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Wave equations:

The Maxwell's equations in the differential form are
vxF -7+
de

V- D=p
V- E=0
Let us consider a source free uniform medium having dielectric constant &, magnetic
permeability # and conductivity & . The above set of equations can be written as
—~ = 0F
VxH =gE+r— 329
af 526

—

5250

[59(:)
[5.29(d))

Using the vector identity ,
v><v><ﬁ=v-(v-ﬁ)—vu
We can write from 2
v><v><§=v-(v-§)—v2§
ag

“ it

Substituting ¥ *# from 1

?-(?-E)—TEE=—;J%[

But in source free( ' £ =0) medium (eq3)
ViR =,.:J.f<:I'E+,.urs'aa .
i
In the same manner for equation eqn 1
VXVxH =V (V- H|-V'H

= J(?XE) + e%(?x Ef)

|- 0H L2 _#aﬁ
g | Al T oa

Since V' =0 from eqgn 4, we can write
— aH 3*H
ViH = pa| |+ ue
H [ At J v
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These two equations

are known as wave equations.

Uniform plane waves:

A uniform plane wave is a particular solution of Maxwell's equation assuming electric
field (and magnetic field) has same magnitude and phase in infinite planes perpendicular to the
direction of propagation. It may be noted that in the strict sense a uniform plane wave doesn't
exist in practice as creation of such waves are possible with sources of infinite extent. However,
at large distances from the source, the wave front or the surface of the constant phase becomes
almost spherical and a small portion of this large sphere can be considered to plane. The
characteristics of plane waves are simple and useful for studying many practical scenarios

Let us consider a plane wave which has only Ex component and propagating along z .
Since the plane wave will have no variation along the plane perpendicular to z
a5, 38, _

e, xyplane, ¥ & . The Helmholtz's equation reduces to,

2
—‘f;* +EE, =0

The solution to this equation can be written as
E(2)=E (@) +E ()
= Bt 4+ B ol

By & &y are the amplitude constants (can be determined from boundary conditions).

In the time domain, £xZ-%) = Re(#, (z)e™)

£x(z.8) = B cos{at —kz)+ B cos(a +kz)

E&E;

assuming are real constants.

+ _ + _ +
Here, £x @) = &7 cos(a = 2] ronresents the forward traveling wave. The plot of &% (Z+2)
for several values of t is shown in the Figure below
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Figure : Plane wave traveling in the + z direction
As can be seen from the figure, at successive times, the wave travels in the +z direction.

If we fix our attention on a particular point or phase on the wave (as shown by the dot) i.e. ,
wt—kz = constant

Then we see that as t is increased to ¢+ £¢ | z also should increase to Z * £ so that
i+ A8 —ki(z + A7) = constant = @& — Sz
Or, @it =khz

fe @

Or, &k
When it —=1 ,

bz d=

lim —=—
we write #7? & df = phase velocity "%,

If the medium in which the wave is propagating is free space i.e., TG HT M

a 1

Ve

- - -c
Then m\"%fu N"ﬁ*rufn

Where 'C' is the speed of light. That is plane EM wave travels in free space with the speed of
light.

The wavelength 4 is defined as the distance between two successive maxima (or minima or
any other reference points).

) - [@t-k(z+ )] =27
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_ 27V _ Vs

Substituting , ey S
or, A =ve

Thus wavelength “also represents the distance covered in one oscillation of the wave.
Similarly, & (z.2) = By cos(at +iz) represents a plane wave traveling in the -z direction.
The associated magnetic field can be found as follows:
From (6.4),
v (2) = B e a,

1

= VxE
o

_ou_ ou 4
"% Tadme Ve
where HE is the intrinsic  impedance of the  medium.

When the wave travels in free space

m = F0 = 1207 = 37762
£o is the intrinsic impedance of the free space.

In the time domain,

,En-'-

E+(z,z) = ;y—cos(aﬂi - ﬁz)
A

Which represents the magnetic field of the wave traveling in the +z direction.

For the negative traveling wave,

E_(z,.ﬁ) =-a, E'?Jr Cos [mﬁ + ﬁzj

For the plane waves described, both the E & H fields are perpendicular to the direction of
propagation, and these waves are called TEM (transverse electromagnetic) waves.

The E & H field components of a TEM wave is shown in Fig below
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Figure : E & H fields of a particular plane wave at time t.

Solved Problems:
1. The vector amplitude of an electric field associated with a plane wave that propagates in

the negative z direction in free space is given by ﬁm =2ay +3ay\%n

Find the magnetic field strength.

Solution:

The direction of propagation ngis —a,. The vector amplitude of the magnetic field is then given

1
|~ _ A
by = (377 3ay 2ayj %n

/ﬂo
— 120n~377Q (Appendix D — Table D.1)
&

*note 77, =
2. The phasor electric field expression in a phase is given by

A

E =
Find the following:

[ax +Eyay+(2+ j5)az] e~ 12:3(-0.6x+08y)

A

1- Ey .
2. Vector magnetic field, assuming = ¢ ande = ¢, .

3. Frequency and wavelength of this wave.
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Solution:

1. The general expression for a uniform plane wave propagating in an arbitrary
direction is given by

E=BEpe AT

where the amplitude vectorﬁm, in general, has components in the x, y, and z

directions. Comparing equation 6.3 with the general field equation for the plane
wave propagating in an arbitrary direction, we obtain

B-r=PBxx+Byy+paz
=B (cos Bxx + cos B,y + cos 6,z)
=2.3(-0.6x + 0.8y + 0)

Hence, a unit vector in the direction of propagation ng is given by
ng = -0.6ax + 0.8ay.

Because the electric field E must be perpendicular to the direction of propagation ng, it must
satisfy the following relations:

nB.l:: =0

Therefore, (-0.6ax + 0.8ay) - [ax + l:jy ay+ (2 + j5) az] =0

-06+08E,=0

Hence, E y =0.75. The electric field is given by

E=|ax+Eyay+(2+j5) az] g~ 12:3(-06x+08y)

2. The vector magnetic field H is given by

ay ay a
-06 08 0
1 075 2+j5

_08(2+j5) _

H, = (4.24 + j106)*103
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~ 06(2+ j5) . 3
Hy=""——"= (318 j7.95)x10

g _06(075+08 3315103
£ 377 e

The vector magnetic field is then given by

= (ﬁx ay+Hy ay+1, az) o~ 12.3(-06x+08Y)

The wavelength A is given by

Reflection and Refraction at Plane Interface between Two Media:

Figure 6.7 shows two media with electrical properties ¢;and xq in medium 1, and ey and oy in
medium 2. Here a plane wave incident angle ; on a boundary between the two media will be
partially transmitted into and partially reflected at the dielectric surface. The transmitted wave is
reflected into the second medium, so its direction of propagation is different from the incidence
wave. The figure also shows two rays for each the incident, reflected, and transmitted waves. A
ray is a line drawn normal to the equiphase surfaces, and the line is along the direction of
propagation.
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Incident
rays Reflected
rays

Reflected
rays

Figure 6.7

The incident ray 2 travels the distance CB, while on the contrary the reflected ray 1 travels the
distance AE. For both AC and BE to be the incident and reflected wave fronts or planes of
equiphase, the incident wave should take the same time to cover the distance AE. The reason
being that the incident and reflected wave rays are located in the same medium, therefore their
velocities will be equal,

CB AE

V1_V2

ABsing; = ABsin g,

With this being the case then it follows that

What is the relationship between the angles of incidence & and refraction &r ?

It takes the incident ray the equal amount of time to cover distance CB as it takes the refracted
ray to cover distance AD —

CB AD

ViV
And the magnitude of the velocity V1 in medium 1 is:
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1

V1=—/—ﬂ1*81

And in medium 2:

1

CB = ABsing,
AD = ABsinég,

Therefore,

For most dielectrics wup = 14 = 1,

sSin g &
Therefore, et I 74
Slnet &1

M=t =M,

Equation 6.12 is known as Snell’s Law of Refraction.

Behavior of Plane waves at the interface of two media:
We have considered the propagation of uniform plane waves in an unbounded
homogeneous medium. In practice, the wave will propagate in bounded regions where several

values of £ # < will be present. When plane wave travelling in one medium meets a different
medium, it is partly reflected and partly transmitted. In this section, we consider wave reflection
and transmission at planar boundary between two media.

A

Medium 1 Medium 2
800 o, @
E r
[ ‘—i’

Hy
E
i}—-— ~
H;

By
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Fig 6 : Normal Incidence at a plane boundary
Casel: Let z = 0 plane represent the interface between two media. Medium 1 is characterised by

IiEl”'s*rl’“crljand medium 2 is characterized by RN .Let the subscripts 'i' denotes incident,
r' denotes reflected and 't' denotes transmitted field components respectively.
The incident wave is assumed to be a plane wave polarized along x and travelling in medium 1

Eal

along % direction. From equation (6.24) we can write

fay

E, (2) = B ay
— 1 ~

b

=

and ot JjwE, )

where 1 ~Aliet (G + @)

Because of the presence of the second medium at z =0, the incident wave will undergo partial

Ll

reflection and partial transmission.The reflected wave will travel along “ in medium 1.
The reflected field components are:

The transmitted wave will travel in medium 2 along “ for which the field components are

—_ i
= —FE
Er=EBpea,

1 = e (0 + jes)

where

In medium 1,

E\=Fi+Rrgng H1=Hi+H,

and in medium 2,

By =PFigng Hz2 = H:

Applying boundary conditions at the interface z = 0, i.e., continuity of tangential field
components and noting that incident, reflected and transmitted field components are tangential at

the boundary, we can write
Sreenivasa Institute of Technology and Management Studies, Chittoor
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Ei{0)+ B (0)= B {0)
& (0)+He(0)=H:(0)
From equation 3to 6 we get,
E‘.il:i' + E?’r:' = E!‘l:i'

B B By

oo

Eliminating E ,
E, &, _1
o Th T

_—i =E‘mI l+i
T o T

(B * &y )

is called the reflection coefficient.
From equation (8), we can write

is called the transmission coefficient.
We observe that,

T = 21, _ My i R —1+T
R, T,

The following may be noted
(i) both *and T are dimensionless and may be complex
(ii) 0< ]z <1

Let us now consider specific cases:
Case I: Normal incidence on a plane conducting boundary

. . . . o, = |:| . . . T, =
The medium 1 is perfect dielectric (o1 )and medium 2 is perfectly conducting (o )
Sreenivasa Institute of Technology and Management Studies, Chittoor
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My =

h= \/[fmﬂlj Jjoe)
=J@EE = J8

From (9) and (10)

t=-1

and T =0

Hence the wave is not transmitted to medium 2, it gets reflected entirely from the interface to the
medium 1.

—

S Ei(z) = B g, - B o™ a, =-2jE, sin fza,

o

o (z.£) =Re [—EJE',E-‘, sl ﬁze*""”]cx’; =28, sin fzsin mﬁgx

&
Proceeding in the same manner for the magnetic field in region 1, we can show that,

— ~ 2R
Hl[z,ﬁj =a, 2 oos fzcos @

T
The wave in medium 1 thus becomes a standing wave due to the super position of a forward

travelling wave and a backward travelling wave. For a given ' t', both £iand ivary
sinusoidally with distance measured from z = 0. This is shown in figure 6.9.

mr = Fags2

“-,___‘_“

o NN
v N

Wl = & it = g2

fa) Ep versus g o=
parmer
conduUetor

o= gl
(b) Hy versus 2 wr e sl =0

Figure 7: Generation of standing wave
Zeroes of E1(z,t) and Maxima of Hy(z,t).
Maxima of E1(z,t) and zeroes of Hi(z,t).
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soccurat Bz =-am orz= —925

boccur at Sz =~ (2 +1)?—;

or = —[2?2 +1)§, a=0172%2. .

Case2: Normal incidence on a plane dielectric boundary : If the medium 2 is not a perfect

conductor (i.e. 0y~ =) partial reflection will result. There will be a reflected wave in the

medium 1 and a transmitted wave in the medium 2.Because of the reflected wave, standing wave
is formed in medium 1.

From equation (10) and equation (13) we can write
E1=E, (e_"x + l"e"z:lgx

Let us consider the scenario when both the media are dissipation less i.e. perfect dielectrics (
=0, e, = D)

W= =08
Yo = J@JLE, = 05

In this case both 71and 72 become real numbers.
EE'H = &;.;E'iﬂ (e'ﬁ'x + re”ﬁ)
= &xﬁ'&, ([1_ +T) oIBE LT (me _ é—.r;ﬁnx):l
= axB, [Te™% +T(2jsin §2))
From (6.61), we can see that, in medium 1 we have a traveling wave component with amplitude
TEi, and a standing wave component with amplitude 2JEi,. The location of the maximum and the

minimum of the electric and magnetic field components in the medium 1from the interface can
be found as follows. The electric field in medium 1 can be written as

E = &;.;E,-‘,e‘”" (1 + l"é"ﬂ’ﬁx)

If 72 7 Tije T'>0
The maximum value of the electric field is

& -7 (0+7)

and this occurs when

28z . =—Zn

Sreenivasa Institute of Technology and Management Studies, Chittoor




ELECTROMAGNETIC FIELDS AND TRANSMISSION LINES DEPT.ECE g4

.. |
The minimum value of is
& -2 (-1)
And this occurs when
282 = ~(2n+ )7
A

o = —[233 +1:|—
or

For "2 <™ je <o

1-T)

E
The maximum value of | 1|is By

which occurs at the zmin locations and the minimum

value of |§1|is E,(1+T)

(6.66).

which occurs at zmax locations as given by the equations (6.64) and

.

From our discussions so far we observe that |E|mn can be written as
|2 _ 1+

2

=

The quantity S is called the standing wave ratio.

<M < .
As Ve IF< Lthe range of S is given by 1 £ & =co
From (6.62), we can write the expression for the magnetic field in medium 1 as

El = a}. E_‘:'?E_J:ﬁlx (1 _ l-éjﬂﬁx)
0}

From (6.68) we find that |H1| |El|

versa.

In medium 2, the transmitted wave propagates in the + z direction.

will be maximum at locations where iSs minimum and vice

Brewster Angle:
Brewster angle is defined as the angle of incidence at which there will be no reflected wave. It
occurs when the incident wave is polarized such that the E field is parallel to the plane of
incidence.

Brewster Angle — (from Brewster’s Law), the polarizing angle of which (when light is
incident) the reflected and refracted index is equal to the tangent of the polarizing angle. In other

words, the angle of incidence of WRIER eSS HEHEEHR nt studies, chittoor

From the reflection coefficient expression-
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. 1y C0s 8, — 1, c0s6;
1™ 1, cos6; + 1, cos 6

It can be seen that there is an angle of incidence at fll =0. This angle can be obtained when
17, COS6; = 17, C0OS Gy

L.
COSj = — COS G

T

The angle of incidence g; , at which fn =0, is known as the Brewster angle. The expression for
this angle in terms of the dielectric properties of media 1 & 2, considering Snell’s Law for the

special case 14 = o = 1,1
singi Vi1 &2
singy Vo \ e

,Ll]_:ﬂz :lLlo

This condition is important, because it is usually satisfied by the materials often used in optical
applications.

Equation 6.19 will take the form —

€1
CoSHj = ,|— COSb;
€2

Square both sides of equation 6.20 and use Snell’s Law for the special case of 14 = pp = u, for
the following result:

P € _
c0s? 6~ = cos? O = —1(1 —sin? Ht)
&2 &2

:j—;(l—sinzei)

The last substitution was based on Snell’s Law of refraction. Therefore,

G
(l— sin? Hi) =— - —zsinz o;
&
Sreenivasa Institute oZTech‘gglogy and Management Studies, Chittoor
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& .
1-“L = sin2g;
&2

) &
sin? O; = 2
&t &

The Brewster angle of incidence is

. £2
sin 6; = 52+ 1

A specific value of 6; can be obtained from equation 6.21 -

&2
1- cos? O; =
&t &

&2 &1
cos? g =1- = =
g2+ &1 &+ &

‘1

COS 6 =
&+ &

From equations 6.22 & 6.23 —

&
tan6'i:‘/;2
1

This specific angle of incidence 6jis called the Brewster angle 6.

1 |&2
Op=tan1 |-%
B &1

Critical angle:

In geometric optics, at a refractive boundary, the smallest angle of incidence at which total
internal reflection occurs. The critical angle is given by

P . . . .
B]eemvasa Institute of Technology and Management Studies, Chittoor



https://www.its.bldrdoc.gov/fs-1037/dir-017/_2454.htm
https://www.its.bldrdoc.gov/fs-1037/dir-002/_0294.htm
https://www.its.bldrdoc.gov/fs-1037/dir-037/_5510.htm
https://www.its.bldrdoc.gov/fs-1037/dir-037/_5510.htm

ELECTROMAGNETIC FIELDS AND TRANSMISSION LINES DEPT.ECE 4,

Where Oc is the critical angle, n 1 is the refractive index of the less dense medium, and n 7 is the
refractive index of the denser medium.

Angle of incidence: The angle between an incident ray and the normal to a reflecting or
refracting surface

Total internal

Critical angle reflection

Refraction of light at the interface between twa media, including total internal reflection.

Total Reflection at Critical Angle of Incidence

In the previous section it was shown that for common dielectrics, the phenomenon of total
transmission exists only where the electric field is parallel to the plane of incidence known as
parallel polarization.
There is a second phenomenon existing for both polarizations:
e Total reflection occurring at the interface between two dielectric media
e A wave passing from a medium with a larger dielectric constant to a medium with
smaller value of ¢

Snell’s Law of refraction shows —

singi _ &2 Sing: —
Siﬂ@t &1 ! oY)

sin 9t

€

Therefore, if g1 > &p,and 6; > 6; then a wave incident at an angle &; will pass into medium 2
at a larger angle ;.

Definition:
6, (critical angle of incidence) is the value of @, that makes 6, = /2, see Figure 6.13.

Substitute 6 =n/2 in equation 6.26 to get —

. &9 . &
5|n90=1/—,0r G =sint /—2
&1 &1
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Figure 6.13 illustrates the fact that& > & ,if & > &,. The critical angle 6.is defined as the
value of g;at which 6 =mn/2.

Envision a beam of light impinging on an interface between two transparent media where
nj < n¢. At normal incidence (6= 0) most of the incoming light is transmitted into the less

dense medium. As 6; increases, more and more light is reflected back into the dense medium,
while & increases. When & =90°, 6;is defined to be 6. and the transmittance becomes zero.
For 6,> 0. all of the light is totally internally reflected, remaining in the incident medium.

Poynting Vector and Power Flow in Electromagnetic Fields:

Electromagnetic waves can transport energy from one point to another point. The electric and
magnetic field intensities asscociated with a travelling electromagnetic wave can be related to the
rate of such energy transfer.
Let us consider Maxwell's Curl Equations:
3B

de
vxH=F+22

dt

Using vector identity

THE =

?.(EX§) —HVE-EVxH

the above curl equations we can write

7Y _Fl7422
i o

Sreénivasa Insti{ute of Technology and Management Studies, Chittoor
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ar, T(EXEJ =-

In simple medium where < #and = are constant, we can write

798 _ 31 Hg]

Tar a2

Y JL.c .
d  de) 2 and EJ=0F

~ = afl 1
.'.?.(EXH)=—— e B+ uH |- oF
alz 2

Applying Divergence theorem we can write,

(EXE)..::‘S=—E Yeme L ay - (omtay
il 2 2

d a1 1

a_,[[EE E* *3 HE]W
¢ represents the rate of change of energy stored in the electric
JJEW

The term

and magnetic fields and the term represents the power dissipation within the volume.
Hence right hand side of the equation (6.36) represents the total decrease in power within the
volume under consideration.

§(B-F)as-¢Pas
The left hand side of equation (6.36) can be written as where = ExH
(W/mt?) is called the Poynting vector and it represents the power density vector associated with
the electromagnetic field. The integration of the Poynting vector over any closed surface gives
the net power flowing out of the surface. Equation (6.36) is referred to as Poynting theorem and

it states that the net power flowing out of a given volume is equal to the time rate of decrease in
the energy stored within the volume minus the conduction losses.

Poynting vector for the time harmonic case:

For time harmonic case, the time variation is of the form é‘m, and we have seen that

instantaneous value of a quantity is the real part of the product of a phasor quantity and ™ \when
cos @ js used as reference. For example, if we consider the phasor

E[z) = a:: E.(z)= .:;:: EgiFE
then we can write the instanteneous field as
E[z,.ﬁ:l =Ee [E[z) é"i""’t] = B cos( @t — 8z) c;;

when Eo
Let us consider two instanteneous quantities A and B such that

A=Ee [Agj‘”’) = |ﬂ|go§lfqggiwag3)nstitute of Techn%logy and Management Studies, Chittoor
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H=Ee [Béj‘"’) = |B| cos (@t + &)

where A and B are the phasor quantities.
o, A"l

B =|B|e”

Therefore,

Af = |ﬂ|cos|[mﬁ + &)|B|cos[mﬁ + ﬁ)

=gmwwmqa—m+mm@m+a+ﬁﬂ

Since A and B are periodic with period & | the time average value of the product form AB,
denoted by 45 can be written as

— 1f
AB = —Jﬂﬂcx’z
7

Further, considering the phasor quantities A and B, we find that
45" = |l Bl = |4]g]e

Re(AB') =|4||8|cos (@~ 8)

and , Where * denotes complex conjugate.

— 1 .
N B=§Re(_&3)

The poynting vector £ = Z* can be expressed as
P-a,(BH,-EH,)+a (BH, - EH,)+ a,(EH, - BH,)
E?i'

If we consider a plane electromagnetic wave propagating in +z direction and has only
component, from (6.42) we can write:

Be=E (z.0)H,(z.6)a
Using (6)
A_?::xav = %RE [Ex I:z) H}I' [Z)ﬂn

Em=%RﬂEJQXHﬂﬂ)

— n — o
= Sreeni st | dM t Studies, Chitt
E(Z]I Ex (Z:I a, aﬁgmﬁ%l}n ERqufZ'I}e&l;Ino 1c:ng and Management Studies, Chittoor
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For a general case, we can write

E. =%Re(§x§'

. . . . . 1_5@ =Fe (EJ
and time average of the instantaneous Poyntlng vector Is given by .

Solved Problems:

1. Calculate the polarization angle (Brewster angle) for an air Water(gr =81) interface at
which plane waves pass from the following:
(a) Air into water.
(b) Water into air.
SOLUTION

1. (a) Airinto water:

The Brewster angle is then given by

&
05 =tant =2 =6.34°
&

Therefore,
0= tan—14/81 = 83.7°

(b) Water into air:
ér1 =81 and &2 = 1

1
=tan1,/—-=6.34°
0p =tan a1

To relate the Brewster angles in both cases, let us calculate the angle of

Hence,

refraction.
singi  |&2
sin Qt &1

Therefore, in case a,

sin QB

=81

%ﬁ\fasa Institute of Technology and Management Studies, Chittoor
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Therefore,

) sin83.7
sin6; = 9 =011

Or 6; = 6.34°, which is the same as the Brewster angle for case b. Also, the angle of refraction
in case b is given by Snell’s Law as:

Siﬂ@B_ Eo _\/I
singy 81l¢, V81

sin 6.34°
sin6; = —1 =099

Therefore,

81
Or 6y =83.7°, which is the Brewster angle for case a.

2. The index of refraction of liquid is 1.9. What is the critical angle for a light ray travelling in
the liquid toward a flat layer of air?

Solution

The critical angle is determined by the following expression (Snell’s law, in which the angle of

0
90°).

refraction is

n, sin 8., = n, sin 90°

Here ™1 = 1.9 is the index of refraction of medium 1 (liquid), np =1 is the index of
refraction of medium 2 (air). We substitute the known values in the above expression and find
the critical angle

3. Find the critical angle for total internal reflection for light going from ice (index of refraction
= 1.31) into air.

Solution

The critical angle is defined as the angle of incidence for which the corresponding angle of

90Y

refraction is . Then the Snell’s law takes the following form

n, sin 8., = n, sin 6,

n; = 1.31 BCTis the unknown critical

Here is the index of refraction of medium 1 (ice),




ELECTROMAGNETIC FIELDS AND TRANSMISSION LINES DEPT.ECE

1.31sin 6., = 1sin90° = 1

Then

1
6. =sin"1—— = 49.76Y
“r 1.31
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