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PRE-REQUISITES: Algebra, Calculus, Differential equations, Real Analysis

COURSE EDUCATIONAL OBJECTIVES:

1. To analyze the functions of complex variable with a review of elementary
complex Functions and to learn continuity, differentiability and analyticity of a
complex function

2. To understand the Taylor and Laurent expansion with their use in finding out
the residue and improper integral.

3. To develop skill to analyze appropriate method to find the root of the Algebraic
and Transcendental Equations and to develop skill to apply the concept of
interpolation

4. To learn the method of evaluation of numerical derivative, numerical
integration

5. To learn the method of evaluation of solve ordinary differential equations
numerically using numerical methods.

UNIT I : Complex Variable - Differentiation 09
Introduction to functions of complex variable-concept of Limit & continuity- Differentiation,
Cauchy-Riemann equations, analytic functions harmonic functions, finding harmonic
conjugate-construction of analytic function by Milne Thomson method.

UNIT II: Complex Variable - Integration 09
Line integral, Cauchy’s integral theorem(Simple Case), Cauchy Integral formula, Power
series expansions: Taylor’s series,Laurent’s series, zeros of analytic functions,

singularities, Residues, Cauchy Residue theorem (without proof).

UNIT III:Solution of Algebraic & Transcendental Equations and Interpolation 09
Introduction-Bisection Method-Iterative method, Regula-falsi method and Newton
Raphson method Finite differences-Newton’s forward and backward interpolation formulae
- Lagrange’s formulae.

UNIT IV:Numerical Differentiation, Numerical Integration and Curve Fitting 09
Numerical differentiation: Newton’s forward and backward formulae

Numerical integration: Trapezoidal rule - Simpson’s 1/3 Rule - Simpson’s 3/8 Rule

Curve fitting: Fitting of straight line, second-degree and Exponential curve by method of
least squares.

UNIT V:Solution of Initial value problems to Ordinary differential equations

09
Numerical solution of Ordinary Differential equations: Solution by Taylor’s series-Picard’s
Method of successive Approximations-Euler’s and modified Euler’s methods-Runge-Kutta
methods (second and fourth order).
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COURSE OUTCOMES:
On successful completion of the course,students will be able to POsrelatedtoCOs

CO1 | Analyze limit, continuity and differentiation of functions of complex | PO1,PO2,PO3
variables and Understand Cauchy-Riemann equations, analytic
functions and various properties of analytic functions.

CO2 | Understand Cauchy theorem, Cauchy integral formulas and apply | PO1,PO2,PO3
these to evaluate complex integrals. Classify singularities and poles;
find residues and evaluate complex integrals using the residue
theorem.

CO3 | Apply numerical methods to solve algebraic and transcendental | PO1,PO2,PO3
equations and to Derive interpolating polynomials using
interpolation formulae.

CO4 | Demonstrate knowledge in finding the numerical values to |PO1,PO2,PO3
derivatives, integrals through different mathematical methods and
constructing a curve, or mathematical function, that has the
best fit to a series of data points

CO5 | pemonstrate knowledge in solving ordinary differential equations PO1,P02,PO3
numerically through various methods

TEXT BOOKS:
1. B.S.Grewal,Higher Engineering Mathematics, KhannaPublishers,2017, 44 Edition
2. S S Sastry, Introductory Methods of Numerical Analysis, PHI Learning Private
Limited.

REFERENCE BOOKS:
1. Erwin Kreyszig, Advanced Engineering Mathematics, John Wiley & Sons, 2018, 10"
Edition.
2. B.V.Ramana, Higher Engineering Mathematics, by Mc Graw Hill publishers
3. R.K.JainandS.R.K.Iyengar,Advanced Engineering Mathematics, Alpha Science
International Ltd.,2021 5™ Edition(9th reprint).
ONLINE LEARNING RESOURCES:
1. https://onlinecourses.nptel.ac.in/nocl7_mal4/preview
2. https://onlinecourses.nptel.ac.in/noc20_ma50/preview

3. http://nptel.ac.in/courses/111105090
CO\PO | PO1 | PO2 | PO3 | PO4 | PO5 | PO6 | PO7 | PO8 | PO9 | PO10 | PO11 | PO12
CO.1 3 3 3 - - - - - - - - -
CO.2 3 3 3 - - - - - - - - -
CO0.3 3 3 3 - - - - - - - - -
C0.4 3 3 3 - - - - - - - - -
CO0.5 3 3 3 - - - - - - - - -
CO* 3 3 3 - - - - - - - - -
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Complex variable - Differentiation

Function of a complex variable

Limit, continuity and differentiability of a function

Analytic functions

Harmonic functions

Procedure of finding derivative of a complex function

Construction of analytic function given real or imaginary part —

Milne Thomson’s method

Pre-requisites:

Consider the quadratic equation, m? +1=0. This equation does not possess solution in reals. This

difficulty was overcome by introducing the imaginary unit i defined as i> =—1or i=+/-1 Thus
the system of real number is extended to the system of complex number. Here i is called
imaginary number.

The numbers of the form z = x+iy where x , y are real numbers and i = V-1 known as

imaginary unit are called complex numbers
The real number x is called the real part and the real number vy is called the imaginary

part of the complex number z . These are denoted by Re(z )and Im ( z).
z=x+iy=>Re(2)=x,Im(2) =y

The complex number is purely real if y=0 and it is purely imaginary if real part is O.

The set of complex numbers is denoted by C. All real numbers are complex but all
complex numbers need not be reals.
Two complex numbers z; =a+ib and z, =c+id are said to be equal if their real and

imaginary parts are separately equal, iez; =z, => a+ib=c+id =>a=c and b=d.

The sum of two complex numbers z; =a+ib and z, =c+id is the complex number
(@a+c)+i(b+d)

The product of two complex numbers z, =a-+ib and z, =c+id is the complex number
2,2, =(ac—hd)+i(ad +bc)

If z=x+iy is any complex number, then the complex number Z = x—iy is called the
conjugate of the complex number z. Further zZ = (X +iy \x —iy) = X + y2.

A complex number and its conjugate satisfy the following properties:
I) Ly =71 ° 1) II) Zli‘ZZ = Z]_iZZ
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iy  z+2=2Re(2) iv) z—Z=2ilm(z).

e % —cosO+ising
ig -6 io —-i@
e’ +e . e’ —e
e COS/=———, SNO=———
2 2

cos(i@) = cosh 8, sin(i@) = isinh 6.

If n is any rational number then (cos@ +isin )" = cosné +isin né.

1.1 Complex plane:

The complex numbers can be represented by means of points on the plane. The plan on which the
representation is carried out is called complex plane or Argand plane. We can represent the
complex number of the form z =x+iy asa point P(x,y) as shown in the Cartesian plane, called

complex plane or z—plane. The x -axis is called the real axis and y -axis the imaginary axis. If ¢
is the angle made by OP with the x -axis and OP=r, then we have

X =rcosd,y =rsin0= |z = J¥2+y% =r and = tan_ltl) =ampz.
X

Here r is called radius vector or the modulus of the complex number and ¢ is called amplitude
of z or the argument of z denoted as amp(z) or arg(z).

. zZ:x2+y2:|z|2 and || =vzz

4 _|z
o 71075 =|(Z1|®|Zo|, — =|—|.
o2l =faeledh 1 |t
« amp(z1z,) = amp(z; )+ amp(z,), amp(zz—lJ = amp(z;)—amp(z,)
2

e Complex number in i) Cartesian form: z = X +1y
ii) Polar form: z = r(cos@ +isin 0)

iii) Exponential form: z = re'?.
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1.2 Function of a complex variable:

Let D be the set of complex numbers and zandw be two complex variables. The complex
variable w is said to be a function of the complex variable z, if to every value of z in the domain
D, there correspond one or more values of w. This is denoted by w=f(z). Ex:

1 . . .
w=e’,w==,w=sinz etc.are functions of complex variable.
z

1.3 Limit, continuity and differentiability of a complex function:
1.3.1 Limit of a complex function:

A function w= f(z) is said to tend to limit | as z tends to z,if for every & > 0,there exists as
5>0suchthat [f(z)-1|<e forall |z-zy|<0.

The above definition implies that the value of f(z) can be made arbitrarily close to | forall z in
the neighborhood of z,, except perhaps atz = z,. Symbolically, we can write lim f(z)=1.

-7,
1.3.2 Continuity of a function of a complex variable:

A function f(z) of complex variable z,is said to be continuous at a point z ,if

i.  f(z)isdefinedatz=z,.

i.  lim f(z) exists.
770

i.  lim f(z)=f(z,)
77
Note that the sum, difference and product of continuous functions of a complex variable are

continuous. And the function f(z) is said to be continuous in a domain D if it is continuous at
every point in D.

1.3.3 Differentiability of a complex function:

A function f(z) is said to be differentiable at a point z =z if lim w exists. This limit
1, -7

is called the derivative of f(z) atz =z, and is denoted by f'(z,). Let z =2y + &z, f'(z9)=

im f(zy +2)— f(zo).
-7, bo 4
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Note:

Neighbourhood of a complex number z:

Let r be a finite number, neighbourhood of a complex number z is defined as |z - zo| =r or

lz—1zg|<r

Consider z=Xx+1y .. g =Xg +1Yyg

|Z_Zo|:|x+iy_(xo +iy01:r:>\/(x_xo)2 +(y_yo)2 =r= (X_Xo)2 +(y—yo)2 =r

Hence neighbourhood of any point zgin the complex plane is the circle centered at z, and

having radius r and |z —z,| <r represents only the interior points of the circle centered at z( and

radius r.

1.3.4 Analytic function:

A function f(z) of a complex variable is said to be analytic at a point z,, if it is differentiable at

z, and also at every point of some neighbourhood of z,. A function f(z) is said to be analytic

in a domain D, if it is analytic at every point in D. It is also called as regular function or
holomorphic function.

14 Cauchy-Riemann Equations:
Theorem:

A necessary condition that f(z)=u(x,y)+iv(x,y) be analytic in a domain D is that the first order
derivatives of u and v with respect to x and y must exist and satisfy the equations

Z—u =%, %u = —% . These equations are called Cauchy-Riemann equations in Cartesian form.
X

Proof:

Given that f(z) is analytic in a domain D. Therefore f(z) has a derivative

£1(2)= 52"20 f(z+ é;z)— f(z)

We have f(z)=u(x, y)+iv(x, y)

s+ &) =u(X+ X, y+ )+ iv(x+ K, y+F).
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& =X+idy

fro)= tim MOy ) rivice oy + 3y )|-fulx, y)+ivix,y)
&—0 &

)= tim WOV EI)UNY) g gy Vordyrd)vixy) g
-0 o &—0 b
Case 1: Let oz be purely real. Thus ¢ =0, = & .
t(2)= lim u(x+8 y+d)-u(xy) o oo VXK y+F)-v(xy)
X—0 X &0 &
f)= tim GEFY)uGY) o Vs y)-vixy)
a2—0 X &—0 X
f’(z):éj—az+i% 2)
Case 2: Let Oz be purely imaginary. Thus ok = 0,0z =iy
~f(2)= lim u(x+ &, y +8y)—u(x, y)+i i V(X +, y+dy)-v(x, y)
&—0 iy &—0 ioy
= t(2)= lim u(x,y+§y)—u(x,y)+i i v(x,y+)-v(x,y)
&—0 idy F—0 iy
frg) =1 Y
ioy oy
.ou  ov
fllz)=—1—+— 3
= f(2) |8y+8y (3)

Since f/(z) is unique, the right sides of (2) and (3) are equal.

ou .ov _ .o0u ov
—+i +
OX  OX oy oy

Equating real and imaginary parts we get,

u_v v

X oy ey o
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Note:

i) f(2) analytic= V, i) Z_i =Z_; , %” - —%. need not imply f (z) analytic.

Sufficient Conditions:

The sufficient conditions for the function f(z)=u+iv,to be analytic at any point in the domain
are

i) u,v and their partial derivatives Ll ,@ , il and ? are continuous at that point.
y

ox 0oy Oox

if) C-R equations are satisfied at that point.

15 Cauchy-Riemann equations in polar form:
Statement:

A necessary condition that f (z) =u(r,)+iv(r,0) be analytic in a domain D is that the first order
derivatives of uand vw.rt rand & must exist and must satisfy the equations

u_lov i —r@. These equations are called C-R equations in polar form.

o roo oo or
Proof:

Giventhat f(z) is analytic in the domain D.

- f(z)=lim fera)-t@ exists.

&0 o
And we have f(z)=u(r,8)+iv(r,0) and f(z+d&)=u(r +,0+®)+iv(r+o,0+8)

[u(r+or,0+ 8 )+iv(r + 6,0+ )| [u(r,0)+iv(r,0)]

- )= fim, g
t(z)= lim ulr +o1,6-+ ) -u(r 9)];[V(r + 8,0+ 8)-v(r,0)] Q

We have z = re'?
oA =25r +z§0
o o2

o =e%r +ire'’®



N SREENIVASA INSTITUTE OF TECHNOLOGY AND

\"YB" MANAGEMENT STUDIES :: CHITTOOR
\u, J (Autonomous)

Department of Mathematics

Equation (1) becomes f'(z)= lim l (r+&’9+&9)_u(r’9)]+i lim Mr+&.6+ ) -v(r.0)

a2—0 foA a—0 x

)

Case 1: When 6 - 0,6 - 0 and put & =0

Equation (1) becomes,

£/(2)= lim [u(r+5r,¢9)—u(r,9)]+i i V(r+6r,6+3)-v(r,0)

r—0 eieé‘r x—0 ema'
ZigOU . _jp OV
f'(z)=e7? = +ie? = 3
(2) or or )

Case 2: When & — 0,8 — 0 and put & =0
Equation (1) becomes,

£(2)= lim [u(r,0+8)-u(r,0)] V(r,0+)-v(r,0)]

- +i lim -
800 ire'’® -0 ire'’
—ie7 ou e av
f'(z) = —+ — 4
(2) r o6 r or @

Comparing (3) and (4),
lov _ou ov_ du

—_— =, r—= _
rog or or 00
1.6 Harmonic Functions: (Laplace equation)

2 2
The equation %+% =0 is called Laplace equation in two dimensions.
X

The Laplace equation is of great practical importance and occurs frequently in the study of fluid
flow, heat conduction, gravitation and electrostatic

Any function ¢(x, y)which possesses continuous partial derivatives of the first and second order

¢5¢

and satisfy the Laplace equation — p~; =0 is called a harmonic function.
X
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1.6.1 Theorem: (Cartesian form)
Statement:

The real and imaginary parts of an analytic function f(z)=u(x y)+iv(x,y) are harmonic
functions.

Proof:

Given f(z)=u(x, y)+iv(x,y) is analytic function.

We are supposed to prove that u and v are harmonic functions.
Since f(z) is analytic, C-R equations are satisfied.

ou _ ov

FolFy @
ou ov
v~ )

Differentiate (1) w.r.t x and (2) w.r.t y, we get

’u _ o%v o’u 8%
ox®  Oyox 2 oxoy

St T ———=0 = uis harmonic function.
OX oy~ Oyox  Oxoy

Differentiate (1) w.r.t y and (2) w.r.t x and adding the equations we get,

Xt oyl

1.6.2 Theorem: (Polar form)
Statement:

The real and imaginary parts of an analytic function f(z)=u(r,6)+iv(r,) are harmonic
functions.

Proof:
Given f(2)=u(r,8)+iv(r,6) is analytic.

We are supposed to prove that u and v are harmonic.
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Since f(z) is analytic C-R equations are satisfied.

ou_1lov

1
8r r 69 @
a_uz_r@. (2)
00 or

Differentiate (1) w.r.t rand (2) w.r.t  we get,

o%u au 0%
r—+—=——
or: or orod
6%u 1ou 1 0%
N _

e ®
or: ror rorol
d%u 0%
592 o6or
1 o%u 1 0%
=t (4)
2 50 r o6or

Addmg (3) and (4) we get,

6%u lou 1 d%u
-— ——+———0 = u is harmonic.

or? rar r?p6?

Differentiate (1) w.r.t ¢ and (2) w.r.t r and adding we get,

62V 1ov, 1 o%v . )
Z - —:0.:>v is harmonic.
ar2 ror r? 06?2

1.6.3 Theorem:
Statement:

If f(z)=u(x,y)+iv(x,y) is analytic function in the domain D of the complex plane, then

u=c, and v=c, where C, and C, are constants, represent orthogonal family of curves.

Proof:

Given f(z)=u+ivis analytic function

And u(x,y)=c; (1)
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v(x,y)=c, )
Differentiate (1) w.r.t x we get,

au
ox oy dx dx ou
oy

Again differentiate (2) w.r.t y we get,

v
o vdy o dy_ |
ox oy dx dx o

oy

Since f(z)=u(x,y)+iv(x,y)is analytic function, we have C-R equations: GRS —
ox oy oy OX

ou [ ov ou | _ou

: _ox || ox 2| ox || Y |2
A TR | v AT e

oy Jlay) Lay )l ox

This shows that the curves u(x,y)=c, and v(x,y)=c, cut orthogonally.

Note:

If f(z)=u+iv is analytic function then v is an harmonic conjugate of u and vice-versa.
Procedure of finding derivative of a complex function:

1. Given f(z) , replace z by x+iy or re'?. And find the real part of f(z)i.e. U and imaginary
partv.

2. Verify whether f(z) is analytic or not. If so, find f '(z) using the relevant formula

f'(z)=u, +iv, or f'(z)=e"(u, +iv,) where uxza—u, vxza—v,ur:a—uandvr:a—v.
OX OX or or

12
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Problems:

1. Find the complex derivative of f(z)=z
Solution:

Given f(z)=z

= f(z)=x+iy
Su=xv=y

Consider u, =1, v,=0, v, =1and u, =0

Clearly M- oy ,6_u S 0. C-R equations are satisfied
ox oy oy X

And all the partial derivatives are continuous. .. f(z) is analytic.
We have f'(z)=u, +iv,

f'(z)=1+i0=1
2. Find f'(z) if f(z) =e®

Solution:

Given f(z) =e?

X+iy

= f(z)=e*" =e*e" =e*(cosy+isiny)

=u=e"cosy,v=e’siny

X X ot X ot X
Now u, =e*cosy,u, =—e*siny,v, =e*siny and v, =e* cosy.

Clearly M- =e* cosy , N —Q. C-R equations are satisfied.
ox oy OX

oy

And all the parial derivatives are continuous. .. f(z) is analytic.

We have f'(z)=u, +iv,

f'(Z):eX cosy+i exsiny =eX(eiy):ez .

13
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3. Find f'(z) if f(z) =e* +z.
Solution:
Given f(z) =e* +z.
= f(z)=e""V + (x+iy) =e*e"” + (x+iy)
=e*(cosy +isiny) +x+iy
=u=e*cosy+x,v=esiny+y
Now u, =e*cosy+1u, =—e*siny
v, =e*siny and v, =e* cosy +1.

Clearly M- =e*cosy+1, u_ —@. C-R equations are satisfied
ox oy oy X

And all the partial derivatives are continuous. .. f(z) is analytic.
We have f'(z)=u, +iv,
f'(z)=e*cosy +1+i(e*siny)
f'(z)=e? +1.
4, Find f'(z) if f(z) = cosz.
Solution:
Given f(z) = cosz.
= f(z)=cos(x+iy) = cos x cos(iy)—sin xsin(iy)
=cosxcoshy —isinxsinhy

= u=cosxcoshy,v=-sinxsinhy

Now u, =-sinxcoshy,u, =cosxsinhy,v, =—cosxsinhyand v, =—sinxcoshy
Clearly NN : N —@. C-R equations are satisfied
x oy oy ox

And all the partial derivatives are continuous. .. f(z) is analytic.

14
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We have f'(z)=u, +iv,
f'(z)=—sin xcoshy —icosxsinhy
f'(z) = —sin xcos(iy) — cosxsin(iy) = —sin(x +iy) = —sin z.
5. Find f'(z) if f(z) = coshz.
Solution:

Given f(z) =coshz

= f(z)=cos(iz) = cosi(x +iy) = cos(xi — y)

= cos(ix)cosy +sin(xi)sin y = coshxcosy +isinhxsiny
= u =coshxcosy,v =sinhxsiny

Now u, =sinhxcosy,u, =—coshxsiny,.

v, =coshxsinyand vy =sinhxcosy

Clearly d_N , M _ —@. C-R equations are satisfied
ox oy oy OX

And all the partial derivatives are continuous. .. f(z) is analytic.
We have f'(z)=u, +iv,

f'(z)=sinhxcosy +icoshxsiny

f'(z) = cos ysin(ix) + i cos(ix)sin y

f'(z) = S'niﬂcosyﬂcosax)sin y

= —i[sin(ix) cos y + cos(ix)sin y] = —isini(x +iy)]

= —isin(iz) =—i%sinhz =sinhz .

6. Find f'(z) if f(z) =logz.
Solution:

Given f(z) =logz

= f(z)= Iog(rei‘g): logr +i6

=u=logr,v=40

15
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Now u, :%,ug =0,v, =0and v, =1.

Consider ru, =1=v, and rv, =0=u,
~.ru, =v, and rv, =u,.C-R equationsaresatisfied
And the partial derivatives are continuous. .. f(z) is analytic.

f'(z)=e? M it Y
or or
f'(z)=u,e”? +ie "%, :e*‘9(5+0) 1
r re'? z
7. Find the derivative of complex valued function f(z)=z"

Solution:
Given f(z) =2z"
= (re'?)" =r"e"™ =r"(cosn@ +isinnd)
~u=r"cosng,v=r"sinnd
u, =nr"*tcosnd,u, =-nr"sinnd,v, =nr"*sinnd,v, = nr" cosné.
Clearly ru, =v, and rv, =-uy,
C-R equations are satisfied and partial derivatives are continuous.

Thus f(z) isanalytic.

f'(z)=e?(u, +iv,) =e?(nr"*cosn@ +inr"* cosng) = nr" e %"
1 _
— nrn — eII’19 — nzn 1
re
1.7 Construction of analytic function using Milne’s Thomson’s method:

This method can be applied to construct the analytic function when only real or imaginary part is
given.

1.7.1 Procedure:

1. If uor v of analytic function is given in Cartesian form:

Suppose the real part u is given,

Since the function is analytic we have f'(z)=u, +iv,.

By C-R equations we know that % v M
X

Fvlkiy - f'(z)=u, —iu,

Then put x=z and y=0 in the above equation. After substitution, integrate w.r.t z, so that
the analytic function f (z) is obtained. The procedure is vice-versa if v is given.
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2. Ifuorv of analytic function is given in polar form:

Suppose the real part u is given,

Since the function is analytic we have f'(z)=e™’(u, +iv,).
H ’ - 1
By C-R equations we have, ru, =v, and rv, =—u,.. f'(z)=e™’(u, —i=u,).
r

Then put r=z and 6=0 so that the function f'(z) will be in terms of z. Now on integration,
we get the required analytic function.

1.7.2 Problems:

1. Find the analytic function whose real part is x3 —3xy?.

Solution:

Let f(z)=u+iv be the required analytic function.

Given u = x3 —3xy?.

LM g2 +3y2,6—u=—6xy.
oX oy

We know f(z) is analytic= f'(z) exists.

And f'(z)=u, +iv,

= f'(2)=u,-iu, = (3X2 +3y2)+ Bixy.

Apply Milne’s Thomson’s method, Put x =zand y=0in the above equation,
We get, f'(z)=232°

On integration, we get f(z) =z® +c¢ which is required analytic function.

2. Find the analytic function whose imaginary part is v =e*(xsiny + ycosy)

Solution:

Let f(z)=u+iv be the required analytic function.

Given v=e*(xsiny+ ycosy)
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= % =e*(xsiny + ycosy)+e*(sin y)% =e*(xcosy+cosy—ysiny).

We know f(z) is analytic= f'(z) exists.

And f'(z)=u, +iv,

= f'(2) =v, +iv, = ¥ (xcosy +cosy — ysin y) +i [ex(xsin y + ycosy)+e*(sin y)J
Apply Milne’s Thomson’s method, Put x=zand y=0 in the above equation,

We get, f'(z)=e”(z+1)+i(0)

On integration, we get f(z) = ze* +c¢ which is required analytic function.

. . . . 1
3. Find the analytic function whose real part is (r + —j cosé.
r

Solution:

Let f(z) =u+iv be the required analytic function.

Given u = (r+£jcos€.
r

or 2

= u = (1—i)00549,ﬂ = —(r +£jsin9.
r 06 r

We know f(z) is analytic= f'(z) exists.

And f'(z)=e7(u, +iv,)

= f(z)=e"(u, -i %Ug)- = e“{[l—rizjcos@ + i(r + %)sin 9}

Apply Milne’s Thomson’s method, Put r =z and =0 in the above equation,

We get, f'(z)= (1—%}
z

On integration, we get f(z)=z +£+c which is required analytic function.
z

18
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4, Find the analytic function whose imaginary part is rsin9+w.
r

Solution:

Let f(z) =u+iv be the required analytic function.

. . cosé
Given v=rsingd+—-.
r

o . cosd ov sin &
= —=sinf—-———,—=rcostd———.
or r 0 r

We know f(z) is analytic= f'(z) exists.

And f'(z)=e7(u, +iv,)

= 1)= eiig(%vﬁ +iv ). =e ™’ E(r cose——s'rne)n(sin@_ C?igﬂ

Apply Milne’s Thomson’s method, Put r =z and 8 =0 in the above equation,

We get, f'(z)= (1—ii2j
z

On integration, we get f(z) =z +L 4+ ¢ whichis required analytic function.
z

5. Find the analytic function f(z)=u+iv given u—v=e*(cosy—siny)
Solution:
Given: u—v=e*(cosy—siny). (1)
Differentiate (1) partially w.r.t x, u, —v, =e*(cosy—siny) (2)
Differentiate (1) partially w.rty, u, —v, = e* (— sin y —cos y) (3)

Since the function is analytic, we have u, =-v,,u, =v

y y

- (3) becomes, —v, —u, =—e*(siny+cosy)=u, +v, =e*(siny+cosy)
Add (2) and the above equations we get, u, =e* cosy =v, =e*siny

f'(z)=u, +iv,=e*(cosy +isiny) = e
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6. Find the analytic function f(z)=u+iv given 2u+v=e*(cosy—siny)
Solution:
Given:  2u+v=e*(cosy—siny) (1)
Differentiate (1) partially w.r.tx, 2u, +v, =e*(cosy—siny) (2)
Differentiate (1) partially w.r.ty, 2u, +v, =—e*(siny+cosy) (3)

Since the function is analytic, we have u, =-v,,u, =v,
- (3) becomes, —2v, +u, =—e*(siny+cosy)

multiply the above equation by 2,we get —4v, +2u, =—2e*(siny +cosy)

Solve (2) and the above equation we get, v, = %ex[Scosy +siny]
Substitute in (2) we get, u, = %ex(cosy—3sin y)

f'(z)=u, + ivx=%ex(cosy—3sin y)+i ée"(Bcosersin y)

Put x=2z,y=0we get, f'(z)=%e2(1+3i)

f(z)= %ez(1+ 3i)+c is required analytic function

7. Find the analytic function f(z) =u+iv given u+v=x3—y®+3x%y—3xy?
Solution:
Given: u+v=x>-y3+3x%y-3xy* (1)
Differentiate (1) partially w.r.t X, u, +v, =3x? +6xy—3y> (2)
Differentiate (1) partially w.r.ty, u, +v, =-3y%+3x* —6xy (3)

Since the function is analytic, we have u, =-v,,u, =v,

- (3) becomes, u, —v, =3x* —3y* —6xy (4)
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Add (2) and the above equation we get, u, = 3(x2 - y2)
Substitute in equation (2), we get v, = 6xy

f'(z)=uy +iv,= 3(x2 - y2)+ i6xy
Put x=z,y=0

f'(z)=32% = f(z)= 2% +c is the required analytic function .

8. Find the analytic function f(z)=u+iv given u+v= iz(cosze—sin 20)
r
Solution:
. 1 .
Given: U+V= r—z(cos 20 —sin 26) (1)
Differentiate (1) partially w.r.tr,u, +v, = —%(cos 260 —sin 29) 2)
r
Differentiate (1) partially w.r.t@, u, +v = iz(— 2sin 26 — 2cos 26?) (3)
S ¢

Since the function is analytic, ru, =v, and rv, =—u,

~. (3) becomes, v, —u, = %(sin 260 +c0s20)
r
Add (2) and the above equation we get, v, = r£3sin 20

L . 2
Substitute in equation (2), we get U, = ——-€0Ss 26
r

f'(z)=e(u, +iv,) =e“0(—%cos 20 +i %sin 29} = ;—26
r r r’e
Put r=2,0=0weget, f'(z)= —%
z

. . 1 . . . .
On integration, f (z) = —+C is the required analytic function.
z

9. If ¢+iy represents the complex potential of an electrostatic field where

y=x -y’ +

5 5-- Find the complex potential as a function of complex variable z
X~ +Yy

and determine ¢.
Solution:

Given y =x*-y*+———.
X2 +y
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%2y yz
Differentiate partially w.r.t x we get, y, =2X+ - ———+
(x2 + y2)
. : : —2xy
Again differentiate partially w.r.t y we get, v, = -2y + 1y .

We have f'(z)=¢, +iy,.But ¢, =y, .
f(z)=¢, +iy,.Putx=z,y=0

f'(z)= O+i[22—i2j

Z
1 . . .
On integration, f (z) = 22 +>|+cis required complex potential.
Z

To find ¢
f(z)=g+iy =i (x+iy)* + LI —2Xy+ Y 14 x2—y? + X i
X+iy X2+y2 X2+y2

Equating real part, ¢ = ( 2Xy +— y j
X +y°

2

2
10.  If f(z) isanalytic function of z then show that {% + %} Iref (z)° =2 f(z)".
Solution:

Let f(z)=u+iv and Re f(z)=uand..|ref (z)" = u?

2 2 2 2
L.H.S= {aﬁa—z} |ref(z)2=62(u2 )+82(u2 ) au 8{ a_u}
oX~ oX OX oy 6x 6x oy oy
= 2(u, ) +2u, +2(u, F +2u,, 2[u +u, ]+ 2u(0) U +u
=2/t '(z)*=RH.S

2
11. 1f f(z) is analytic function of z then show that L:; + —} 1f(z)" =4t (z)".
X
Solution:
Let f(z)=u+iv beanalytic. And |f(z) = Vu® +V?
AFE) =uP VR et g = u? v
To prove that: ¢, +¢,, = 4(ux2 +vX2)

Proof: Consider ¢ = u®+v?*

22
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Differentiate partially w.r.t x twice,
$.=2uUU +2W,; @ = ZluuXX +U 2+, +vX2J
. 2 2
Similarly ¢, = Zluuyy +U,” Vv, +V, J
Consider B + Py, =

Zlu(uXX +uyy)+ u(uXX +uyy)+ u,’ +uy2 +v,° +vy2J= 4ul+v7).
2

2
12. If f(z) is regular function of z then show that {%H(zﬂ +{%|f(z)@ =[f'(z)’

Solution:

Let f(z)=u+iv beanalytic. And |f(z) = Vu® +V?
Let [f(z)=vu?+v* =¢
We have to prove ¢,” +¢,” =|f (2)*

Proof: Consider ¢> =u” +v?

Differentiate 2¢¢, = 2uu, +2vv, = @@, =UU, +VV,
Similarly ¢, = 2uu, +2vv,

Squaring and adding the above equations we get,

¢2(¢X2 +¢y2): (uu, +vv, Y +(uu, +vv, f = (u? +v2Xux2 +vX2)

=N (¢5X2 +¢5y2):(ux2 +sz): f'(z)|2

EXERCISE:

1. Show that f(z) =sin z is analytic and hence find f(z). (Ans: f(z) =cosz)

2. Show that f(z) =sinh z is analytic and hence find f(z). (Ans: coshz)

3. Show that f(z) =e*(sin y +isin y) is holomorphic and hence find f(z). (Ans: e?)
4. Show that f(z) =z +2zis analytic and hence find f(z). (Ans:2z+2)

5. Show that f(z) = z®is analytic and hence find f(z). (Ans:z?’(1+logz) )
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6. Construct the analytic function whose imaginary part is —s’i%g. (Ans: %cos&).

Hence find its real part.

7. Construct the analytic function whose imaginary part is (r —Ejsin 0. (Ans:
r

u :(r+ljcose; z+£)
r z

. _ - oxt -yt —2x
8. Construct the analytic function whose real part is —————

X" +Yy

. Hence find its imaginary

2xy® +2x3y + 2y
V= 2., .2 )
X2 +y

part.(Ans: f(z)=z° “2ic
z

9. Construct the analytic function whose real part is e ™ {(x2 - yz)cosy+ 2xysin y}. (Ans:
f(z)=z%"% +¢)

10. Construct the analytic function whose real part is r? cos26. (Ans: f(z)=z?+c )

11. Show that the function u = lcose is harmonic and find its harmonic conjugate. Also find the

r

—-sin@

analytic function. (Ans: ; f(z):1 ).
z

12. Show that the function v =cosx sinhy is harmonic and find its harmonic conjugate. Also find

the analytic function.  (Ans: f(z) =sinz, u=sinxcoshy)
13. Show that the function u = (X —1)* —3xy? + 3y? is harmonic and find its harmonic
conjugate. Also find the analytic function. (Ans: (z-1)% v=x*-y?+2(2x+Y))

14. Show that the function u =%Iog(x2 +y?), x#0,y =0 is harmonic and find its harmonic

conjugate. Also find the analytic function.  (Ans: tan‘l(%j +c)

15. Find the analytic function f(z) =u+iv given u—v=(x—y)+e*(cosy+siny). (Ans: z+e?)

2sin 2x
e?y —e2Y —2c0s2x

16. Find the analytic function f(z)=u+iv given u+v= . (Ans :cotz)
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Complex Integration

e Complex line integral

e Cauchy’s Theorem

e Cauchy’s Integral Theorem

e Taylor’s series

e Laurent’s series

e Zero’s, Poles and Singularities
e Residues

e Cauchy’s Residue Theorem

2.1 Introduction:

Complex variable techniques have been used in a wide variety of areas of engineering. This has been
particularly true in areas such as electromagnetic field theory, fluid dynamics, aerodynamics and
elasticity. With the rapid developments in computer technology and the consequential use of
sophisticated algorithms for analysis and design in engineering there has been, in recent years, less
emphasis on the use of complex variable techniques and a shift towards numerical techniques applied
directly to the underlying full partial differential equations which model the situation. However it is
useful to have an analytical solution, possibly for an idealized model in order to develop a better
understanding of the solution and to develop confidence in numerical estimates for the solution of more
sophisticated models. The design of aerofoil sections for aircraft is an area where the theory was
developed using complex variable techniques. Throughout engineering, transforms defined as complex
integrals in one form or another play a major role in analysis and design. The use of complex variable
techniques allows us to develop criteria for the stability of systems.

2.2 Complex line integral:

Suppose f(z)is a function defined at every point on a given continuous curve C on the argand

diagram.
JB
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We define J. f(z)dz as the limit of a sum as follows,

C
Introduce a very large number of points 73 zp Z3......Zn—1 along the curve C. Suppose A and B

represent complex numbers zg and z, respectively. Put zq —zg =21, 22 -1 =22 ...
Zn —Zn-1=3an

Consider the sum

n
f(z1)or1 + T(22)02p + f(23)023 + T(24)024.......... + f(zpn)ozp = Z f(zj)orj.
i=1

n
Let N — oo such that each ozj — O then we define J. f(z2)dz= |im z f(zj)ozj
C ai—0j=1

This integral is called as the line integral of v the complex function f(z).

2.2.1 Properties of line integrals:

B A
1. [f(2)dz=-]f(z)dz.
A B

B C B
2. [f(2)dz=[f(z)dz+ [ f(z)dz.
A A C

3. [kf(z2)dz=k][f(z)dz.
C C

4. [[f(@*a@dz=[f(2)dz = [g(z)dz.
C C C

Note: Evaluation of a line integral of a complex valued function:

I f(z)dz = I [u(x, y)+iv(x, y))(dx +idy)= J. (udx —vdy) + i_[(vdx+ udy) .
C c c
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Problems:

1. Evaluate jzzdz where C is
c
(i) The line joining the pointsOand 3 +1i,
(if) The path OBA consisting of two line segments OB and OA, where A and B are

z=3+i and z=3 respectively.

Solution:
o 2 2 2 .. B .
Z=X+1ly =2 =X —-y“ +2ixyanddz = dx + idy

w22z =(x% — y? + 2ixy)(dx +idy )= KXZ - yz)dx - 2xydy} + i[2xydx+(x2 - yz)dy}

Y

(i) Cis the line segment joining O(0,0) and A(3,1)
Equation of OAis x—3y =0= x =3y = dx =3dy

Further, y varies fromy =0 toy =1.

1
J.zzdz = j[(9y2 - y2)3dy— GyZ} + i[6y2.3dy+8y2dy}

C 0 )
1 1

= [18y%dy +i[26y%dy= 6+?i.
0 0

(ii) C is the path OAB. Thus, we can write,
Izzdz = jzzdz = Izzdz+ jzzdz

C OBA OB BA
Along OB: y =0,dy =0 and x varies from x=0to x = 3.

Along BA: x=0,dx =0 and y varies from y=0to y =1.

3 1
Thus we have, jzzdzzfxzdx+j—6ydy+i(9— yzjdyz 6+?i .

OBA 0 0
3+i
2 . _
2. Evaluate j z“dz along the line 3y = x.
0
Solution:
3+i 3+i
[22dz= [(x+iy)?(dx +idy)
0 0
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Along the line, 3y = X.,we have dx =3dy and y varies from 0 to 1.

1 1
[ (x+iy)?(dx+idy) = [ @y +iy)® (3dy + idy)
0 0
1 3
_ 23y 2qy = B+
=(3+1) jy dy = 3

0

(2.4)
4. Evaluate I(Zy +x%)dx + (3x — y)dy along

(0.3)
(i) The parabola x=2t, y=t* +3
(ii) The straight line from (0, 3) to (2, 4)
Solution:

(i). xvaries from 0 to 2 and hence
if x=0=1t=0, ]
. =1t Variesfrom0Oto 1
if x=2,=>t=1,
(2,4)
I= [ @y+x?)dx+@x- y)dy

(0.3)

_ }{2(3+t2)+4t2}2dt+ %(2t)—(3+t2)ﬁtdt
t=0

1
I= [(24t? - 2t3 -6t +12)dt =33/2.

t=0
.. . T L y-3 4-3
(ii). Equation of the straight line joining (0,3) and (2,4) is given by <0 = >0
X — —
= X =2y —6. Hence dx = 2dy.

Hence the given integral | become,

4
| = j{2y+(2y—6)2}2ydy+{3(2y—6)—y}dy
y=3
4
= | (8y2—39y+54jdy:97/6.

y=3
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—\2
5. Evaluate j'(z) dz around the circle (i) [z|=1, (i) |z-1 =1.
c
Solution:
(i) |z| =1, is the circle at (0,0) and radius equal to 1.

On the circle we have z = re'g, dz = ie'edH further @ varies from 0 to 27 .

z=e0and (o —e~%0
2 o 2 .
C 0 0

(ii) |z —1 =1is the circle with centre at (1,0) and radius equal to 1.
Onthiscirclez—1=¢'? 0<@<27

—z=1+¢'? dz=ie'?do

j— i (. 2 i 9
Also,z=1+e7'? and (z) —1+2e710 4 720
2. 7 0, ,~2i0y:.i0
2 [ dz= | @r2e7? +e7%9)ie0do = 4.
c 0
i dz A dz ) )
6. Show that (i) I— =2 (i) I—n:O, n=2,3,4..., where C is the circle
Z-a c (Z _a)
C
lz—a|=r.
Solution:

|z —a| =T, is the circle with centre at (a,0) and radius r.

Onthis circlewe have z—a=re'? : 0<0<2r =dz=ire'’dé.

27 - 10
| dz :jlremd&’:Zﬂi.

Againj dz = do
c
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: 2
- 2fﬂei(l‘”)‘s’om: B Ll [ei(l‘”)z”—l}o.
(-1 0 rn—l i(l—n) 0 (1—n)rn_1
Because el (127 =1

2.3 Cauchy’s Theorem:

Statement: If f(z) is analytic functionand f '(z)is continuous at each point within and on a

closed curve C, then _L f(z)dz =0.
Proof: Let f(z) =u(x,y)+iv(X,y) and dz =dx+idy

jc f(z)dz = jc (udx — vdy) + i jc (vdx+udy) ...(1)
Since f '(z)is continuous, therefore a_ua_u@@ are also continuous in the region D
OX oy OX oy

enclosed by C. Hence by the Greeen’s theorem, terms of equation (1) can be as follows.

J.c f(z)dz :—J. ID{%+%U}dxdy+iJ. ID{%+%}dxdy .(2)

Now f (z)being analytic, u and v are necessarily satisfy the C-R equations and thus the
integrands of the two double integrals in (2) vanish identically.

Hence ch f(z)dz =0.

B
Corollary 1: If f(z) is analytic in the domain D and A & B are two points in D, then I f(z)dz is
A

independent of the path joining A & B.

Proof: Let C, = ATB & C, = ASB be two simple curves joining the points A
& B such that ¢; & ¢, both lies in the domain D.

Clearly ATBSA is a closed contour in D. Thus by Cauchy’s theorem we have T ¥

f(z)dz =0
ATBSA
=[  f@)dz+] f(2)dz=0=] f(z)dz-[ f(z)dz=0
:>AJTB f(z) dz EEA f(z) dz= JATBf(z) dz = fsf f(z) dz
ATBq SA 3 02
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= IE f (z)dz s independent of the path.

Corollary 2:1f C1 and C; are two simple curves, with C; enclosing C, and f(z) be analytic inside

and on the boundary of the annular region between C; and C; thenI f(z) dz :'[ f(z)dz.
A z

1 2
Proof: Let the curve C; and C; both be described in the positive direction
We shall introduce a cross cut AB from a point A on C; to a point B on C;. B
i) line AB s,
i) arc BB along C; o 4

iii) line BA
iv) arc AA along C; in clock wise direction

Thus by Cauchy’s theorem, we have.

L

AjB f(z)dz+jCl f(z)dz+BJA f(z)o|z+j_C2 f(z) dz=0
& f(z)dz+jCl f(z)dz—jABf(z)dz—jC2 f(z) dz=0
jcl f(z)dz:jC2 f(z) dz.

Hence the proof.

Corollary 3: If C is a simple closed curve enclosing non over lapping simple closed curves

C,,C,,C3,...C, andif f(z) isanalytic in the annular region between C and these curves then

jf(z)dz:j f(2)dz + j f(2)dz + j f(2)dz,..., j f(2)dz .

c C, C,

2.4  Cauchy’s integral Formula:

Statement: If f(z) is analytic within and on a closed curve C and if ‘a’ is any point within C,

then f(a)=— [ 1@ g7
2 dc z—a

f(2)

Z—a

which is analytic at all points with in C except at z=a.

Proof: Consider the function
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With the point « as centre and radius r , draw a small circle C1 lying entirely within C.

f(2)

Now

being analytic in the region enclosed by C and C;, we have Cauchy’s theorem,

ch 1@,

f(2) farre'?) g i0
— _jcl dz ICl 28F® Dinelfag=i| f(a+re'?)do

re!? C

In the limiting form, as the circle C4, shrinks to the point ‘a’ , i.e as ‘r’ tends to ‘0’ then the above
integral approach to

=ij f@do =if ()[40 = 24t (a)
C1 0

z—a

2.5 Generalized Cauchy’s integral Formula:

Statement: If f (Z) is analytic within and on a closed curve C and if ‘a’ is any point within C,

then f"(a) = j o @

)n+1

Problems:

2 where C is the square having

1. Verify Cauchy’s theorem for the function f(z) =12
vertices (0,0) (1,0) (1,1) (0,1).
Solution:

C is the square OABC and we have by Cauchy’s theorem j f(z)dz =0. Therefore we have to
C

show that, I22d2+ jzzdz+ I22d2+ Izzdz=0

OA pB  BC  CO

C(0,1) B(1,1)

v

0(0,0) A(1,0)

AlongOA, y=0&dy=0;0<x<1
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22dz = (x +iy) 2 (dx + idy) = x2dx.

1
J'zzdz: J'xzdx=1/3. (D)
OA x=0
Along AB, x=1&dx=0; 0<y<1

220z = (x +iy) 2 (dx + idy) = (L+iy) 2 idy.

1
[22dz=i [@+iy)dy=-1+2i/3
AB y=0

Along BC, y=1&dy=0;1<x<0

220z = (x +iy) 2 (dx + idy) = (x +1) 2 dx.

0
[22dz= [(x? +2ix~D)dx=2/3 i, .3)
bc x=1

AlongCO, x=0&dx=0;1<y<0

22dz = (x +iy) 2 (dx + idy) = —iy 2idy.

0
jzzdz=i j—iyzdy=i/3. e
CO y=1

By adding (1),(2),(3) &(4), we get

[22dz+ [2%0z+ [2%dz+ [2%dz=1/3-1+2i/3+2/3~i+i/3=0.

OA AB BC co

Hence Cauchy’s theorem is verified.

2. Evaluate I dz where C is the circle ‘Z‘ =3.
Cc

1
2(z-1)
Solution:

Given C: ‘Z‘ = 3 is the circle with centre at the origin and radius 3.
#(z)= 1 is not analyticat z=0and at z =1.
2(z-1)

These points z=0and at z =1 lie inside the circle |z| =3.

1 1 1

R P e
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1 1 1
I dz=I dz - I—dz
— -1
. 2(z-1) . (z-1) 2
Taking f(z) =1 which is analytic in and on C, we have

j : o jf(z)d J‘%dz
C

Z_

By applying Cauchy’s integral formula by taking Z,=1 in first integral Z,=0 in the second integral, we
have

dz = 2zif (1) — 2f (0)=0.

1
Ly

3. Evaluate 22;4dz where C is the circle |z +1+ i| =2
cZ +22+5

Solution:

Given |z+1+i[=2 = |z-(-1-i)|=

This is a circle with centre at z=—1—1i and radius equal to 2.

Now ¢(z):22;4 will cease to be analytic where 22 +22+5=0.
2= +27+5
Now 22 +22+5=0.=z =1+ 2i

e 7242745= (z+1-2i)(z+1+2i)
Thus ¢(z) is not analytic at z = —1—2i but z=—1+2i lies outside C.

Thus z+4 dz:I 2+ 4 dz
CZZ+22+5 o (z+1-2i)(z -1-2i)
[ z+4 }
z+1-2i
| (z+(1 Z)i) az
c
: z+4 : _ _
Taking f(z) = —————<and zg = —-1-2i, applying Cauchy’s integral formula, we get
z—(-1+2i)
2“4 dz = 27if (—1-2i)= 2m(ﬂ)——(2 -3).
cZ™+2z+5
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2 2
sin 7z< +cos 7z . .
4, Evaluate I dz where C is the C|rcle|z| =
(z-1)z-2)
Solution:
The circle C: |z| =3 is the circle with centre at Z = Qand radius 3.

0 2 2
¢(z)=ISIn 72~ +CoSnz

( 1)( ) dz is analytic every where except at z=1 and at z=2. These points are inside
z Z-

the circle C
1 1
(z 1)(2 —2) z-2 z-1
sin 7z22+c037z22 f(2) f(2)
dz = j dz j dz...(1)
(z-1)z-2) (z-1) (z-2)
c C
Taking f(z) =sin 7;'22 —l—COS7¢'Z2 and Z, = 1, applying Cauchy’s integral formula we formula,
sin 722 + cos 222 . .
j dz = 27if (1) = 27i(-1) = —27
(z-1)z-2)
Again by taking f (z) = sin 7r22 +C087r22and Z = 27, we have
: 2 2
J-sm m”teosm” o i 2) = 27
(z-1)z-2)
2 2
(1) Becomes ISIn L Feosm =—4n.
(z-1)z-2)
EXERCISES:

1. Evaluate I(z2 + z)dz along the line joining (1—1) & (2 + 3i).
C

(i) C is thecircle |z -1 =1.

2. Evaluate I(E)Zdz where = ]
2 (ii) C is thecircle [z - 2| =
3. Verify Cauchy’s theorem for the function f(z) = z* over the square formed by the
points (0,0), (2,0), (2,2) and (0,2).
4, Evaluate J‘idz where C is the circle |z —i| = 2.
L (z+1)*(z-2)
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5. Evaluate (2e42)2dz where C is the circle |z| =4,
L@+

ANSWERS:

1. %1(103—640

2. (). 47  (ii). 87
-2

9

!
T
2.6  Taylor’s series:

Statement:If f(z) is analytic inside a circle C with centre at a, then for z inside C,

f(2)= f(a)s 1 @)e-a)+ 1 Oe-ap? LA CI N S

n!
Note: If a=0in the Taylor’s series we obtain the series in the form

f(z)=f(0)+z f'(0)+ 22 foa) +...... This is known as Maclaurin’s series for f(z).

2.7 Laurent’s Series:

Statement:If f(z) is analytic in the ring shaped region R bounded by two concentric circles C;

and C, of radii I"and I} and with centre at ‘a’, then for all z in R.

f(z)=ag+ay(z—a)+as(z—a) +....aq(z—a) T+a_p(z—a) 2 +....

Qo L f(t) . a 1 f(t)
Where ¢n =5 | 77— 1 17°'and 4-n =5 — .
27 & (t _ a)n+1 27 c, (t _ a) n+1
Examples:

Problems:

1. Find the Taylor’s expansion of f (Z) = about the pointz = —i

(z +1)2
Solution:
To expand f(z) about z =—ii,einpowersof z+1i,put z+i=t,then
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f(z)=_;=(1—i)_2[1+t/(1—i)]_2 =l[1£_+ 3t_2 ...... ]

=l 1+ i ()" M]

=) (L-i)"
2. Expand f (z) = Z—_l in non-negative powers of z.
(z-2)z-3)
Solution:
We shall resolve into partial fractions.
z-1 A B -1 2

= + = +
(z-2)(z-3) z-2 z-3 z-2 z-3

(1)

-1 -1

f(z)__1+izl(l_£j _Etl_ij
1-2 71-3 2 2 3 3

The expansion is valid for |— 2 <land |-

we can say that the expansion is valid when |z| < 2.

Using binomial expansion:

2 2
f(z)=1 14242 _2 1202 .
2 2 4 3 3 9

2
3. Find the Laurent’s expansion of f(z)= 827-62+2 4 ihe region
7°—372° + 212
i) 1<|z|<2
i) [2)> 2
Solution:
By resolving into partial fraction,
f(2)= 32°2-67+2 1 1 1
=3 .o ottt o (1
3 _3,2,9, 7z -1 z-2 (D

Case i: 1<|Z|<2:>H<1and U<1

Hence we have from (i)

3 2l <1, |z| < 2and |z| <3. Since |z < 2 implies |z| < 3also,
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z 2
2 3
:£+ 1+—+—+i+ ...... 1 1+E z +E .......
z z ,2 2 2 8
2 .3
z z z
f))==+—+—F+—+..——————.....
.. 2 1
Caseii: [z| > 2= 7| >1 .'.ﬂ<l, ﬂ<l

Hence from equation (1) we have

-1 -1
f(z):l 1+ 1—1 + 1—g
z z z
1 1 1

z z ,2 3
. . 772-2 . _
4. Find the Laurent’s expansion of f(z)= m inthe regionl<z+1<3,
Z+1)2\Z —
Solution:
put U=2z+1 \ye have
£(2)= 7u-1)-2  7u-9

Cu(u-1)u-1-2) u(u-1)Yu-3)
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5. Expand f (Z) = WZ(Z—Z) in Laurent’s series valid for | Z—1|<1.

Solution:

put u=z+1orz—1=u \ye have

U+ u+l
f(Z)_u(Z—u—l)_u(l—u)_g(u)'

LetM:é+ B :£+ 2 .
ul-u) u 1-u u 1-u

Now| z —1|< lisequivalentto|u |< 1.

Hence (i) can be written in the form

g(u) ==+ 2(1-u)™
u
1 2 3
==+2(l+u+u“+u+..)
u

e F(2) = i1+2+2(z 1)+ 2(z-1) ...
Z_

z-1
6. Expand f (Z) = m as a Laurent’s series valid for

M|Z>3, ()2<Z<3.
Solution:

we shall first resolve f(z) in to partial fractions,

z-1 _ A N B N C
(2—2)(2—3)2 (z-2) (z-3) (2—3)2
fz) =1 L 2 ()

— + >
(z-2) (z-3) (z-3)
case(i):| z|>3.Thisimplies| z |> 2 also.
.,i<1,i
lz| |z

We have to write (i) in the form

i.e <1
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2 4 8 1 3 9 27 2 6 27 108
l+—+—5+—+.. - 1+;+—+—+... +—= |1+t —+—F5+...
zZ z

z z 22 7

f(2)=—5+
z zZ z
case(ii): 2<|z|< 3.

|Z]

i.e.,2<|z|:>£<1;|z|<3:>—<1
| Z] 3

.. £(2) as given by (i) has to be written in the form
1 1 2

f(z)= » - + 5
z z
z|1-2|  (-3)|1-= _3)[1-2
-3) o) {ea3)
-1 -1 -2
=1(1_2j +1(1_E) +E(1_Ej
z z 3 3 9 3
1(, 2 4 8 (., z 2 7° 2(, 2z 7* 47°
=—|l+—-t+S5+S5+. |t I+t —+ o+ o It
z z 1° 12 3 3 9 2 9 3 3 27
f(z):1+32+i3+§4+....+§+—z+£22+—z3+
z 7 70 1 9 27 9 243
EXERCISES:
1. Obtain the Taylor’s Series expansion for the following functions of

z-1. c. cosz about the point z = /2
a. —— inpowers of

z z-1
b. 21 in powers of

z+1 z=1

2. Find the Laurent’s expansion for the following functions
z 1-cosz

d. about g 5 aboutz=0

(z-1)? z=1 z

2
2z z° -1 . i
. . h. about z =0 in the region

e. about the singularity 2

(2_1)3 7 =1 z ﬁ?z+6

2<(z/<3

z-1

f. =~ for lz-1>1

z
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ANSWERS:

o0

a) Y. (-D)"™n(z-1)"

n=1

0 -z-7 . o
1.
a) e_(z—l)2+(z—1)1+%+%(z—1)+%(z—1)2+..}.

2 2
b) e?(z-1)3+2e%(z-1)2+2e’(z —1)‘1+4%+2%(z ~1)+...

c) i(—l)”’ln(z—l)’n for|z-1>1

o0 Z2n—5
d) —
) ;2(n—1)'
e) 1+3[1—2 2—2—2—: ...... j—z[l—; ;—:—;—z ....... j

2.8  Zeros of an analytic function:

A zero of an analytic function f (z) is that value of z for which f(z) =0.

2.8.1 Singularity: Singular point of a function is a point at which the function ceases to be analytic.

Types of singularities:

1. lsolated Singularity: If 7 g is a singularity of f(z) such that f(z) is analytic at each

point in its neighborhood then z = ais called an isolated singularity.

2. Removable Singularity: If all the negative powers of z—a in Laurent’s series are
zero, then such singularity is said to be removable singularity.

3. Poles: If all the negative powers of z—a in Laurent’s series after the n term are
missing, then the z =a is called a pole of order n. Pole of order one is called Simple
pole.

4. Essential Singularity: If the number of negative powers of z—a in Laurent’sseries is
infinite then z =a is called an Essential Singularity.
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. . . . . —sin z
Example:Find the nature and location of singularity of the function

Solution: Here z =0Qis a singularity.

z-sinz 1 3 7P 2 2 7°
—_ Z_ Z__+_— ..... :———+—_...
Z2 Z2 3 5 3 5 7

Therefore z =0 is removable singularity.
2.8.2 Residues:

The co-efficient of (z — a)_1 in the expansion of (z) is called the residue of f(z) atthe pole z=a.
If z=aisa pole of order m of f(z)then the residue of f(z)at Z=a is denoted by R[m,a] and is

m-1
given by R[m,a] = D) lim Ha%{(z —a)" f(2)}
Note:
1. If f(z) hasasimple pole at z=athen Res f(a)= |t [(z—a)f(z)]

Z—a
2. If f(z) hasa pole of order at z = athen
dn -1

Res f(a)= n 1)|Z|'[{ — 1[(Z a)nf(Z)]}

2.9 Cauchy’s Residue Theorem:

Statement: If f(z) is analytic inside and on the boundary of a simple closed curve C except for a

finite number of poles a, b, c....., then the integral of f(z)over Cisequal to 27 times the sum of the
residues at the poles inside C.

I f(zdz =27i(a_q +b_q+c_1+..)
C
If(z)dz = Zniz R, WhereZR denotethesumof the residues at the poles lying in C.

C
Problems:

i.e.,

1. Find the residues of the function f (z) = at i).z=-1&ii)z=2

.z
(z+1)(z-2)?

Solution:

z =—1is a pole of order 1(simple pole) and z = 2 s a pole of order 2.
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The residue of f (z)for a pole of order m at z = aiis given by

m-1

R[m,a]= im;_s5 p] {(z — a)rn f (z)}and in particular for a simple pole (m=1),

(m-1)!

R[La]=lim ;5 {(z—a) f(z)}

Case (i): Residue at z = a = —L1is given by
im 7, 42 +1) - =imy g -1
(z+1)(z-2) (z-2% 9

Case (ii): Residue at z = a = 2 where m=2 is given by

: 1d 2 4 o dj z
im;_52 iE{(Z -2) e 2)2}_Ilm 252 {(z +1)}

i (z +1)2 -z . 1
=lim 7 _,p¢———F—=lmz_,7 =
(z +1)2 (z+!)2

Thus the required residues are -1/9 and 1/9.

2
2. Evaluate ﬂdz using residue theorem, C :|z| =4
c(z2-2) (z-3)
Solution:
(z 2, 5)
The poles of the function f(z) = ——+— are z =2, z =3 and both the poles lie within
(z2-2) (z-3)

the circle C:|z|=4.

Therefore, residue atz = a = 2, which is a simple pole is given by

O+
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2
lim 7 52(2-2)f(2)=lim ; _2(z P i)
(z-2) (z-3)
2
. Z°+5
=1lim —_9=Ry.
Z—>2{ .3 } 1
Similarly , residue atz = a =3, which is given by
lim ;_,3(z-3)f(2)=lm ;_3(z-3)———>—
(z-2) (z-3)

2
~ lim Hg{zz +25}=14= Ro.

We have by Cauchy’s theorem,

[ f(zhz =27i(Ry +Rp)

C
(22 +5) . .
Thus, | —————dz = 24(-9+14) =10~.
cl(z-2) (z-3)
3 i) [z-2[=2
2. EvaluateJ‘ 32742 dz where C is the circle ) | |
clz-1) (22+9) i) [z| =4
Solution:
3 3
let f () = 3z2° +2 _ 3z2° +2

(z-1) (22+9) (z-1) (z+3i)(z - 3i)

The poles of f(z), z=1, z = 3i, z =-3i (simple poles) are represented by the points (1,0) (0,3) (0,-3)
respectively.

Case (i): C :|z—2| = 2.this is a circle with center (2,0) and radiius 2.

The point (1,0) i.e., z =1 only lies within C.
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The residue of f(z) at z =1(simple pole) is given by

3
im 7 51z -Df(2)=lim 7 51 (z-)—2 2
(z-1) (22+9)

3
3z2° +2
=1/2.
2 } /

=lmz_,3
Z°+9

By Cauchy’s theorem,

[ f(2)hz = 2i(Ry) = 2ﬂi% )
c

dz = .

3
Thus,.[ 327+ 2
c(z-1) (22+9j

Case (ii): C: |Z| = 4. this is a circle with center (0,0) and radius 4. All the three poles
z=12z=3i,z=-3ilieswithin C. Let R;, R, R,, denotes the residues at the simple poles

z =1, z =3i, z =-3irespectively.

3
Now Ry =lim ;_1(z ~1)f(z) =lim ;1 (z -1)( 3)2 +22
z-1 [z +9)

3
—lim ;_s3 322 t2l_q)p
z2°+9

3
R2 =1lim 7 3i(z = 31) f(2) =im 7 ,3; (z - 3i) (z —l)(322+ ?:)2(2 —3i)

_iim _ 323 42 _15+49i
23 G )z +8) 12
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323 +2
z —1)(z + 3i)(z - 3i)
323+2 1549

R Py e S P

R3 =lim ;_,_3i(z+3i) f () =lim ;__3j (z +3i)(

By Cauchy’s theorem,

. (1 15+49i 15-49i )
f(zdz =27#1(R1 + Ry + Re) = 24| =+ + = 6.
[ f(z) (Re+R2 +R3) [2 5 5 J

C

323 42 .

Thus,_[ dz = 6.
cl(z-1) (22 +9)

sin 7zz2 +c057z22

3. Evaluate I dz , Where C is the circle |z| =3
U -120-2) g

Solution:
. 2 2
_Sin 7z“ +CoS 7z

(z)— 5 is analytic within the circle |Z| =3 excepting the poles z =1and z =2
(z-1)(z-2)

Res f(l):é |tl{%[(z_1)2f(z)}}:zﬁ+1

. 2 2
SIn 72“ + cos iz
Res 1(2)= It {z-27@li= It S -1
72 22 (z-1)
By residue theorem,

[ f(2)Mz =27i[Re s f (1) + Re s f (2)] = 27i(27 +1+1) = 4x(7 +1)

C
EXERCISES:

I.  Find the nature and location of the singularities of the following functions
; d 22 -1
2(2-z2) ' (-1

b. sin [lj oZ
Z e. 2
(1) (z-1)
c. ftan| =
z
cotrz
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Determine the poles of the following and the residue at the each pole

22+1 c. 22+4
72 _ oy 22 +1)z+1)
22—22

b.
(z+1)%(z% +1

1. Find the residue of the following functions at each pole

1-ge?? b, ze” C. cotz
74 2’ +1

IV. Evaluate the following integrals

a.

1-2z

& J. 2(z-1)(z-2)

Cc

dz C:|z=15

47%2 —47+1

dz C:|z|=1
g

2
C. 3z +22+1 dz C:l7=2
c(z+3)z° -1
1+ 2z
d.
Loy
e. jidz Cilz+1-i[=2

sz+22+5

dz C:lz]=1

f. [—2 —d C:z-2=05

clz-1)z-2)
g J- 322 +2 d
' C(z—l)‘22+9)

N

C:z-2/=2
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ANSWErS:

a) z=0, z=_2arethe isolated singularities.
b) z = Oare the isolated essential singularities.

c) z = 0are the non isolated essential singularities.

d) z =1isa pole of order 2.

e) z =1isa pole of order 4.

f) z=aisadoublepole and z=0, +1,+2,...are simple poles.

a) Resf(0)=-1/2, Resf (2) = 2%.
. 1+2i . -1+2i
b) Resf(-1) =0, Resf (i) = m Resf (i) = 21+0)
. i+2 . i—2
c) Resf(-1) =1 Resf(i)= C1r1), Resf (i) = m
-4
a) Resf(0) =3
= Llel =1

b) Rejsf(l)_ze , Re sf (i) 2e.
c) % Re sf (nz) =1, n an integer.
a) 3
b) 0

bs
C) Z
d
e) 0
f)y -2
g

z
h) 16
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Numerical Integration
Numerical Integration:

e Numerical integration is the approximate computation of an integral using numerical
techniques.

e The numerical computation of an integral is sometimes called quadrature, which mean
numerical computation of a univariate integral.

Definite Integral

A definite integral is a formal calculation of area under the curve/ function, using infinitesimal
stripes of the region. Mathematically, it is defined as follows: given a real valued function f

and real numbers a <b, then the definite integral is written as
b
[RECOL (1)

This value represents the signed area between the function f , the x-axis, and the linesx=a and

x=b; regions above the x-axis have positive area, while regions below the x-axis have negative
area.

Graphically, equation (1) is represented as follows:

Ay

J f (x) dx

Definite Integral
(from a to b)

Fig. 1. Definite Integral

Indefinite Integral

An indefinite integral is an integral written without terminals. Mathematically, it is defined as
follows: given a real valued function f , then the indefinite integral is written as
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[ £ dx ()

Graphically, equation (2) is represented as follows:

| 760 dx

Indefinite Integral
(no specific values)

Fig. 2. Indefinite Integral

Examples

2
1. Evaluateij dx
1

Sol.
A good way to solve
LS

) o

72 -
j2x dx = [x ]1 /
1 X

=221 dSsi

=3

1
2. Evaluate .[ oS X dx

0.5
A good way to solve .‘..‘}-"'
= y=cos(x)
B
0s 1 e
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1

I cos x dx = sin x]z_5

0.5
=sin(1) —sin(0.5)
=0.841-0.479
=0.362

3. Evaluate_[COSXdX

A good way to solve

——._ Y=cos(x)
3
cos xdx =[sin x|’ X
j [ ]1 1 3 =
_sinl)—sin(3) \/
=0.141-0.841
=-0.700

However, not all definite integrals are directly evaluated. For instance

[N [ 2 [

sinx+logx g, sin® x+2x°

X

dX can’t solve it using any of the

integration methods. Hence, Numerical approaches will be used to evaluate the definite
integrals. To evaluate the above kind of integrals, we have certain numerical techniques
namely

1. Trapezoidal Rule
2. Simpson’s 1/3 Rule
3. Simpson’s 3/8 Rule

The general form of numerical integration may be stated as follows.

Given a set of data points (X,, ¥,), (X, ¥.), (X5, ¥,). ... (X, ¥,,) of afunction y = f (x) , where
f (x) is not known explicitly, it is required to compute the value of the definite integral

b
[ £ dx (3)
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Newton’s Cotes Formula

Lety,, VY, Y,..... Y, be the values of y = f(x) corresponding to a = X,, X, X,,..., X, =b which are
equally spaced with step size, then X, = X, + nh , where

h = Interval size
n =no.of subintervals
a&b =limitsof theintegration

Then the Newton’s Cotes Formula is given by

r n? 1(n® n? 1(n*
jydx:h{nyo+?Ayo+§(?—?jA2y0+E(I—n3+n2jA3yo+...} (4)

Trapezoidal Rule

Trapezoidal Rule is a rule that evaluates the area under the curves by dividing the total area
into smaller trapezoids rather than using rectangles. This integration works by approximating
the region under the graph of a function as a trapezoid, and it calculates the area.

YA

xY

0Oa x x x5 x,

Fig. 3. Trapezoidal Rule

Put n=1, in the formula (4) , we get
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ff(x)dx=h[y0+%Ayo}

Xy

= h{y0 +%(y1—yo)} (As higher order differences do not exist when n=1)

h
:E[yo + yl]

Similarly,

Xz

[ fax=21+v.]

X

[ fax=21y, +y,

X2

Xg+nh

| f0dk=21,.+v,]

X0+(n-1)h

Hence,

T f(x)dx:]l f(x)dx+]g f(X)dx+...+ ] f (x)dx

Xo Xo

_h
2

1

h h

(Yo +y1)+5(y1+ yz)+---+5(ynfl+ Vo)
h

=§[(y0 +Y)+ 20y, + Y, et Y, )] (o)

= g[(Sum of firstand last ordinates) + 2(Sum of remaining ordinates)] (5)

X —X . .
n_—0  This is known as Trapezoidal Rule

Where h = b;n"" (or) h =

Note: This method is very simple for calculation purposes of numerical integration and error in
this case is significant. The accuracy of the result can be improved by increasing the
number of subintervals or decreasing the value of h.
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Simpson’s 1/3 Rule

This is another popular method. On putting n=2 in (4), we get

Xn

h
[ () dx =§[(y0 Y ) FAO Vs + Y+t Vo) F 20V, + Y+ Yo+t Yo 0)]  (0D)
Xo

= g[(Sum of firstand last ordinates) + 4(Sum of odd ordinates) + 2(Sum of even ordinates)] (5)

Xy = Xo

Where h= b_Ta (or) h=

This formula is known as Simpson’s 1/3 rule. It is also known as Simpson’s rule. It is applicable only
when n is a multiple of 2.

Note

This rule requires the given interval must be divided into an even number of equal subintervals
of length h.

Simpson’s 3/8 Rule

This is another popular method. On putting n=3 in (4), we get

3h
[ 1000 =00+ V) +30 Yo Vot Yo ot Vo) + 20+ Yo + Yo+t V)] (6)

X

Xn = %o

b-a
Where h=——(or) h=
n
This formula is known as Simpson’s 3/8 rule. It is applicable only when n is a multiple of 3. This
rule is not so accurate as Simpson’s 1/3 rule.
Note

There is no restriction for the number of intervals in Trapezoidal rule, whereas for Simpson’s
1/3 rule must be multiple of 2, and for Simpson’s 3/8 rule must be multiple of 3.
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Problems

1
1. Evaluate Ix‘*dxwith five sub-intervals by Trapezoidal Rule and compare it with actual
0

value.
Solution:

1
Givenj'xe’dx. Here, a=0,b=1 n=>5and y=f(x)=x°
0

b-a 1-0

h= =——=0.2
n 5
The values of x and y are given as follows:
X 0 0.2 0.4 0.6 0.8
X0 X X X X Xs
y=f(x)=x° 0 0.008 0.064 0.216 0.512
Yo Y1 Y, Ys Ys Ys

By Trapezoidal Rule, we have

Xy

h
JEO0d =20+ ¥,)+ 205+ Yo -+ ¥, )]
%o
Since

f(x)=x°
[ % dx =g[(y0 +Ys) +2(Ys + Yo + Y+ Vi) ]

= 0—:[(o +1) +2(0.08 +0.064 +0.216 + 0.512]

=0.26
Validation

1 41
_fxB dx =[X—}
(o] 4 [o]

Hence

1
j x3dx =0.26
0
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1
2. Use Trapezoidal rule with n=4to estimatej 1 > dx
o 1+ X
Solution
¢ 1
Given dx.Here, a=0,b=1, n=4and y=f(x)=
£1+ X2 y=1 1+ x°
h2=2_120_405
n 4

The values of x and y are given as follows:

X 0 0.25 0.5 0.75 1

XO Xl X2 X3 X4

1 1 0.9412 0.8 0.6400 0.5
y=100=
+ X

Yo Yi Y Ys Y

By Trapezoidal Rule, we have

Xn

[ FO00X =210+ ¥+ 200+ Yo bt Y,.)]

%o
Since

1
y="109 1+ x?

1 l h
I > dx =§[(yo+y4)+2(y1+y2+y3)]
0

= %[(H 0.5)+2(0.9412+0.8+0.64)]

=0.7828



SREENIVASA INSTITUTE OF TECHNOLOGY AND
MANAGEMENT STUDIES :: CHITTOOR

(Autonomous)

Department of Mathematics

Hence

!
[——dx =0.7828
o 1+ X

1.2
3. Evaluate Jex dx, taking six intervals by using Trapezoidal rule up to three significant
0

figures.

Solution

1.2
GivenJ'ex dx.Here, a=0,b=12,n=6and y= f(x)=¢"
0

hob-a_12-0_ .,
n 6

The values of x and y are given as follows:

X 0 0.2 0.4 0.6 0.8 1 1.2

y=f(x)=¢" 0 1.221 1.492 1.822 2.226 2.718 3.320

By Trapezoidal Rule, we have

Xy

[ FO00X = 2[00y, + 205+, ¥,

X
Since

y=f(x)=¢
12

‘ h
J.e dx =§[(yo+ye)+2(y1+y2+y3+y4+y5)]

0

= 0422[(0 +3.320) +2(1.221+1.492 +1.822 + 2.226 + 2.718)]
=2.327/80 2.327
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1.2
Hence '[ el dx =2.327
0

6
4. Evaluate Ilogjo dx by using Trapezoidal rule, taking n =8, correct to four decimal places.
2

Solution

6
Given [log}, dx. Here, a=2,b=6, n=8and y = f (x) = log,

2

h-D=2_8-2 45
n 8

The values of x and y are given as follows:

X 2 25 3 3.5 4 4.5 5 55 6

y = f(x) =log}, 0.3010 0.3979 | 0.4971 | 0.5440 | 0.6020 | 0.6532 | 0.6989 | 0.7403 | 0.7781

By Trapezoidal Rule, we have

Xy

[ FO00X = 2[00+ ¥+ 205+, ¥,

X

Since
y = f(x) =logy,

6

. h
[logz; dx =100+ Y F 200 Yo+ Ys Ya Y5 Yo + V)]
2

= 0—5[(0.3010+ 0.7781) +2(0.3979+0.4771+0.5440 +0.6020 + 0.6532 + 0.6989 + 0.7403)]
= 2.3266

Hence

6
[log;; dx =2.3266
2
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5. Evaluate jtsintdt using the Trapezoidal rule.
0

Solution

Givenjtsintdt. Here, a=0,b=7,n=6and y= f(t)=tsint
0

h-P-a_
n

7-0
6

oy

The values of t and y are given as follows:

t 0 G A O A A
6 6 6 6 6
y = f(t) =tsint 0 0.2618 | 0.9069 | 1.5708 | 1.8138 | 1.309 0

By Trapezoidal Rule, we have

Xn

[ FO0GX = D100+ 90+ 200+ Yo bt Y,.)]

Xo

Since

y= f(t)=tsint

T h

[tsintdt =Z[(y+Ys) + 20y + Yo+ Yo+ Yo+ )]
0

:%[(0+0)+ 2(0.2618+0.9069+1.5708 +1.8138 +1.309)]
= 3.0695

Hence It sintdt =3.0695
0
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2
6. Evaluate J‘e’xzdx using Simpson’s rule taking h=0.25.
0

Solution
2 2 2
Given [e™dx. Here, a=0,b=2and y=f(x)=¢”
0

Since h=0.25
b—-a b—-a 2-0

h=—=n=——=n=—+-=8
n h 0.25

The values of x and y are given as follows:

X 0 0.25 0.5 0.75 1 1.25 1.5 1.75 2

y=f(x):e‘xz 1 0.9394 | 0.7788 | 0.5697 | 0.3678 | 0.2096 | 0.1054 | 0.0467 | 0.0183

1
By Simpson’s rule (or) Simpson’s 3 rule, we have

Xn

h
[ £ dx =§[(yo Y ) FAM s+ s+t Yo ) 20V, Yt Ys Tt Y, )] (o)
Xo

= 2[(Sum of firstand last ordinates) + 4(Sum of odd ordinates) + 2(Sum of even ordinates)]

Since y=f(x)=e™

2

2 h
J-e dx 25[(yo +Yg) TA(Y, + Y5+ Ys + Y, ) +2(Y, Y, + yG)]

0
025
-8
=0.63486

[(L+0.0183) + 4(0.9394 + 0.5697 +0.2096 + 0.0467) + 2(0.7788+0.3678 + 0.1054)]

Hence

2 2

j e dx =0.63486
0
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7. Evaluate j—dxusmg Trapezoidal rule, Simpson’s rule and Simpson’s g rule.

Solution

Since Simpson’s rule is applicable when nis amultiple of 2 and Simpson’s 3 rule is

applicable only when nis amultiple of 3 and there is no restriction over n for Trapezoidal rule.

Therefore, on taking n =6 satisfies all the rules.

leenj—dx Here, a=0,b=1n=6and y= f(x)—L
1+X

1
6

The values of x and y are given as follows:

X c 2] s ]
6 6 6 6
1 1 0.8571 0.75 0.6666 0.6 0.5454 0.5
y=Ff(x)=—
1+ X

By Trapezoidal Rule, we have

JQ f (x) dx 22[()/0 + yn)+2(y1+ Y, +...+ ynfl)]

%o
Since
1
=f(x)=—
y () 1+ X
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1

1 h
jmdx =S[00+ Yo + 200+ Y2+ Ya + Yo+ ¥s)]

0

= %[(LL 0.5) +2(0.8571+0.75+0.6666 + 0.6 + 0.5454)
=0.6948

1
By Simpson’s rule (or) Simpson’s 3 rule, we have

h
[ £ dx =§[(yo Y ) A s+ s+t Yo ) F 2V, Yt Ys Tt Y, )] (o)
Xo

2[(Sum of firstand last ordinates) + 4(Sum of odd ordinates) + 2(Sum of even ordinates)]

1

1 . h
[ dx =500+ ¥a) + 400 + Y+ ¥s) + 2, + )]
- 0.6931

: 3
By Simpson’s 3 rule, we have

>

n

3h
f(x)dx =§[(y0 Y)Y+ Yo + Yy + Vs et Vo) F2(Ys + Vs + Yo+t V)]

1 3h
mdx = E[(yo +¥e) +3(Y, + Y, + Y, +Ys) + 2(y3)]

O ey o &

=0.6932
8. Given that
X 4 4.2 4.4 4.6 4.8 5 5.2
y = log x 1.3863 1.4351 | 1.4816 | 1.5261 | 1.5686 | 1.6094 | 1.6487

5.2
3
Evaluate f log x dxusing Simpson’s§ rule.
4

Solution

Here, a=4,b=5.2, h=0.2and y =logx
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From the given table

y, =1.3863, y, =1.4351, y, =1.4816, y, =1.5261, y, =1.5686, y, =1.6094, y, =1.6487
: 3
By Simpson’s 3 rule, we have

t 3h
[ F00ax=[(Vo + ¥a) #3000+ Yo+ Vo + Vs oot Vo) +20Ys + Yo + Yo o+ )]

X 8

5.2 3h

[logxdx ==C[(Yo+Ys) +3(%s + Y2 + Yo +¥s) +2(¥3)]
4

= M[(1.3863+1.6487) +3(1.4351+1.4816 +1.5686 +1.6094) + 2(1.5261) |

=1.827847

9. When a train is moving at 30 m/sec, steam is shut off and brakes are applied. The speed of
the train per second after t seconds is given by

Time(t) 0 5 10 | 15 | 20 | 25 | 30 | 35 | 40

Speed (v) 30 24 | 195 | 16 | 136 | 117 | 10 | 85 7

Using Simpson’s rule, determine the distance travelled by the train in 40 seconds.
Solution
We know that

_ distance

Speed (or)
=changein distance per unit time
. ds
l.e.—=V 1
™ @
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Integrating (1) on both sides

Therefore,
S = jv dt

To get s, we have to integratev

40
s:jvdt
0

1
By Simpson’s rule (or) Simpson’s 3 rule, we have

Xn

h
[ () dx =§[(yo Y ) FAM s+ s+t Yo )2V, Yt Ys Tt Y, )] (o)
Xo

= 2[(Sum of firstand last ordinates) + 4(Sum of odd ordinates) + 2(Sum of even ordinates)]

40

5
[vat =2[(0o+Ya) + 400+ Yo+ Yo +¥2) + 20y + Yo+ ¥o)]
0

= g[(30 +7)+4(24+16+11.7+8.5) + 2(19.5+13.6 +10)
=573.4367 meters

10. A rocket is launched from the ground station. Its acceleration measured every five seconds
is tabulated given below. Find the velocity and position at t =40seconds using Trapezoidal

1
rule and Simpson’s 3 rule.

Time(t) 0 5 | 10 | 15 | 20 | 25 | 30 | 35 | 40

Acceleration(a(t)) 40 45.25 | 48.50 | 51.25 | 54.35 | 59.48 | 61.50 | 64.30 | 68.70

Solution

If sis the distance travelled in time t and Vvis the velocity at timet, then
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dv

E =a @

Integrating (1) on both sides

Therefore,

0 40
W), = [adt
0

Here
h=5,a, =40,a, =45.25,a, =48.5,a, =51.25,a, =54.35,a, =59.48,a, =61.5,a, =64.3,anda, = 68.7

By Trapezoidal Rule, we have
The required velocity = g[(a0 +a,)+2(a,+a, +a;,+a, +a, +ag+a;)]

= g[(40 +68.7) +2(45.25+ 48.50 +51.25+54.35+59.48 + 61.5 + 64.3)]
=2194.9

We know that
Distance=speed * time

Position of the Rocket at t =40seconds= (2194.9*40)=87796
. ) 1
By Simpson’s rule (or) Simpson’s 3 rule, we have
. . h
Therequired velocity = 5[(a0 +8,)+2(a, +a, +a;) +4(@, +a, +a; +a,)]

= g[(40+ 68.7) + 2(48.50 +54.35+ 61.5) + 2(45.25+51.25+59.48 + 64.3)]
=2197.5

Position of the Rocket at t = 40seconds= (2197.5*40)=87900
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11. The velocity vof a particle at distance s from a point on its linear path is given by the
following table:

s(m) 0 2.5 5 7.5 10 125 15 17.5 20

v(m/sec) 16 19 21 22 20 17 13 11 9

Estimate the time taken by the particle to traverse the distance of 20 meter, using Trapezoidal
rule.

Solution

If tseconds be the time taken to traverse a distance s(m), then

ds dt
—=V =
dt ds

Integrating (1) on both sides

Therefore,
20
t= [ yds. (2)
s=0
Here
1 1 1
h:5| Il = ) = ) = = = I} = _land =
Yo Y1 19 Y, Ys 22 Ya 20 Ys 17 Yo 13 Y; Ys

By Trapezoidal Rule, we have

) ) h
Therequired time = E[(y0+ Vo) + 201+ Yo + Yo+ Ya+ Vs + Yo + Y1)]

5(,1 1 11 1 1 1 1 1
=—|(=+2)+2(=+-F—+—+—+—+—)
2116 9 19 4 22 20 17 13 11

=1.45seconds
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Exercise Problems

1
1+ X2

1
1. Evaluate I dxusing Simpson’s % ruleby taking h :%.
0

Si

nXx
NG

T 3
2. Evaluate I dx using Trapezoidal rule and Simpson’s 3 rule
0

3. Divide the range into 10 equal parts; find the approximate value of Isin x dx by
0

usingTrapezoidal rule and Simpson’s rule.
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Numerical Solution of Ordinary Differential Equations

Introduction

Many problems in science and engineering can be formulated into ordinary differential
equations (ODE’s). The analytical/exact methods of solving ODE’s are applicable only to a
selected class of differential equations. Quite often equations appearing in physical problems
do not belong to any of these familiar types and one need to use numerical methods for solving
such differential equations. We will use the following numerical methods to solve ODE’s

Taylor’s Series Method

Picard’s Method/ Picard’s Method of Successive Approximation
Euler’s Method

Runge-Kutta Methods

Predictor-Corrector Methods

6. Milne’s Method

akrwdE

Taylor’s Series Method

To find the numerical solution of the differential equation

g_y = f(x,y).given y(x,)=Y, M
X

Procedure

On differentiating (1) again and again, we get

d’y d®y d'y
dx? "dx® Tdx* T
We know that
dy
A 2
ax y (2
d’y _  u

= 3
o y 3)
d3y 111

= 4
oY (4)
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On putting x = X,,andy =y, in the above equations, we get

1111

Yo Yo Yo s Yo e Yo

n

Substitute the above values in Taylor’s series formula, we get

(X=%,)’
3!

y=Yo+ Y (%) + =2 Y (%) + .. +u

D) i)+ X ) Y (%)

Where y"(X,) is the n" derivative of y(X) at X = X,.
Thus, we can obtain a power series for y(x) in powers of (X —Xx,).

Hence, the Taylor’s series (5) gives the values of y for any value of X.

Note

111

yl(XO) — y10, yll(xo) — yllo’ y (Xo) — y11101 .....

Merits & Demerits
Merits
It is a single step method and works well for finding y values in an easy manner.

Demerits

)

If f(x,y)issomewhatcompleted, then evaluation of higher order derivatives may become

tedious.

Problems

1. Solve% = Xy +1and y(0) =1using Taylor’s series method and compute y(0.1).

Solution

Given

Yoyioxy+l @ &yO=1iex =0y, -1
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Differentiating (1) successively w.r.t x, we get

yr=xy'+y @)

ylll — Xyll + yl + yl

ylll — Xyll + 2yl (3)

yllll — Xylll + yll + 2y11

yllll — Xylll +3yll (4)1 soon

We have x, =0,y, =1
Substitute these values in equations (1-4), we get

Yo =X Yo +1
=0x1+1
=1

Vo' = XY + Yo
=0x1+1
=1

111 11 1
Yo =XYo +2VY,

=0x1+2x1
=2

Yo =X%o¥5" +3Y5"
=0x2+3x1
=3

By Taylor’s series method, we have

X — X, X — X4)? X —X,)°3
y(X):yo+(1—,°)y1(xo)+%y“(xo)+%ym(xo)+... 5)
Since X, =0 &y, =1

-.(5) =

y(x)=1+(xl_!o) (1)+(X;!0) (1)+(X;!0) (2)+(X;:)) 3)+...

2 3 4
y(x)=1+%+%+2;! +3:! + ... (6)
When x=0.1
(6) =y(0.1) =1+ ©.1) =+ (0.1)° + 2(0.1) + 3.1 +...
1! 21 3! 41
=1.105342
=1.1053 (correct to four decimals)
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: . . ) d
2. Using Taylor’s series method, obtain the solution of Y _ 3x+y®and y =1when x=0.

Find the value of y for x=0.1 i.e.y(0.1) correct to four places of decimals.

Solution

Given

%=y1=3x+y2 1) & y(0)=1iex,=0,y,=1

Differentiating (1) successively w.r.t x, we get

y©=3+2yy' (2)
ylll — 2yyll + 2(y1)2 (3)
y1V — 2yylll + 2ylly1 +4ylyll
=2yy"t +6y'y" (4), soon

We have x, =0,y, =1
Substitute these values in equations (1-4), we get

D)=y =3%+Y,
=3(0) + (1)*
=1
(2) = y5' =3+2Y,Y,
—3+2()()
-5
B =Y =2YoYs +2(¥)’
=2(1)(5) +2(1)*
~12
(4) =¥y =2Y,¥s +6YsY'
— 2(1)(12) + 6(1)(5)
—54
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By Taylor’s series method, we have

X —X X—X)? X—x )3 X—x)*

y(x) = Yot
Since x, =0 &y, =1
~00)=

(x=0) (x=0)? (x=0)° (x=0)°
y(x) =1+ T @+ T (5)+ 3 12)+ 2 (54)+...

0=1+%4 5x* +12x3 . 54x* .
Y= 0 o s 4

=1+%+gx2+2x3+%x4 (6)
When x=0.1
2
(6) = y(0.1) :1+(01_'|1)+@+2(0'1)3 +%(0.1)4 +...

=1.127225
=1.1272 (correct to four decimals)

3. Using Taylor’s series method, solve g—i = x>+ y*for x=0.4giveny =0when x=0.
Solution

Given

%z y'=x*+y* (1) & y(0)=0 ie.x,=0,y,=0

X

Differentiating (1) successively w.r.t x, we get

Yyt =2x+2yyt (2)

y™r=2+2(yy"+(y')") €)

y1V — 2[yy111 + ylly1]+4y1yll

=2yy"t +6y'y" (4), soon

We have x, =0,y, =0
Substitute these values in equations (1-4), we get
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W= y5=%+Y
= (0)* +(0)°
=0
(2) = vt =2%, +2Y,Y:
= 2(0) +2(0)(0)
=0
Q) =Yy =2+2Y,Yg +2(¥,)°
=2+ 2(0)(0) + 2(0)?
=2
@ =¥ =2y,y;" +6Yoyp
=2(0)(2) +6(0)(0)
=0

By Taylor’s series method, we have

(X_Xo) 1_'_()(_)(0)2 11_'_()(_)(0)3 111_'_()(_)(0)4 y1V (5)

Y(X):yo"' 1 0 21 0 31 0 41 o
Since x, =0 &y, =0
LB)=

y(x):0+(xio)(0)+(X;!o) (0)+(X;!O) (2)+—(X:“O) 0) +...

y(x) = % 6)
When x=0.4
(6) = y(0.4) = %

=0.02133

=1.1272 (correct to four decimals)

4. Solve y' = x*—vy, y(0) =1using Taylor’s series method and compute
y(0.1), y(0.2), y(0.3)and y(0.4) .

Solution

Given
y'=x’-y (@ &y@0)=1
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Differentiating (1) successively w.r.t x, we get

y"=2x-y' (2)
ylll — 2 _ yll (3)
yY o =—y" (4), soon

We have x, =0,y, =1
Substitute these values in equations (1-4), we get
(1) = ylo = Xg - Y

=(0)° -
=-1
(2= Y5 =2% Y,
=2(0)-(-1)
~1
B) =y =2-y
—2-1
-1
W=y =-Yo
—_1

By Taylor’s series method, we have

y(x)=yo+(X;X°) yé+(X;T°) y31+(X;)|(°) gll+(X;’l‘°) yiV... (5)
Since X, =0 &y, =1
-.(B5) =
y(x)=1+%(—1)+(>‘;!0) (1)+(X;!0) (1)+(X:”0) (1) +...
x?  x® x*
Hence

When x =0.1
(6) = y(0.1) = 0.9051
When x =0.2
(6) = y(0.2) = 0.8212
When x =0.3
(6) = y(0.3) = 0.7492
When x=0.4
(6) = y(0.4) = 0.6897
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5. Using Taylor’s series method, solve % = log(xy) for y(1.1), y(1.2)given y(1) = 2.
Solution

Given
dy _
i

Differentiating (1) successively w.r.t x, we get

log(xy) =logx+logy (1) & y@@)=2

y =4y (2)

— __;I'+£yll+[__gj(y1)2 (3)

We have x, =1y, =2
Substitute these values in equations (1-3), we get
= ylo = Iog(xo) + Iog(yo)

=log(1) + log(2)

=log2
1 1
D=y =—+Y
XO 0
11
==-+=(log2
1 2( 92)
1
=1+=log2
5109
-1 1 1
Q=Y ==+ Y —— Vo)’
XO 0 0
-1 1, 1 1
=—+=(1+=log2)-=(log2)’
1 2( 5 92) 4( 92)

1 1 1
=-1+>=+=log2—= (log 2)*
5210 4( g2)
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By Taylor’s series method, we have

y(X):yo"'(XI!XO) yé+(X—2)!(0)2 yél_'_(X—:g)!(o) 11 (x— i ) yovm (4)

Since x, =1&Yy,=2

MOES

y(x) = 2+(X D 1og2)+ ¥=0° (1+ |og2)+ﬂ(_—1+1|og2—1(|ogz)2)+... 5)
21 2 2 4 4

Hence

When x=1.1

(5) = y(1.1) =2.036

When x=1.2

(5) = y(1.2) = 2.082

Exercise Problems

1. Using Taylor’s series method, solve g—y 2y +3e*,y(0)=0for x=0.2.

2. Using Taylor’s series method, solve y* = x+y, y(0)=1for x=1.1 &1.2.
3. Using Taylor’s series method, solve y* = x* —y, y(0) =1for x=0.2 &0.4.

Picard’s Method (or) Picard’s Method of Successive Approximation

To find the numerical solution of the differential equation

d .
o= Tloy)given y(x)=Y, O
Procedure
Consider equation (1)
dy
= f (X,
™ (X, y)
dy = f(x,y)dx (2
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Integrating (2) between the limits x, & x, we get

I. dy:JX. f(x,y)dx
X=Xq X

:>[y]§0 :I f (x, y)dx

X

= y() - y(%) = [ f(x y)dx
Xo

= Y(X) = Yo+ | F(xy)dx ©)

Xo

Equation (3) is a solution of equation (1). But, (3) contains the unknown y under the integral
sign on the right hand side.

On putting y =, in R.H.S of equation (4), we get a first approximation 'y, .
Yo = Yo+ [ (X Yo)dx (4)

X0
For second approximation vy, ,put y =y, in R.H.S of equation (4), we get

Vo= Yo+ [ £(%y,) dx 5)
Xo
Similarly

Yo = Yo + | F(x,¥,) dx
Xo

Yo =Yo+ | F(x y5)dx
Xo

In general

Yo=Yo+ [ F(XY,)dx ,n=123,.. (6)

Xo
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Equation (6) is known as Picard’s iteration formula. It gives a sequence of approximations
Y, Yo,y Y, €ach giving a better result than the preceding one.

Note
Since this method involves actual integration, sometimes it may not be possible to carry out the
integration.
Problems

d : .
1. Using Picard’s method, find a solution of d—y =1+ Xy upto third approximation, when
X

X, =0,¥ =0
Solution
Given

dy

dx

=1+ Xy @

given x,=0,y,=0
here
f(x,y)=1+xy
We know that Picard’s Iteration formula

Yo=Yo+ [ F(Xy,)dx .n=123.. (2
X0

First Approximation Second Approximation
Putn =1in equation (2), we get Putn=2in equation (2), we get
Vo= Yo+ | T(x yo)dx (3 Y:=Yo+ [ fOxy)ax )

since f(X,y)=1+xy

o since f(X,y) =1+ xy

- f (X1 y1) =1+ XY,

(X Ye) =1+ xy, =1+ x(X)
=1+ x(0) =1+ x?
=1 4 =

R = A :O+j|(‘(1+ x?) dx

y1=0+j1dx x3 1"

! 3]
=[X]O :X_|_X_3
=x-0
=X
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Third Approximation

Putn =3in equation (2), we get

Yo = Yo+ | (% y,)dx )
Xo

since f(x,y)=1+xy
S y,) =1+ xy,

X3
=14+ X(X+—
x+3)

4
X
=1+ X+

B) =

X 4
Ys =O+J‘(1+x2+x—)dx
% 3

2. Find the value of y for x =0.4 by Picard’s Method, given that% =x>+y%,y(0)=0

Solution

Given

d

XY M, y(0)=0
X

here x,=0,y,=0

& f(x,y)=x*+y?

We know that Picard’s Iteration formula

Yo=Yo+ [ F(X Y, )dx ,n=123.. (2
Xo
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First Approximation Second Approximation

Putn =1in equation (2), we get Putn=2in equation (2), we get

Y= Yo+ | F(X yo)dx (3) y2=yo+xjof(x,y1)dx
° since f(x,y)=x2+y?

since f(x,y)=x2+y?
06 y) ¢ RO Y) = X2+ Y

o f (X, yo) =x%+ (yo)2

2 2 — 2 X3 :
=x“+(0) = X"+ =
—XZ 6
—x2 4 X
Q)= 9
X (4):>
y, =0+ | x*dx x 6
! ;[ y2=O+I(x2+%jdx
:[ﬁ} _[x X7
3 1o “|3 63,
-x _x X
3 3 63

Since calculation of vy, is tedious and hence approximate value is y,

Now
When x=0.4
(0.4)* (0.4)
04)=—""L— "
y(0.4) 3 53
=0.02136
=0.0214

3. Obtain y(0.1) given y' = u y(0) =1by using Picard’s Method
y+X

Solution
Given
1_Y—X
Yy+X
here x, =0,y, =1

M, y(0)=1

&f(x,y)zu
Y+ X

)

We know that Picard’s Iteration formula y, =y, + I f(x,y,)dx ,n=123,... (2

X
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First Approximation Second Approximation
Putn =1in equation (2), we get Putn = 2in equation (2), we get
Yo = Yo+ [ F(x yo)dx 3) Vo= Yo+ [ 0y, dx (4)
_ - _Y—X
since f(x,y)= y—X since T(x,y) = Y+ X
y+X x
, Yo — X LAy =2
Sy = Y1+ X
Yo + X _ 1—x+2log(d+ X) — X
3 l—X_—l—X+2_—(1+X)+2__1+ 2 T 1—x+2log(dl+ X) + X
C1+x 1+x 1+x 1+ X _1—2x+2log(1+ x)
)= 1+2log(l+ Xx)
T 2 —]rL
Y1:1+_[[—1+—jdx 7 1+2log(l+ x)
1+x
% 4) =
:1+[—x+2log(l+ X)]0 v, :1+I(1 2x de ©)
=1-x+2log(1+ x) ° 1+2log(1+ x)

Evaluation of (5) is very difficult. Hence we use y, as the approximate solution of y

y(X) =y, =1—x+2log@+ x)

When x=0.1
y(0.1) =1—-0.1+2log(1+0.1)
=1.0906
4. Find the value of y for x=0.25,0.5&1, by using Picard’s method given that
Y X y©=0
dx  y*+1’
Solution
dy __x° _
ax  y2 il @, y(0)=0

here x, =0,y, =0
2
y?+1
We know that Picard’s Iteration formula

& f(xy)=

Yo=Yo+ [ T4 Y, )dx ,n=123.. (2
X0

81



N SREENIVASA INSTITUTE OF TECHNOLOGY AND
‘\“‘"B ] MANAGEMENT STUDIES :: CHITTOOR

e/ (Autonomous)

iy
Mgt

Department of Mathematics

First Approximation

Putn =1in equation (2), we get

Vo= Yo+ [ F(x ) dx )

XZ

y2+1
X XX,

241 041

since f(x,y)=

SR Y,) =

Second Approximation

Putn=2in equation (2), we get

Y2 = Yo+ [ F(x y)dx 4
2
since f(x,y)= 2X+1
xZ xZ ox?
Py =— = 3 =
3
T +1 [L] 1 (x*) +9
3
4) =
Y, —O+3I LZ dx
(x) +3
_.- Ay _[ 5 1 2dx:ltan’l[lj
(x) + 32 X +a a a

3
:3.—tan*1 x
3 3

yO) =y, = tan*l[%j (5)
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Hence
when x =0.25

(5) = y(0.25) =tan™* (@] =0.005
when x=0.5

(5)= y(0.5) =tan™" (@j =0.042
when x =1

(5)= y@) =tan™ (%j =0.321

Exercise Problems

1. Given thaty*+y=e*, y(0) =0. Compute y(0.1) & y(0.2) using Picard’s method.
2. Perform two iterations of Picard’s method to find an approximate solution of the

initial value problemy' = x+y?, y(0) =1.
Euler’s Method

We have so far discussed the methods which yield the solution of a differential equation in the
form of a function. We will now describe the methods which gives the solution in the form of a

set of tabulated values.

Suppose we wish to solve the equation % = f(X,Yy),given y(xo) =Y,. In this method

starting from x,we take equally spaced values of x, say X, X, X,,...., X, with step length h.
X, =X,,+h, n=123,...

The successive approximation values of y are given by

y() =Y. = Yo +h (X, Y,)

Y(Xz) =Y, =Y.+ hf (X1’ Y1)
Y(Xs) =Y; =Y, + hf (sz yz)

y(xn+1) = yn+l = yn + h f (Xn7 yn)! n= 011! 27
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This is known as Euler’s algorithm and can be used to evaluate
Vi Youeenn Yy 12Y(X), Y(X,), ..., Y(X,) respectively starting from the initial condition.

we wish to sol
Note
To obtain reasonable accuracy with Euler’s method, we have to take a smaller value of h

Solved Problems
1. Using Euler’s method, solve for y at x =2 from g—i =3x* +1,given y(1) = 2taking step size
h=0.5&h=0.25

Solution

Given

dy 2
i X% + ) y(1)

Here f (x,y)=3x*+1 X, =1 y,=2 & h=0.5
We know that

Y(X0i1) = Yo = Yo +h T (X,,y,), N=012,... )

Since x, =x,,+h, n=123,...

X% =1Lx=15Xx,=2
(2)=
Yo = Yo+ (X ¥,)
=y +0.5(3x* +1) (3)

Taken=0in (3), we get
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@)=

Y1 = Yo +h (X5, ¥o)
=2+0.5(3x +1)
=2+0.533(1)%+1)
=4

e. y(x)=y@5 =y, =4

Taken=1in (3), we get

@)=

Yo=Y +hf (Xl’ yl)
=4+0.5(3%x +1)
=4+0.5(3(1.5)% +1)
=7.875

e y(x,)=y(2)=y,=7.875

(i) whenh =0.25
SoX% =1X% =1.25x,=15X,=175X,=2
Taken=0in (3), we get

Q)=

Y1=Yo +h (X5, ¥p)
=2+0.25(3x> +1)
= 2+0.25(3(1)2 +1)
=3

ie y(x)=yl.25=y,=3

Taken =1in (3), we get
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@)=
Y, = y1+h f(xliyl)
=3+0.25(3%x7 +1)
=3+0.25(3(1.25)* +1)
=4.42188
le. y(x,)=y(@.5) =y, =4.42188

Taken=2in (3), we get
Q)=
y3 = y2+h f(Xza y2)
=4.42188+0.25(3%7 +1)

=4.42188+0.25(3(1.5)% +1)

=6.35938
i.e. y(x;) = y(1.75) = y, =6.35938

Take n =3in (3), we get

Q)=
Y,=Ys+hf(X,Ys)
=6.35938+0.25(3x? +1)
=6.35938+0.25(3(1.75)2 +1)
=8.90626
ie. y(x,)=Yy(2) =y, =8.90626

2. Use Euler’s method to find y(0.1), y(0.2) given g—i =(x>+xy*)e ™, y(0)=1.

Solution

Given

dy .3 23 A= X _
&_(x +xy*)e @),y(0)=1

Here f (x,y) =(x*+xy*)e™, x,=0,y,=1& h=0.1
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We know that
y(Xn+1):yn+l:yn+h f(Xn1yn)! n:011’21"' (2)
Since x, =x,,+h, n=123,...

X, =X +h=0+0.1=0.1,
X, =X +h=01+0.1=0.2
(2)=
Yo = Yo +h 10X Y,)
=y +0.10 +x y2)e™ (3)

Taken=0in (3), we get

@)=
Y1=Y +h f(xo’ YO)
=1+0.1(x +X,y5)e ™
=1+0.25((0)° + (0)()*)e™®
=1
ie y(x)=y0n=y,=1
Taken =1in (3), we get
@)=
Y, = y1+h f(xl’yl)
=1+0.1(% +xy>)e™
=1+0.25((0.1)° + (0.1)(1)*) e **
=1.0091
ie. y(x,)=vy(0.2) =y, =1.0091

3. Compute y at x =0.25 by Euler’s method,givenj—i =2xy,y(0)=1.

Solution

Given

dy _ _
&_ny @,y(0)=1
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Here f (X, y) =2xy, X, =0,y,=1& h=0.25

We know that

y(Xn+1):yn+1:yn+h f(Xn,yn), n:0,1,2,... (2)
2=
yn+l = yn + h f (Xn’ yn)

=y, +0.25(2x,y,) (3)

Taken=0in (3), we get

)=

Yi=Yo +h f(Xov yo)
=1+0.25(2%,Y,)
=1+0.25(2(0)(2))
=1

ie y(x)=y(025)=y,=1

Exact Solution

We have

dy
— =2X
dx Y

= ldy =2xdx

y
Integrating on both sides
= logy=x* +c
=y=e“+c 3)
Since y(0) =1
3=
y(0)=e’+c=1=1+cC
c=0
Q) =y=e"
~.the solutionof ()is y =e*
Hence,
y(0.25) = e©?" =1.0645
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We notice that y value deviates from the exact value. Hence it is required to use modified

Euler’s method
Modified Euler’s Method

Suppose we wish to solve the equation % = f(X,Yy),given y(xo) =Y,.

To findthe first approximation y, at X, where X, = X, +h
Compute

yl(O) = Yo +h (X, ¥o)
h
¥ =Y, +E[ (X0 Vo) + £ (X, y1(0))]

h
V2 =Yo+ 5| F 06 v0)+ F 06, %)

n+ h n
W = Yo+ 5[ F06 o)+ 1001 | n=01...

where y{" is the n" approximation to y,

If two successive values of y{”, y"*¥ are almost equal, we stop there and take y, = y{™.

Now we have

d _
d—i: f(x,y).given y(x )=y,

To gety, = y(x,), we use the above procedure again.
Solved Problems

1. Solve y* =y+e*, y(0)=0for x=0.2,0.4 by modified Euler’s method.

Solution

Given

y'=y+e 1), y(0)=0

89



SREENIVASA INSTITUTE OF TECHNOLOGY AND

}é‘%ui MANAGEMENT STUDIES :: CHITTOOR
x‘“»' (Autonomous)

Department of Mathematics

Here f(x,y)=y+e*, x,=0,y,=0
Take h=0.2

so%=02,%=04

Tofind y, = y(x)=y(0.2)

Now

yl(O) =Yo +h f(xo’ yo)
= y0+h[y0+ex°}
=0+0.2[0+¢’]
=0.2

We know that
(n+1) _ h (n) _
Y = Yo+ 5[ F06¥o)+ F 04 y7) ], n=0,1,2,.. ()

Taken=0in (2), we get
2=
h
yl(l) =Yo +E|: f (%0 ¥o) + T (X, Y1(0)):|
0.2 y %
=0+7[yo+e " +y© te ]

- 0.1[0+e° +0.2+e°-2]
—0.24214

Similarly
Taken=1in (2), we get
(2)=
h
yl(Z) =Y +§|: f (Xo’ yo) +f (Xl’ yl(l)):l
021, . .
=0+7[y0+e "+ y® e J

= 0.1[0+eO +0.24214+e°-2] 90
—0.2463
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Taken=2in (2), we get
(2)=
h
y1(3) =Y +§[ f (X0 ¥o) + T (X, y1(2))]
0.2 )
:O+7[yo+ex° +y? +e 1]

- 0.1[0+e° +0.2463+e°-2]
—0.2468

Take n=3in (2), we get
(2)=
h
y1(4) =Yo +§|: f(Xov yo)+ f(Xl’ y1(3)):|
0.2 )
:O+7[yo +e +y® +e 1]

= 0.1[0 +e°+0.2468+ e°-2]

=0.2468
Since

“) _ y®
Yi"=Y%
.. firstapproximationis y, = y(x,) = y(0.2) = 0.2468

To find y, = y(x,) = y(0.4)

We take

x,=0.2,y,=0.2468 and x, =0.4, h=0.2
Now

Y2 =y, +h f(x,y,)
= y1+h|:y1+eXl:|
=0.2468+0.2[ 0.2468+¢°* |
= 0.5404
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Taken=0in (2), we get
(2)=
h
yél) =% +E[ f(x, y) + F(x,, yéo))]
= 0.2468+£[y +e* +y +e” |
2 1 2

- 0.2468+O.1[0.2468+e°'2 +0.5404+e°-4]
—0.5968

Similarly
Taken=1in (2), we get
(2)=
h
yg) =Y +§[ f O Yh) + T (%, ygl))]
0.2 . .
= 0.2468+7[y1 +etr+yP +e 2]

- O.2468+O.1[0.2468+e°'2 +0.5968+e°-4]
—0.6025

Taken=2in (2), we get
2=
h
y§3) = y1+§|: (%, y) + F (X, yEZ))]
0.2 y .
:0.2468+7[y1+e1+y§2’+e 2]

- 0.2468+o.1[o.2468+e°-2 +0.6025+e°-4]
~0.603

Take n =3in (2), we get
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(2)=
h
yy) = y1+§[ f O yh) + T (%, yf))]
0.2 ) )
=0.2468+7[y1+e 1y te 2]

- 0.2468+O.1[0.2468+e°'2 +0.6030+e°-4]
~0.6031

Taken=4in (2), we get
2=

h
yf) = y1+5|: f(x,y)+ f(x, yg”)]

0.2 ) .
:0.2468+7[y1+e 1y e }

- O.2468+O.1[O.2468+e°'2 +0.6031+ e°-4]
—0.6031

Since
y® =y =0.6031
.. Second approximationis y, = y(X,) = y(0.4) = 0.6031

Exercise Problems

1. Using modified Euler’s method, find an approximate value of y when x=0.3, given

that :—i =x+Y, y(0)=1 .Sol. y(0.3) =1.4004

2. Solve % =x*+Y, ¥(0) =1 by modified Euler’s method and compute

y(0.02) & y(0.04) Sol. y(0.02) =1.0202, y(0.04) =1.0408
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Runge-Kutta Methods

The previous methods used for numerical solution of initial value problems are restricted due
to either slow convergence or due to labour involved in finding higher order derivatives,
especially in Taylor’s series method. But in Runge-Kutta (R-K) method, it does not require the
determination of higher order derivatives and moreover, it gives greater accuracy.

Merits and demerits of Runge-Kutta Methods

e The principal advantage of R-K method is the self-starting feature and consequently the
ease of programming.

e One disadvantage of R-K method is the requirement that the function f(x,y)must be
evaluated for several slightly different values of x and y in every step of the function.

To solve %: f(X, ), Y(X%)=Y,, we have

First order Runge-Kutta Method

We know that, by Euler’s method

y1=yo+h f(xm)/o)

since % =y'=f(x,y)

Vi=Yo+hyg M X
yl(xo) = f (Xo’ YO)

Expanding L.H.S by Taylor’s Series, we get

Since

h
Vi =Y(x%) =YX, +h) =y, + hyé +§ Yél t..
=

h
y0+hyé+§yél+ ..... =y, +hy, (2)

Equation (2) follows that the Euler’s method agrees with Taylor’s series solution upto the term
in h
Hence, Euler’s method is the R-K method of first order
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Second order Runge-Kutta Method
We know that

By modified R-K method

Since

Y0 = Yo +0 T (%, ¥o)

D = Yo+ £ 0 0)+ %9 ]
=Y, +g[ f (X, Vo) + F (% +h, Yo +h (X, ¥0))] where f, = f(X,,Y,)
=y0+g[fo+f(x0+h,y0+hfo)] )

If we now set

k,=hf,; k,=hf(x,+h,y, +k)
Then (1) becomes

Y, =Y, + %(k1 +k, ), whichissecond order R-K formula

Hence,
Second-order R-K formula is

1
Y1=Yo +E(kl+k2)

where

k1=hf(X0,y0)
kK,=hf(x,+h,y,+k)

Third order Runge-Kutta Method

The third order R-K formula is defined as
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1
y, = y0+g(kl+4k2 +k;)

where
k. =h (X, ¥s)

1 1
k, =h f(x, +§h, Yo +§k1) &
k; =h f(x,+h,y, +2k, —k,)
Fourth order Runge-Kutta Method

The fourth order R-K formula is given by

Y, =Y, +%(kl+2k2 + 2k, +k,)

where
kl =h f(xo' YO)

1 1
k,=h f (X + 20 Yo+ k)

1 1
k;=h f(x0+§h,y0+§k2) &
k,=hf(x,+h,y,+k;)

Note

The R-K method of fourth order is the most commonly used in practice and it is often referred
to as Runge-Kutta method or R-K method only without any reference to the order.

Solved Problems

1. Apply R-K method of second order, find the approximate value of y when x=1.1, given
dy =3x+y’,y@)=1.2

dx

Solution

Given

d—y:3x+ y’ O yom=12
dx

Here f (x,y) =3x+Y% x,=1Yy,=12,h=0.1

wx =11
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By R-K method of second order, we have

1
Y1=yo+§(k1+kz) (2)
where

k1:h f(XO’yO)
k,=hf(x,+h,y,+k)

Now

kl =hf (XO' YO)
=0.1[ 3%, +Y; |
=0.1[3()+(1.2)" |
= 0.4444
k,=hf(x,+h,y,+k)
=h f (%, +0.1,y, +0.4444)
=0.1f(1.1,1.644)
=0.600

(2)=

1
Yi=Yo +E(k1+k2)

=1.2+%(0.4444+0.600)

y, =y(1.1)=1.722

2. Apply R-K method of second order, compute y(2.5) from % = XLzy y(2) =2, taking
h=0.25.

Solution

Given

dy x+y
=— 1 2)=2
= el
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Here f(x,y):xLzy, X, =2,y, =2 h=0.25

SoX% =2.25X%,=25
By R-K method of second order, we have

1
y1=yo+§(k1+k2) (2)

where

k1=hf(X0,y0)
K, =h f(x +h,y, +k)

First, we have to evaluate y,

Now
kl =hf (X01 yo)
:0_25{@}
2

~025 212
2

=05

K, =h £ (%, +h, Y, +k)
=hf(2+0.252+05)
=0.25f (2.25,2.5)
=0.528

(2)=
1
Y1=Y +E(k1+k2)

= 2+%(0.5+ 0.528)
y, = Yy(2.25)=2.514
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Next, we have to evaluate y,

Now

k,=hf(x,y,)

_ 0_25{M}
2
_ 0.25‘: 2.25+ 2.514}

=0.5293

k,=hf(x,+h,y, +k))
=h f (2.25+0.25,2.514 +0.5293)
=0.5543

(2)=
1
Y, = Y1+§(k1+k2)

= 2514+ %(0.5293+ 0.5543)

Yy, = y(2.5)=3.0558

3. Apply R-K method of third order, compute y(0.1) from y'+y =0, y(0) =1
Solution

Given

y'+y=0
y'=-y @ y(0)=1

Here f(X,y)=-Y, x,=0,y,=1, h=0.1
oo%=01x=02

By R-K method of third order, we have

99



SREENIVASA INSTITUTE OF TECHNOLOGY AND
MANAGEMENT STUDIES :: CHITTOOR

(Autonomous)

Department of Mathematics

1
Y1 = yo+g(k1+4k2+k3)
where
k1 =h f(XO’yO)
1 1
k,=h f(xO+Eh,yO+Ekl) &
ky=hf(x,+h,y, +2k,-k)

Now

kl =hf (Xo’ yo)
=0.1[-y,]
= 0.1[1]
=-0.1

1 1
k,=h f(XO+§h,y0+§kl)

1 1

E(o.1),1+§(—o.1))
—0.1f(0.05,0.095 )
~0.1(~0.095)528
~-0.095

k, =h f(x,+h,y, +2k, —k,)
=0.1f(0+0.1,1+2(-0.095) +0.1
~-0.09

=hf(0+

(2)=

Y, =Y, +%(k1+4k2 +ks)
=1+%(—o.1+ 4(~0.095) —0.09)

y, = ¥(0.1)=0.905

(2)
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4. Apply R-K method, compute y(0.2) from y' =x+vy, y(0) =1
Solution

Given

y' =x+y @ y(0)=1

Here f (X, y) =x+Y, X, =0,y,=1, h=0.2
so%=02,%=04

By fourth order R-K formula, we have

1
y1=y0+6(k1+2k2+2k3+k4) (2)
where
k1 =h f(xo'yo)
1 1
k,=h f(xO+Eh, Yo +§k1)

1 1
g =h £ +hyy+ k) &
k, =h f (% +h,y, +k,)

Now

kl =h f(xovyo)
:0.2[x0 + yo]
:0.2[O+1]
=0.2
1 1
k,=h f(X0+Eh,yo+§kl)

—hf (0+%(o.2),1+%(o.2)j

=02f(0.11.1)
=0.2(0.1+1.1)
= 0.24
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1 1
ky=h f (X + 20y, +2k)

1 1
=0.2f (O+§(0.2),1+E(0.24))

= 0.2440
k, =hf(x+hy,+k,)
=0.2 f (0+0.2,1+0.2440)
=0.2888

(2)=

Y, =Y, +%(k1+2k2+2k3+k4)

:1+%(0.20+ 2(0.24) +2(0.2440) +0.2888)

=1.2428
Hence

y, = Y(x)=y(0.2) =1.2428

Exercise Problems

dy

1. Apply R-K method, compute y(0.2) & y(0.4) from o =x+y?% y(0) =1
. dy yz RV
2. Using R-K method of fourth order, solve KV with y(0)=1atx=0.2,0.4
+X

Predictor-Corrector Methods

So far we have discussed many numerical methods for obtaining numerical solution of

Yoty =y O
X

All the earlier methods require information only from the last computed point (X;,Y;)to
estimate the next point (x,,,V:.,). Therefore, all these methods are single-step methods. They

do not make use of the information available at the earlier steps v, ,, Y, ,,...even when they are
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available. It is possible to improve the efficiency of estimation by using the information at
several previous steps.

Methods that use information from more than one previous point to compute the next point are
called multi-step methods. Sometimes, a pair of multistep methods are used in conjunction
with each other, one for predicting the value of the estimate i.e. y,,, and other for correcting

the predicted value of y. ,. Such methods are called predictor-corrector methods.

For instance, for solving (1), we used Euler’s formula
yn+1:yn+h f(Xn,yn), n:0,1,2,... (2)

We improved this value by modified Euler’s method
h &)
yn+1 = yn +§[ f (Xn’ yn) + f (Xn+l’ yn+l :' (3)

Here, we obtained initially a crude estimate of y.  and subsequently refined it by means of
more accurate formula. This method is called predictor-corrector method.

As name suggests, we first predict a value of y_(here y' )by using certain formula

and then correct this value by using a different formula. Hence (2) is used as the predictor and
(3) is used as the corrector formula. A predictor formula is used to predict the value of
Y., at X.,and a corrector formula is used to correct the error and to improve the value of y, ,

In the predictor-corrector methods, four previous values are needed i.e. Y, Y, Y, &Y,for

finding the values of y at x,. These values are known as starting values, which can be
obtained by using any one of the previous methods discussed earlier.

We have two popular predictor-corrector methods, namely, Adams-Bashforth- Moulton
method and Milne’s method.

Note

Only one value is needed for Taylor’s , Picard’s, Euler’s & R-K methods. But, to get better
approximation, predictor-corrector methods need four approximations.
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Milne’s Predictor-Corrector Method

To solve the equation %: f(X¥), Y(X) =Y, (1) numerically, starting from vy,, we

have to estimate Y,,Y, & Y,successively by using either Taylor’s or Picard’s or Euler’s
method.

The Milne’s predictor formula is given by
4h
Y1 = Yoa t ?(Zyiz - yi—l + zyi ) (2)

Here, the superscript ‘p’ indicates that y" , is a predicted value.

The Milne’s corrector formula is given by
c h b
Yoa = Yoa T g(yi—l + 4yi + yLl) (©)

Here, the superscript ‘c’ indicates that Y, _, is a corrected value.
Note:

If in any problem, the necessary estimates Y,, Y, Y,, &Y, are not given, then we can find them
using Picard’s, Taylor’s, Euler’s, or R-K Methods.

Solved Problems
1. Use Milne’s predictor-corrector method to obtain the solution of y* = x—y*atx =0.8, given
that y(0) =0, y(0.2) =0.02, y(0.4) =0.0795, y(0.6) =0.1762.

Solution

Given

y =x-y’ @
(X y)=x—y?

X, =0,¥,=0,h=0.2
X, =0.2,y, =0.02

X, =0.4,y, =0.0795
X; =0.6,y, =0.1762
X,=0.8,y,=".
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By Milne’s predictor formula, we have
4h
Y1 = Yos F ?(Zyiz - yi—l + zyi ) (2)

Take n=3 in (2)

4h
¥ = Yo+ (20— Y2 +2):) 3)
From (1), we have

y =x-y’

y; =% — Y/ =0.2—(0.02)* =0.1996

y; =X, — Y2 =0.4—(0.0795)* = 0.3937
Y5 =X, —Y: =0.6—(0.1762)* = 0.5689

3=
yP =0+ @[2(0.1996) ~0.3937 +2(0.5689)]
=0.30488

Now

yy =x, —yZ2 =0.8—(0.30488)* = 0.7070

By Milne’s corrector formula, we have
Vea = Yost 2( Vaat4Ys+ Yo (4)
Take n=3 in(4), weget
Vi = oo viavi )

=0.0795+ %(0.3937 +4(0.5089) +0.7070)

=0.3046

Hence, the approximate value of y, = y(0.8) =0.3046
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2. Use Euler’s method to find y(0.1), y(0.2),& y(0.3), given that y' =(x*+xy®)e™™, y(0) =1.
Compute y(0.4) =1 using Milne’s method.

Solution

Given
dy 3 2y 4 X
&z(x +xy%)e @),y(0)=1

Here f (x,y) =(x*+xy*)e™, x,=0,y,=1& h=0.1

We know that by Euler’s method

Y(X0i1) = Yo = Vo +h £ (%, y,), n=0,12,... )
Since x, =x,,+h, n=123,...

X, =% +h=0+0.1=0.1,
X,=%+h=01+0.1=0.2
X;=X,+h=0.2+0.1=0.3
X,=X%+h=03+0.1=0.4
(2)=
Yo = Yo+ F (X0 ¥5)

=y, +0.1( +x, y2)e™ (3)

Taken=0in (3), we get

Q)=

Y1=Yo +h f(xo’ yo)
=1+0.1(x; + X, yZ)e™
=1+0.1((0)* + (0)()?*)e™®
=1

e y(x)=y0=y,=1

Taken=1in (3), we get
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@)=

Y, = y1+h f(xl’yl)
=1+0.1(x% +xy>)e™
=1+0.1((0.2)° + (0.)()*) e™®*
=1.0091

ie. y(x,)=vy(0.2) =y, =1.0091

Taken=2in (3), we get

@)=

Y=Y, +h f(le yz)
=1+0.1(% + X, y5)e ™
=1+0.1((0.2)° +(0.2)(1.0091)*) e **
=1.0173

ie. y(x;) =y(0.3) =y, =1.0173

Hence

X =0,¥,=1,h=0.1
X, =01y =1

X, =0.2,y, =1.0091
X; =0.3,y,=1.0173
X,=04,y,=".

By Milne’s predictor formula, we have

4h
Y1 =Yoa t ?(ZYi—z - yi—l + Zy;) (2)

Take n=3 in (2)

4h
¥ = Yo+ (20— V2 +2):) (3)
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From (1), we have

y =0 —xy*)e™
yr = (6" —xy,°)e™ =((0.1)° - (0.1)(1)*) e =—0.0894

= (%= %,y,2)e* =((0.2)° - (0.2)(1.0091)?) e*2 = —0.1601
V= (%2 —xy,2) e =((0.3)° —(0.3)(1.0173)%) e * = —0.2099

@)=

4(0 1)

y; =1+——">[2(-0.0894) +0.1601+ 2(-0.2099)|

=0.9415

(Rest of the process is left to the student)
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