘ [ (i-2) & _cnxs [t

—

")

- E ‘-2 3 .
= ilze J+d
C‘\(')fng—

[ = b, -#gur £, ~#g,+ -

A j
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R) Tf u-:—; loa ( :11+Hl) then ™ Show thot u fs‘hﬂern\Q
and hence evaluoke v & -then fczd-

&lven

It
(=%
I J”
—
~
i R
o
|>a
Q-
= ]Q’
’ v i,
R
;-
o
ra
(|

1§

T =) oy ycay)

;\
o)™
H ) Cl:'—'_“d,_)L
- 4o - a2y Y-
_ A vu' - uy'
2 3 »
-(143’3) 2 N vz

\ )

“  Sabsfies (oplace equahion & W s Harmonic

) To find v &

Vs j [“:\;'di%gidﬁr\' ﬂmduf”\da”

o
~ k
Y=corstant . TRIMS of Nm‘
LI} ‘1
-y . e - @nl*aml‘fd
= e, 9% & e g .
o +a [EBN ) ,11431' t’ b ,= l. - }‘-_ )
-4
- s‘ ac"—{-al Bl & fo dH *C % here N =0

Y constan F
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n

-4 x -~ kod (i\ﬂw .

d
= = Pan“(%') +e
iy To ﬁnd fe=)e,
FC2) = uady
s =am logLatey?) 40 (- b (%)) + e

5) I V= cosmx sinha +then Show that v 18 Hormomc Q,

o
' 1
i

hence evaluote u &, +hen fez).

Gﬁven

V = cCosx Siﬂh(d

‘) To Show +hok v 'S havmonic -

azv = 62\/ _ -a\ (
o)z a|d$_ e \ 6H )

N [ %mh‘d C—Sf'nx.B] + % [ Q"’S;ﬁ( CQSHU']
= *S?nh\d CoSx '+ caax S'm\wa

= 0

s (VERRYC! Harmonie

o o J‘ [ ﬂidx- AN da]
‘(' ( C_oSi-COS"\H Ax + sfn'xsin\na d.d]

S (Cosx - coshy)dx + fo dy +c , here N, =0

y =Constont
T e — WL S ——
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w = coskuﬂ sinx e

) To find fezde

fC2) = W+iv
= (cosh\d sinx +¢) +1 (Cosx s’mka')
Noke - fez) = coshy sinx + i Ccoax sin‘nid') .

If UV oY) u<\" are 81.'veh'., then conshtruck

C14y fezy. . padle | cole el
N a oot S Y el foa RATN |

l) Find £c=2) uo\\@x&,.'L_.tﬁ.V ,F:H—i——.z U PREY. e P
o@+d’- '
Griven

Uty = %

ULL—Hd"
we know +Hhob

fezy =u+iv

?FCZ.): fu-—\l

(1) Ec2) = Cu-v) +1 Cus+y)
Cz) = U +;\l

Given  yay= v o >

Xty

33 Milon Thomson Method

(t+1) fez) = f[(‘h(?.,o') +1 (99_(2,0‘)] dz +¢c¢ —0

W, Cxuy) = v (3%+y?) Co) - x(ot2y)
) = — =
\ ; aa

-—

(:1”‘43’-5 v

=

— 9_16

g s
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Vicx.gi= By 1 sdepiei) — e

Ax L:’f*“;]")i :

x*+ g e x®

(g™
O = (m')]ccz;;g‘ L
[0_—(— I( ;‘i)] az

(4 feay - 7 2!

— 4 c
==

'.‘(2)"2 © ‘ - 4 y pav) ¢ '
F —_—— i e + a3

2)  find £c2)

» Wwhere Y-y :QxCCQsa -S‘mu)

Griven

Uey = X% ( cog}j-<}nu>
wWe  knaw “that

f¢z2)= u+iv

lof'(?.): “LI‘V

(140) £02) = Cu-v)41 Cu+v)

FC=2) = U'f"v

Given u-v < u = Q'XCQOQ“-Siﬂ‘d)

B(d Milon 'ﬁ'mm%oﬁ Method
+) fez)y = g[qé 1 €210) =i ¢, (2,0)] dz ¢ — @

'b\ SR :--?;f = CCOSg—-sind')-e’JQ

¢2c3(‘“») - %ﬁ; = el[ —Sin-d vcosu]
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@ = . C1+1) §02) = ( e —1(-e)dz+c

r 2
= S (1+1)Y e¢ d=z+ec

(147) fez) = Ci47) e 4o

sl = © %,

o

o] 1
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Junvre=- _
W Show that the function u(x, y)

amonic conjugate v(x, y) and the analytic function I
Solution : Givenu (x, y) = &* cog 5,
Differentiating with respect to x ang

ou du
a=e" cosy and 5=-—e‘ sin y

X . . - .
=€ cosy is harmonic. Determine its

(z)=u+m. [JNTU 1996]

Y, we get

6211 azu
§=e1 cosy and —2—=—ex cos y
0’u 2 0’u ~0

Hence, o2 6y2

Thus, u is a harmonic function. Let v be the harm
Riemann equations

ov ou

onic conjugate of #. Then, by Cauchy—

—=——=¢"sin
& o 4

Integrating, v = * sin y + () sl
' _ e cos y+S®) )
oy
ov Ou

: — =" —¢" cos -(3)
Again > ox e y

From (2) and (3), we get

e* cosy=e" cosy+f(y)
o IF'M=0 = fO)=c

Hence, from (1), we get
v=e'siny+c

f(z)=u+iv=e* cosy+ie* siny+ic

. S 1 iy : — :+ic
=¢* (cos y+isiny)+ic=e" e’ +ic=e
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m Show that (x, y) = x3 —3x y? is harmonic and find its harmonic conjugate

and the corresponding analytic function ffz) in terms of z.
Solution : Given y=x> 3y )2

ou _, 2 .2 ou
—=3x —3}) ,—:-—6xy
%

ox
*u o%u
and 2 = 6x, =- 6x
ox 8y*
1 ’u %u -0
Clearly. 522" 5,2

Hence u is harmonic.
Let v be the conjugate of u. Then

ov ou ou

v |
dv=——dx+_—dy =——dx+—dy (Using C - R equations)

& ey &y ox

o  dv=6xydc+(3x* -3 dy
Taking M = 6xy and N = 3x? — 3y%, we get

dv=M dc+ N dy
oM ON _
Now E=6;"‘

Hence (1) is exact differential equation

Integrating, v = Ide + J’N dy+c

(v constant) (only those terms which do not contain x,)

- Iaxymj(-syz)aw

y constant

R ))
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x2 y3
or vV=0y 5 -3 e +c=3x2y—y3+c

f@=u+iv=yx3 —3ch2 +i(3x2y—y3)+ic
= +35%(iy) + 3 () + ()’ ic
Of  f(z)=(x+iy)> +k where k=i c.
Note : The above result may be obtained by using Milne — Thomson’s method.

IZEETIER] Find & such that f(x,y)=x’+3kx)* may be harmonic and fiyg i |
conjugate. [JNTU 2004, 2004S, (K) Nov.2010 (Set No.1)| |

i

Solution : We have f(x, y)=x> +3kx y*

0
f—3x +3ky o f—6kxy ,

ox " Oy |

52 2 f
and —_{'—_-6 ,ﬂ=6kx

o o?

. - az

Since f(x,y) is harmonic, therefore gx;—pﬂLOy_{ =0

ie. 6x+6kx=0 e x(1+k)=0

ie. 1+k=0 (- x#0) or k=-1

Hence f(x,y)=x-3x y?

Let g(x,y) be the comjugate of f(x,y). Then
og , Og 5f f

dg=—= o —dx+ oy = @ a} (Using C — R equations)

= — 6kxy dx +(3x% +3k%) dy

or dg=6xydc+(3x>-3")dy (- k=-I)
This is exact differential equation.

Integrating, &= Iéx y dx + J.- 3y2 dy+c

y constant  only those terms which do not contain x.

2 3
X
=6y['2—J—3(ZB—J+C =3x2y_y3 +c

IMEPPYYNPYTA (£ 1/ ic 2 harmonis fimetinn chanr that e — .2 5. . » By e alacs
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W Find the conjugate harmonic function of the harmonic function # = x* -y
[JNTU 1998S]

S,OLL'.L"-Q-'-]—:- Given u=x?- 32 ()

: . Ou
pifferentiating (1) partially w.r.t. x, = 2x
2

... Ou

Again differentiating Py =2 2
au

Differentiating (1) partially w.r.t. y, 6y =2y

o o*u
Again differentiating, ? =-2 3

. 92}‘ o*u B

@+@gves,  Gzter=0

u is harmonic.
) . ) ; Ou ,0v_0Ou .Ou S
Let v be its harmonic conjugate. /'(2)=—"+ lgx-—-é;—lg}-— x+i2y

Using Milne-Thomson method, f’ (z) =
Integrating, we get f(z)=z"+c
u+iv=(x+iy) +ik where c=ik
=x’ —y2 +i2xy+ik =x2 -y’ +i(2xy+k)
Equating imaginary parts, v = 2xy + k is the required form.
Show that u(x,y)=e™* (xcos2y—ysin2y) is harmonic and find its
[JNTU 1998]

EXAmple(51

harmonic conjugate.
(or) Find the analytic function whose real part is u = e?*(xcos2y - ysin2y).

[INTU (H) Nov. 2009 (Set No. 3), JINTU (A) Nov. 2010 (Set No.2)]

Solution : Given u (x, y) =" (¥ cos2y~ysin 2y) (1)
ou 2 _ .
Differentiating (1) partially w.r.t. X, === e” [(217 +1) cos2y -2y sin 2}’]
2 .
Again differentiating, —a——;i =e* [(4x +4) cos 2y —4y sin 2y ] +(2)
ox

. ou _ o 2x[_ . 2 Yy g
leferentiating (1) partially W.I.t. y, —5})— =e [ 2xsin2y—2ycos2y—sin 2y]
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192 Engineering Mathematicg _ {g

Again differentiating,
62u 2x 62u : I
~2-¢ |~ (4x+4)cos2y+4ysin 2y |=-—— [using (2)] |
oy? [- (@x+4) ] ox? |
&u  u
o e |
u is harmonic. |
Let v be its harmonic conjugate

f'(z)=?ﬁ+z%

Ou

ou .
=—=i—, using Cauchy-Rie i
x> 5 g y-Riemann equations

|

= g2* [(2x+1)cos 2y —2ysin 2y] —iez’.‘ [~ 2x sin 2y -2y cos 2y—Siﬂ2y] |

Using Milne-Thomson method

f’(z) =% [(2z+l) cos 0—0] ~ie* (0) = g% (22+l) =37 27 422

Integrating, we get f(z)=z-¢* +c¢

or utiv=(x+iy) e ¥ 4 ¢

= (x +iy) e** (cos 2y +isin 2y)+c

= ¢ (x cos 2y =y sin 29)+7 [ " (xsin 2y + y cos 22)+&] wh k
€nc=j

Equating imaginary parts, we get v = e’ (2 sin 2y+y cos Zy) +k.

| @ o mmm . . PRI ~
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o — s - - e 4 i ¢ - R

&~ b
SELIULREEY Find the conjugate harmonic of u =¢® " cos 2xy. Hence find /() in terms
z.

of
. JNTU 2003S (Set No. 1
Solution : We have l ( )]
? ' 4
u=e" "V cos 2xy
ou 220 - Ll
B ¢ 7 (=sin2xy)(2y) 4 cos2xy e’ Y (2x)
g
=ee (xcosdx y - ysin2x y)
Ou ' s 3
and i ol 3. - , 2_2
= ¢ . 2 ) + o , SR Y -
Y (= sin2x ¥) (2x) + cos 2y y ¢ (-2y)
= -2 t."\'

_‘v‘ »
T (xsindx v+ yveos2xy)
Let v be the conjugate of x. Then

3 N O A
f(:) - (./'l - L\“ < ,‘ . t‘l‘

Sy e f e W v e f e (Usi i :

> ax a Oy (Using Cauchy — Riemann equations )
_N ,.\':—_\‘: . . - R . _:—2 .
=2e¢ (xcos2xy—ysin2xy)+i2¢" ¥ (xsin2x y+ycos2x y)

y i e - hOInbOn'b Ill&[hod . ( ) 1 ( i y i

-

Hence f(2)=2 e:: z-0)+i2 e:: (0+0) =2z&"

Integrating, £(z) = j2 zef &+c = Ietdt+c (putting 2% = i)

! 2
=e +c=¢ +c
U'riv:eu"-") +c=e(x -y )vl.?.xy_i_c
,IZ- 2 . _®
=e" ¥ (cos2xy+isin2x)+c
- - -2 -

=e' 7 cos2xy+i(¢" * sin2xy+k), where ¢ = i k
Bamesa 2 . 3
Wating imaginary parts, y=¢" ¥ sin2xy+4k

_

(]
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